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Abstract 


The Rankin-Selberg method for studying Langlands’ automorphic L-functions is to 
find integral representations, involving certain Fourier coefficients of cusp forms and 
Eisenstein series, for these functions. In this thesis we develop the local theory for 
generic representations of special orthogonal groups. We study the local integrals for 
SO21 X GLn, where SO21 is the special even orthogonal group, either split or quasi¬ 
split, over a local non-Archimedean field. These integrals admit a functional equation, 
which is used to define a 7-factor. We show that, as expected, the 7-factor is identical 
with Shahidi’s 7-factor. The analytic properties of the integrals are condensed into a 
notion of a greatest common divisor (g.c.d.). We establish certain bounds on the g.c.d. 
and relate it to the L-function defined by Shahidi in several cases, thereby providing 
another point of view on the L-function, linking it to the poles of the integrals. In 
particular, in the tempered case under a reasonable assumption the g.c.d. is equal 
to the L-function. Finally, this study includes the computation of the integrals with 
unramified data. This work may lead to new applications of the descent method, as 
well as aid in analyzing the poles of the global L-function. 
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Chapter 1 
INTRODUCTION 


Approximately 35 years ago, Piatetski-Shapiro envisioned a converse theorem for GLn, 
i.e., a necessary condition for gluing together local representations into an automorphic 
representation. The analytic properties of L-functions for pairs of representations of 
GLn X GLm, with m < n, were essential for his approach. This was the motivation for 
the development of the Rankin-Selberg theory for GLn x GLm by Jacquet, Piatetski- 
Shapiro and Shalika |JPSS83| . 

Since then several converse theorems for GLn were formulated and proved (see 
[CPS021 |Cog05| ). The focus of research has turned to questions of Langlands’ (lo¬ 
cal and global) functoriality ( |Cog03| ). Functoriality is basically a means for reducing 
problems of representations of classical groups G to problems of representations of 
GLn- A converse theorem along with a theory of representations of G x GLm can be 
used to produce functoriality results (e.g. [CKPSSOij i. The study of representations 
of G X GLm is conducted using local and global L-functions. There are essentially two 
known methods for studying L-functions, the Langlands-Shahidi method and Rankin- 
Selberg method (see [Bumn5 ] ). 

The Rankin-Selberg method for studying Langlands’ automorphic L-functions is to 
find integral representations for these functions. We briefly account the steps of the 
method, following Cogdell |Cog06| . The starting point is a global integral tailored 
for the automorphic representations at hand. This integral admits a factorization 
into an Euler product of local factors, called the local Rankin-Selberg integrals. In 
order to relate the global integral to the L-function, one computes the local integrals 
with unramified data and shows that they produce local L-functions. This is roughly 
sufficient to determine the analytic properties of the partial L-function. In order to 
study the global L-function, the local integrals at the finite ramified and Archimedean 
ramified places must be studied. The local analysis typically involves a functional 
equation and local factors, namely L, 7 and e-factors. 

Gelbart and Piatetski-Shapiro [GPSR87] developed the Rankin-Selberg theory for 
G X GLm, where G is a split classical group of rank m. Their method was extended by 
Ginzburg |Gin90] to the split group G = SOi with [// 2 j > m and by Soudry |Sou93| to 
the split group G = SO 21+1 with I < m. These constructions (as well as |JPSS83] ') were 
all limited to generic representations. Ginzburg, Piatetski-Shapiro and Rallis [GPSR97] 
developed Rankin-Selberg integrals for a pair of representations of Om x GL„, where 
Om is the orthogonal group with respect to an arbitrary non-degenerate quadratic form 
over a number field, and the representation of Om is not necessarily generic. 

The importance of the Rankin-Selberg method in current research is that within 
its frame, it is possible to locate the poles of the L-functions. These are essential for 
describing the image of the functorial lift (global or local) from generic representa¬ 
tions of classical groups to GL ^, as well as in the descent construction [GRSOll I.ISn3l 
IGKPSSnffilWifi] . 

We study the Rankin-Selberg integrals for generic representations of SO 21 x GL„. We 
construct the global integrals and show that they are Eulerian. The local unramifled 































factors at the finite places are computed and equated with the local L-functions. Then 
we turn to local non-Archimedean analysis and focus primarily on defining local factors 
and establishing their fundamental properties. Our work is based on the extensive study 
of SO 21+1 X GLn by Soudry |Sou93l ISou95[ ISouPO] . which in turn is based on the works 
of Jacquet, Piatetski-Shapiro and Shalika [JPSS831IJS90] . The global Rankin-Selberg 
integrals and their local counterparts apply only to generic representations and so does 
our study of local factors. There are currently no definitions for local factors in the 
general context of [GPSR97] . 

Ginzburg, Piatetski-Shapiro and Rallis |GPSR97] computed the unramified factors 
for their general Rankin-Selberg integrals mentioned above. Their computation of the 
integral for SOm x GLn (non-generic case) can be reduced in a uniform fashion to our 
present calculation, thereby providing another proof of their results. This will not be 
addressed here. 

The local integrals satisfy a certain uniqueness property, which is used to define a 
7 -factor. We prove that this factor is multiplicative. Our results, combined with the 
Archimedean results of Soudry [Sou95] . imply that our 7 -factor is identical with the 
corresponding 7 -factor defined by Shahidi in |Sha9n] . 

Motivated by the work of Jacquet, Piatetski-Shapiro and Shalika |JPSS83] . we define 
a greatest common divisor (g.c.d.) for the local integrals. The integrals span a fractional 
ideal and its unique generator, which contains any pole which appears in the integrals, 
is called the g.c.d. We describe the properties of the g.c.d. and establish upper and 
lower bounds for the poles. The upper bounds are obtained using a generalization 
of a technique introduced by |JPSS83| : we attach Laurent series to the integrals and 
establish functional equations, in terms of these series, which imply the bounds. In the 
tempered case we can relate the g.c.d. to the L-function of the representations defined 
by Shahidi. Results of this study may lead to a g.c.d. definition for the L-function. 
Such a definition provides another point of view on the L-function. It is expected to 
have many applications, since the poles of the integrals indicate relations between the 
represent at ions. 

Our technique and results regarding the g.c.d. readily adapt to the integrals stud¬ 
ied by Ginzburg [Gin90| and Soudry |Sou93] . due to the similar nature and technical 
closeness of the constructions. 

The g.c.d. can be used at the ramified places in order to define a partial L-function 
as a product over all finite places. Therefore, this work may have applications to the 
analysis of the global L-function. Such results were obtained by Piatetski-Shapiro and 
Rallis |PSR87| and Ikeda |Ike92| . 

1.1. Main results 

Let L be a local non-Archimedean field of characteristic zero. Let vr be a smooth admis¬ 
sible finitely generated generic representation of S 02 i{F) (generic, or more specifically 
y-generic - has a unique Whittaker model, with respect to a character y of a maximal 
unipotent subgroup). Here the group S02i{F) is either split or quasi-split, i.e., non¬ 
split over F but split over a quadratic extension of F. Let r be a smooth admissible 
finitely generated generic representation of GLn{F), which has a central character ujr- 
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We omit references to the field from the notation. For a complex parameter s E C, 
let F(r, s) be the space of the induced representation where 

Qn is a maximal parabolic subgroup with a Levi part isomorphic to GL„. Denote by 
M{t,s) : V{t,s) F(r*,l — s) the standard intertwining operator where T*{b) = 
T{Jn{^b~^)Jn), Jn IS the matrix with 1 on the anti-diagonal and 0 elsewhere (if r is 
irreducible, t* is isomorphic to the representation contragredient to r). Let M*{t,s) 
be the standard normalized intertwining operator, that is, M{t,s) multiplied by the 
local coefficient. An element /s E F(r, s) is called a standard section if its restriction to 
a certain fixed maximal compact subgroup is independent of s. Denote by ^(r, std, s) 
the space of standard sections. Let ^(r, hoi, s) = C[q“^, g®] std, s) be the space of 

holomorphic sections (where g is the cardinality of the residue field of F). The space 
of rational sections is defined by ^(r, rat, s) = C(g“®) (8)^(r, std, s). Also fix an additive 
nontrivial character of F. Throughout, only generic representations are considered. 
For any /c > 1, a representation rj of GL^ is assumed to have a central character denoted 
by cor,. 

Let IT be a Whittaker function for vr and let fs E ^{T,rat, s). We construct a 
local Rankin-Selberg integral ^{W, fs, s). The exact form of the integral is given in 
Section [5Tl It is absolutely convergent for 5R(s) >> 0. This integral appears as a local 
factor in a global Rankin-Selberg integral. The first step in relating the global integral 
to the global Langlands L-function, is to prove that the local integrals with unramified 
data evaluate to the local L-functions. The following result is proved in Section [3.21 


Theorem 1.1. Let tt and r be irreducible unramified representations and assume that 
all data are unramified. In partieular, W and fs are the normalized unramified ele¬ 
ments. Then for $R(s) >> 0, 

L[tt X t,s 
L{t, Sym?, 2s) 

Here the L-funetions are defined using the Satake parameters ofn and t, Sym? denotes 
the symmetric square representation. 



One of the basic properties of the integral ^{W, fs, s) is that it has a meromorphic 
continuation to a function in C(g“®). We prove this in Section 15.61 Theorem 11.11 
confirms this for the unramified case. 

We turn to defining local factors. The key observation is that the integral 'I'(1T, fs, s) 
may be regarded as a bilinear form satisfying certain equivariance properties, placing 
it in a space which is roughly one-dimensional. In detail, 


^{W,fs,s) E 


Ri/ 502 *(vr,T(r,s)^_^_^-i) 
^'^^S02n + l ^ ’ T(r,s)) 


I < n, 
I > n. 


Here Bilso 2 ii'T') (resp. Bilso 2 n+ii'j')) denotes the space of 502i-equivariant (resp. 
S'02n-i-i-equivariant) bilinear forms, T(r, s)jy ^ ^-i and are certain Jacquet 

modules, see Sections 13. 1. II and 13. 1. 21 (resp.i for the precise definitions of the subgroups 
and characters. In Chapter 0] we prove. 


Theorem 1.2. Except for a finite set of values of q ®, the complex vector spaces 
Bilso2i{'^-:^ N I Bilso2n+i{'^N^-^ o,fe at most one-dimensional. 
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We mention that for irreducible representations, this result follows from [AGRSl^ 
IGGP121IMWIO) . but here our representations may be reducible. The integral 

M*(t, s)fs, 1 — s) satisfies similar equivariance properties and an immediate con¬ 
sequence of the theorem, is that these integrals are related by a functional equation. 
Namely, there exists a proportionality factor 7(7r x r, V', s) essentially satisfying 

7(7r X T,'ip,s)^{W,fs,s) = ^{W,M*{T,s)fs,l - s). 

The actual definition of 7(7r x r, ■0, s) in Section [6. 1.1 1 fsee (16.11) 1 involves a certain nor¬ 
malization. One of our goals is to relate the 7-factor 7(7r x r, V’, s) to the corresponding 
7-factor of Shahidi on SO 21 x GLn defined in [Sha90] . Using standard global arguments 
(see |Sha90] Section 5 and |SouOO| Section 0), this problem is reduced to the follow¬ 
ing three major milestones. Firstly, one proves that both factors are identical when all 
data are unramified. This is evident from Theorem ll.il (see Glaim [6T]l . Secondly, these 
factors should be identical over Archimedean fields whenever SO 21 is split (this is not 
needed for the quasi-split case, because we can find a global group which is split at all 
Archimedean places). This follows from Soudry |Sou95] . Thirdly, we need to establish 
full multiplicative properties for 7(7r x r, V’, s) over a non-Archimedean field. 

In Ghapter[3we prove the following theorems, comprising the multiplicative proper¬ 
ties. As mentioned above, throughout this work, representations of SO 21 and GLk are 
taken to be smooth, admissible, finitely generated and generic, and representations of 
GLk are assumed to have central characters. 

Theorem 1.3. Let Ti he a representation of GLn^ for i = 1,2. Let t be a quotient of 
a representation parabolically induced from ti®T 2 . Then 

7(7r X T,'if,s) = 7(7r x Ti,'if,s)'y{TT x r2,V',s). 

Theorem 1.4. Let a be a representation of GLk and tt' be a representation of S02{i-k)j 
0 < k < 1. Let TT be a quotient of a representation parabolically induced from a ® tt' . 
Then 

7(7r X T, fj, s) = u]a{-l)'^ujr{-l)^[ujT{‘^'y)~^]-i{(T X T, f), s)'y{Tr' X T, fj, s)-f{a* X T, if, s). 

Here the factor (jjr{2^)~^ appears only when k = I and j is a global constant depending 
only on the groups. When k = I we define XT,if,s) = 1. The factors ^{cr x r, if, s) 
and 7 ( 17 * X T, if, s) are the GLk x GLn '^-factors of Jacquet, Piatetski-Shapiro and 
Shalika [.IPSSS.Sj . 

Assume that tt and r are irreducible and note that Shahidi defined the 7-factor only 
for irreducible representations. Then we can define a normalized 7-factor r(7r x r, if, s). 
Roughly, we normalize if, s) by the central characters appearing in Theorem 1 1.41 

In the case where tt is a representation of SOq = {1} define r(7r x T,if,s) = 1. When 
TT and r have trivial central characters and Gi is split, r(7r x T,if,s) = 7(7r x T,if,s). 
In Section [6.1.11 we prove. 

Theorem 1.5. Let ai® ...® am ® be an irreducible representation of GLk^ x ... x 
GLk^ X S02(i-k), with k = ki + ... + km (0 < k < 1), and tt be an irreducible quotient 
of a representation parabolically induced from ai ® ... ® am ® tt'. Let ti ® ... ® Ta be 
an irreducible representation of GL^ x ... x GLn^ (1 < a < n) and r be an irreducible 
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quotient of a representation parabolically induced from ti ® ® Ta- Then 

a 

r(7r X T,'il;,s) = fjr(7r x Ti,f;,s), 
i=l 

m 

r(7r X r, if, s) = r(7r' x r, -0, s) 7(o'i x s)j{a* x r, if, s). 

i=l 

In Chapter [5] we briefly describe how to adapt the Archimedean results of Soudry 
|Sou95j to our integrals. As explained above we conclude, 

Corollary 1.1. For irreducible representations vr of SO 21 and r of GLn, r(7r x T,'ijj,s) 
is identical with Shahidi’s 'y-factor. □ 

Our definition of r(7r x r, V’, s) implies that 7(7r x r, fj, s) is identical with Shahidi’s 
7-factor, up to a nonzero complex constant. 

We proceed to define the g.c.d. and e-factor. The notion of a g.c.d. of Rankin- 
Selberg integrals was introduced by Jacquet, Piatetski-Shapiro and Shalika |JPSS83] . 
who defined the L-function of the representations as the g.c.d. of their local Rankin- 
Selberg convolutions. 

Let r be an irreducible representation (vr may be reducible, but finitely generated). 
Following the method of Piatetski-Shapiro and Rallis |PSR86[ IPSR87| we define the 
set of “good sections”, 

^(r, good, s) = ^(r, hoi, s) U M*(t* , 1 — s)^{t* , hoi, 1 — s). 

The Rankin-Selberg integrals ^(W, fs, s), where VF is a Whittaker function for tt and 
fs £ f{T, good, s), span a fractional ideal Zt^xt{s) of which contains the con¬ 
stant 1, and its unique generator, in the form for P G C[A] such that 

P(0) = 1, is what we call the g.c.d. of the integrals, gcd(7r x t,s). We prove that 
the g.c.d. does not depend on if. The corresponding functional equation that defines 
e(7r X r, f), s) (an exponential) is 

^{W,M*iT,s)fs,l-s) , , , ^{W,fs,s) 

- - - ;- r - = e(7r X T, W, s) - — - r 

gcd(7r X T*, 1 — s) gcd(7r x r, s) 

(here we omitted a normalization factor, the actual equation is given by ()6.3I) '). We 
establish several properties of the g.c.d. including lower and upper bounds and in 
certain cases we are able to calculate it explicitly. 

The L-function of tt x r is already dehned due to the works of Shahidi on his method 
of local coefficients (e.g. |Sha81l IShaOOj i. Under a certain mild assumption we can 
show that in the tempered case, the g.c.d. is equal to this L-function. 

Throughout, tempered representations are assumed to be irreducible. Here is our 
main result on the g.c.d., proved in Section [9.11 We recall that our representations are 
always assumed to be generic. 
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Theorem 1.6. Let vr and r be tempered representations. Let L{tt x r, s) he the L- 
function attached to it and r by Shahidi. Then L{ir x r, divides gcd(7r x r, 
and gcd(7r x t,s) G L{7t x r, s)Mr{s)C[q~^, g®], where M^^s) (defined in Section [2. l.J^^ 
contains the poles of M*{t,s) and — s), Mr{s)~^ G Moreover, if 

the operators L{T,Symf ,2s — 1)~^M{t,s) and L{t* , Sym‘^,1 — 2s)~^M{t*,1 — s) are 
holomorphic, 


gcd(7r X T,s) = L{'k X T,s). 

According to a result of Casselman and Shahidi [CS98j (Theorem 5.1), L(r, Sym?, 2s— 
1)~^M{t,s) is holomorphic for an irreducible supercuspidal r, and is expected to be 
holomorphic for a tempered r. Therefore, Theorem 11.61 states that in the tempered 
case, under a reasonable assumption on the operators (holding in the supercuspidal 
case), the g.c.d. definition gives the “usual” L-function. Without the assumption, the 
g.c.d. and this L-function agree up to the poles of Mr{s). 

An essentially tempered representation r is a representation of the form | det |’'ro 
where u G C and tq is tempered. For instance, an irreducible supercuspidal r is in 
particular essentially tempered. In Section 19.11 we will derive the following immediate 
consequence of Theorem 11.61 and the definitions. 

Corollary 1.2. Theorem, \1.(^ also holds if t is essentially tempered. 

We restate Theorem 11.61 for the case where it holds unconditionally. 

Corollary 1.3. Let -it be tempered and r be irreducible supereuspidal. Then gcd(7r x 
r, s) = L{'k X t,s). □ 

For the general case we have the following lower and upper bounds. In Chapter [9] 
we show. 

Theorem 1.7. Let vr be irreducible and r be tempered such that L{T,Sym?,2s — 
1)~^M{t,s) and L{t*,S ym?,1 — 2s)~^M{t* ,1 — s) are holomorphic. Write n as a 
standard module - a representation parabolically induced from a representation a ® tt' 
of GLk X S02(i-k) whose exact properties are given in Section [973\ (in particular, vr' is 
tempered). Then if k < I or k = I > n, 

L{a X T, s) gcd(7r' x r, s)L{a* x t,s) & gcd(7r x r, s)C[g“^, g®]. 

Note that for a representation vr' of SOq we set gcd(7r' x r, s) = 1. In Chapter [TO] we 
prove, 


Theorem 1.8. Let t be an irreducible representation parabolically induced from a rep¬ 
resentation Ti ( 8 i ... < 8 * Tfc of GLn.^ X ... X GLn^.. Then 

k 

gcd(7r X r, s) G (JJgcd(7r x Ti,s))Mri (8i...0rfc {s)C[q fiq^]. 
i=l 

Theorem 1.9. Let tt be a quotient of a representation parabolically induced from a 
representation a 0 tt' of GLk x S 02 (i-k) ■ t be an irreducible representation as in 
Theorem ca induced from ti® ... ®Ta (a>l). Then 

a 

gcd(7r X r,s) G L{a x r, s)(JJ gcd(7r' x Ti,s))L{a* x r, s)M^-l^...®^^(s)C[g"^ g*]. 

7=1 
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Here L{a x r, s) and L{a* x r, s) are the L-factors of |JPSS83] . In the case k = I < n, 
this relation holds under the assumptions that a is irreducible and r is of Langlands ’ 
type. 

According to Zelevinsky |Zel80| any irreducible generic representation r (of GLn) is of 
the form Ind^^" ^ (ri (g) ... (g) Tq) for specific inducing data and a parabolic subgroup 
Pni,...,naj i-e., T is an induced representation of Langlands’ type (see Section riO.3.41 and 
|JS83] i also called a standard module. Similarly, any irreducible generic representation 
TT is (a standard module) of the form Ind^'^‘{a (g) vr') for an irreducible generic repre¬ 
sentation (T (g) tt' of GLfc X S02{i-k )) where tt' is tempered and P is a suitable parabolic 
subgroup. This follows from the standard module conjecture of Casselman and Shahidi 
[CS98j . proved by Muic |Mui01j for classical groups. 

The factor MT-i0.,,(g)rt, (s) (defined in Section r2.7.4p designates an upper bound for 
the poles of M*(r, s) and M*(t*,1 — s). We also prove more detailed versions of 
Theorems 11.81 and (see resp., Corollaries 110.91 and 110.161) . 

The upper bounds are obtained by associating certain Laurent series to the integrals. 
An integral T(VL,/s,s) is represented by a series £ C[[A, if for 

3?(s) >> 0, the series is absolutely convergent and equals 'I’iW, fs, s). 

We will construct a series, denoted by S(1T,/s,s), representing ^(W, fs, s). Let P G 
C[X,X~^] be the polynomial obtained from e(7r x r, V’, s) gcd(7r x r, by replacing 
with X. Let P G C[A,be obtained similarly, from gcd(7r x r*, 1 — The 
functional equation described above can be interpreted as an equation in C[[X, A“^]], 
roughly 

PS(W, M*(r, s)/„ l-s) = PY.{W, fs, s). 

This is actually an equality of the form J2m<M ~ Ylm>M ^mX^ for some 

M, M G Z and can only be valid when both sides are polynomials. This implies in 
particular that the poles of T(W,/s,s) appear in P~^. Then, for example. Theo¬ 
rem [T2] may be derived if we can replace P with a polynomial obtained from gcd(7r x 
ri,s)"^ • ... • gcd(7r x 

The idea of using Laurent series to establish upper bounds is due to Jacquet, 
Piatetski-Shapiro and Shalika |JPSS83j . In Section 110.11 we extend their construc¬ 
tion and provide a general framework for converting integrals into series. One result 
we obtain is a certain version of Fubini’s Theorem for series (Lemma IIP.6p . The def¬ 
initions and results are stated in a general form and can be applied to other types of 
Rankin-Selberg integrals, e.g. the integrals for SO 21+1 x GLn of [Gin90l [Sou93] . 

We have the following two corollaries, demonstrating that the g.c.d. captures the 
correct notion of the P-function, except perhaps for additional poles due to the inter¬ 
twining operator (Mt-(s)). 

Corollary 1.4. Let vr he irreducible and write it as a standard module - a represen¬ 
tation parabolieally induced from a representation a ® P of GLk x 502(Z-fc) (see Sec¬ 
tion ES). Let T be tempered. Assume that the operators L{t, Sym‘^,2s — 1) ^M(r, s) 
and L{t*, Symf, 1 — 2s)~^M{t*, 1 — s) are holomorphic. 

(1) gcd(7r X r, s) G L(k x t, s)Mr{s)C[q~^, q^]. 

(2) If k < I or k = I > n, L(k x r, divides gcd(7r x r, s)“^. 
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Proof of Corollary \1.4\ Since vr is a standard module and r is tempered, 

L(7r X T,s) = L{a x r, s)L{'k' x r, s)L{a* x r, s). 

Under the given assumptions, Theorem 11.61 applied to tt' x r implies L{ti' x t,s) = 
gcd(7r' X r, s). Now the first assertion follows from Theorem 11.91 which is applicable 
to the full range of k, I and n because a is irreducible and r is tempered. The second 
assertion follows from Theorem Ol □ 

Corollary 1.5. Let vr and r be irredueible and write r = ® ® Tn) 

as a representation of Langlands’ type (in partieular, each Ti is essentially tempered), 
a > 1. Assume that for eaeh i, L{Ti, Symf ,2s — l)~^M{Ti,s) and L{t*, Symf ,1 — 
2s)“^M(r*, 1 — s) are holomorphie. Then 

gcd(7r X r, s) € L{'k x r, g®]. 


Proof of Corollarv \1.5l Follows immediately from Theorems 11.91 and 11.61 (and Corol¬ 
lary II.2p . □ 

The present work is among the few attempts so far to provide a g.c.d. definition 
to the L-function, and the first attempt to carry over the work of Jacquet, Piatetski- 
Shapiro and Shalika [.TPSSH.Sj to the Rankin-Selberg convolutions of G x GLn where 
G is a classical group. Such a study was suggested by Gelbart and Piatetski-Shapiro 
[GPSR87] (p. 136). Our technique and results readily adapt to the integrals studied 
by Ginzburg |Gin9n| and Soudry [Sou93] , due to the similar nature and technical close¬ 
ness of the constructions. For example, Soudry already proved in [Sou93t ISou95( l^nOO] 
that the y-factor for SO 21+1 x GLn defined by the Rankin-Selberg integrals is equal to 
Shahidi’s 7-factor. This can be used to obtain an analogue of Theorem ll.6l Partial ar¬ 
guments towards a result similar to Theorem 1 1.71 can be found in [Sou93| . Additionally, 
manipulations of integrals used here to prove Theorems 11.81 and 11.91 can be replaced 
with results of Soudry |Sou93[ ISounO] to conclude similar upper bounds. 

The results of Chapter [3] on the unfolding of the global integral and proof of The¬ 
orem [LTI for I < n, were published in KaplO, Kapl2| . The multiplicativity of the 
7-factor (Chapter[7l) appeared in |Kapl3a| . Results of Chapters [9] and [10] regarding the 
g.c.d. and its properties were published in |Kapl3b| . 


1.2. Thesis outline 


This thesis is organized as follows. Chapter [2| contains preliminaries, notation and 
basic definitions. Chapter [3| is devoted to a brief description of the global setting and 
to the calculations of the integrals with unramified data. In Chapter 0] we prove the 
uniqueness properties. The basic tools used in the study of the integrals are developed 
in Chapter [5j The local factors are defined in Chapter [6l In Chapter [7| we establish 
the multiplicative properties of the 7-factor. The Archimedean results are described in 
Chapter [8l Chapter [9| contains several results on the g.c.d., including the analysis of 
the tempered case. Finally, the upper bounds on the g.c.d. are proved in Chanter [TOl 


























Chapter 2 

PRELIMINARIES AND NOTATION 


2.1. The groups 


Let F be a field of characteristic zero. For k>\ put 

/ 0 1 \ 

Jk=\ &GLk{F). 

V 1 0 / 

Let p G F*. If p G define J 2 pp = J 21 and set p = j3‘^. Otherwise denote 

/ Ji-i \ 

( 2 . 1 ) J2i,p= I eGL2i{F). 

\ / 

We use p to define the special even orthogonal group S02i{F). Let 

Gi{F) = S02 i{F) ={gG GL 2 i{F) :detg = l,^gJ 2 i,pg = J 2 Z,p}, 

regarded as an algebraic group over F. It is split when p = 13“^, then we will assume 
|/3| = I. Otherwise it is quasi-split, i.e., non-split over F and split over a quadratic 
extension of F and we assume \p\ > 1. Also let 7 = ^/ 9 . 


Remark 2.1. One may consider (12.111 also with p = /3‘^, then the special orthogonal 
group is split. 


Except for Section [3T] and Chapter[8l onr field will always be local non-Archimedean. 
For such a field, denote by O the ring of integers of F, F = zuO is the maximal ideal and 
= q = \0/V\. The valuation of F is i.e., |a| = q~'^G) for a / 0. Throughout, 
references to the field are omitted. 

The following subgroups of Gi will be used repeatedly. Fix the Borel subgroup 
Bgi = Tgi kUgi-, where Ugi is the subgroup of upper triangular unipotent matrices in 
Gi- In the split case Tgi is composed of diagonal matrices. When Gi is quasi-split, 

Tgi = {diag{ti ,... ^ ^ = !}• 

Let Pk = Lk « 14 be the standard maximal parabolic snbgroup with 

Lfc = {diag{x,y,JkCx~^)Jk) : x G GLk,y G Gi_k} = GLk x Gi_k, 

14 < Ugi- When Gi is split, we have an additional standard maximal parabolic sub¬ 
group '^Pi = K~^PiK where k = diag{Ii-i, J 2 , Ii-i)- In the quasi-split case the sub¬ 
groups Pk with k < I exhaust all standard maximal parabolic subgroups. For any 
parabolic subgronp P < Gi, P is the parabolic subgroup opposite to P containing the 
Levi part of F. Specifically, if F = LV where L is the Levi part and V is the unipotent 
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radical of P, P = LV where V is the unipotent subgroup opposed to V. Also 5p 
denotes the modulus character of P. 

Let Agi be the set of simple roots of Gi, determined by our selection of Bcy The 
root system of Gi is of type Di in the split case and P/_i in the quasi-split case (see 
e.g. |Spr98| p. 261). Explicitly, 


Ag, = 


{ei - 62 ,, ei-i - ei,ei-i -|- e^} 
{ei — €2, ■ ■ ■, Q-2 — Q-i, Q-i} 


split Gi, 
quasi-split Gi. 


Here ei{t) = ti is the z-th coordinate function of t G Tcp it is dehned for 1 < z < / 
(resp. 1 < z < / — 1) if G/ is split (resp. quasi-split). 

For any k < I, Gi^k is naturally regarded as a subgroup of Gp embedded in P^. Let 
Kgi be a special good maximal compact open subgroup (e.g. in the split case Kqi = 
Gi{0)). For any A: > 0 we have the “small” compact open subgroup, neighborhood of 
the identity MGi,k = {hi + M 2 ix 2 i{'P^)) n Gp 
The special odd orthogonal group is 

Bn — S 02 n +1 — {9 ^ GZ/ 2 n+l • det — 1, 9^271+19 — T 2 n+l}' 


We use a notation similar to the above for P„ (e.g. x Ph„). The torus 

Th„ is the subgroup of diagonal matrices in Hn- Let Qk = x be the standard 
parabolic subgroup with a Levi part 

Affc — \^di(ig{x, y, Jk{ x )Jk^ ■ x G GLk^y G Hn—k} — GLk ^ Hn—k^ 


Uk < UHn- Here Ap^ is of type Bn and we take = Hn{0). For k < n, Hn-k is 
embedded in Hn through M^. 

In the group GL^ fix the Borel subgroup BgLu = -^k is the diagonal 

subgroup and Zj. is the subgroup of upper triangular unipotent matrices. For m > 1 
and ki,...,km > 1 such that ki + ... + km = k, let Pk 7 ,...,km = x 

be the standard parabolic subgroup of GL^. which corresponds to {ki,... ,km)- Its 
Levi part is isomorphic to GL^^ x ... x GL^^. In the context of induced 

representations, we dehne Pki,.. , with m = 1 to be GL^. For example if we have for 
some m > 1, a representation ui®.. ■'Si(7m of then {cri S ■ ■ ■ S (7m) 

will simply be ui if m = 1. We take Hgl^ = GLk{0). Also denote by Ifc the mirabolic 
subgroup of GLk, i.e., the subgroup of x G GL^ with the last row (0,... ,0,1). We 

shall frequently use the Weyl element ujki,k 2 ~ £ GL^^+k^ (^i )^2 > 0). For 

X G GLk, X* = Jki)x~^)Jk- Oftentimes GLk will be regarded as a subgroup of Gi 
(resp. Hn), embedded in Lj (resp. Mj) for j > k hj x diag{x,l 2 {i-k)iX*) (resp. 
X 1 -^ diag{x,l 2 {n-k)+i,x*))- 

Since the image of An in Mn is we identify Th„ with An- Regarding Gi, Tgi is 
identified with Gi x Ai_i. 

Let S{F^) be the space of Schwartz-Bruhat functions on F^. 

In general we denote for a subgroup Y, y gY and an element q, ^Y = q~^Yq and 
3y = g-^yg (e.g. 
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2.1.1. Embedding Gi in Hn, I < n 


The embedding is described by defining bases for the underlying vector spaces of Hn 
and Gi- Let be the fc-dimensional column space. Denote by (,) the symmetric form 
defined on the column space by J 2 n+i (i-e. {u,v) = ^uJ 2 n+iv)- Let 

— (^1) ■ ■ ■ ) ri) • • • ; l) 

be the standard basis of such that the Gram matrix of Eh^ with respect to (,) 

is J 2 n+i (e.g. e-i = e 2 n+ 2 -i)- Set The image of Gi in Hn is SO{V) 

where V is the orthogonal complement of 


Spanjp{ei, e_j :l<f<n — /} + Spanj^{ej}. 

Select a basis Sgi of V such that its Gram matrix (with respect to (,)) is J 2 i,p- 
Elements of Hn (resp. Gi) will be written using £h„ (resp. Egi)- Let £q^ be the basis 
of E + Spanp{eG obtained by adding to £gi as the {I + l)-th vector and M be the 
transition matrix from to £hi ■ 

li g = £ Gi {A,D G Mixi), we can regard g as a linear transform on V + 

Spanp{eG by extending it trivially on e^. Then the coordinates of g relative to £q^, 
denoted by [g]^' , satisfy 



To write g G Gi as an element of Hn, define ge^ = e^y and compute 


= diag{In-i,M 


-1 


We take 


M = 


diag{Ii-i 


diag{Ii_i, 


- 1 / 3 ^ 


0 

1 


^ 0 



[sis' M,In-l). 


split Gz, 


quasi-split G;. 


Remark 2.2. The vector e-y is defined using (instead of p), so that when p £ 
(hence G/ is split), the Witt index of the orthogonal complement of Spanp{e-y} would 
be n. This is necessary for embedding split Gi in Hi. 


Remark 2.3. Assume I < n. Let Nn-i = Zn-i x Un-i (here Zn-i < Mn-i). Fix some 
additive nontrivial character ijj of the field and extend it to a character of Zk (for 
any /c > 1) by il}{z) = ^i,i+i)- Define a character ip-y of Nn-i by ^^{zy) = 

'iIj{z)Z’{^ en-iyeZ where z £ Zn-i and y £ Un-i- The group G; is embedded in Hn so 
that it normalizes Nn-i and stabilizes tp')- The pair [Nn-Wp^y) will be used to construct 
the integral for I < n, see Section TS. 1.11 
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One property of this embedding is that although A/_i < Th^, Tqi is not a subgroup 
of Th^- We write explicitly the form of an element from Gi under the embedding in 
Hi. Of course this form carries over to by the embedding Hi < H^. In the split 
case, 

( 2 . 2 ) 

\ + \{b + b-^) Ub-b-^) ji{\-\{b + b-^))\ 

1/3(6-6-1) \{b + h-^) -l^{b-h-^) . 

1 / 32 ( 1 - 1(6 + 6 - 1 )) - 1 / 3 ( 6 - 6 - 1 ) 1 + 1 ( 6 + 6 - 1 ) / 

Observe that if |6| = 1 and |2| = 1, the image lies in Khi (recall that by assumption 
|/3| = 1). It will be useful to denote [xj = 6 if |6| < 1 and [xj = 6-i otherwise. Also 
let [x] = max(|6|, |6|-i). 

We see from ()2.2p that Tqi is not a subgroup of Th„. However, the following lemma 
shows how to write a torus element of Gi approximately as a torus element of H^. 



Lemma 2.1. For any ko > Q there are hi,h 2 E Hi and k > ko such that for all 
X = (^ ^_i ) with [x] > , in Hi, 


X G 


Bn^hiMHiM L^J =6, 
BHih2N'Hi,ko L^J=6-i. 
Specifically, we can write x G rnxUxhiMHi,ko with 
[x\ 


rux = 


— 


-1 1^2|^J-2 

1 . 1 . 1-1 


1 c[xj 1 — |c2[xj 


[xj 


-1 


— c[xj ■ 
1 


c = 


-2/3 [xJ = 6, 

2/3-1 [xj=6-i. 


Proof of Lemma \2.1{ Let e = diag{fi i,l,/3), let k' > ko be such that ^ J\fHi,k' < 
■dS'Hi,ko and take k" > k' such that q~‘^^ < \2\q~^ . 

In Hi, X is given by (12.2|) . Denote 

( \ + \{b + b-^) f(6-6-i) 1-1(6+ 6-1) 

x' = ^x=\ i(6-6-i) 1(6+ 6-1) -i(6-6-i) 

\l-l{b + b-^) -i(6-6-i) 1 + 1(6+ 6-1) 

We will exhibit m' G Bh^ and h' G Hi such that m'x' G h'Mui^k'i whence m = ^m' 

and h = ^ ^h' satisfy mx G hN'Hi,ko- Let 


m = 


t tv —^tv'^ 
1 —V 


«(0 = 



iUB). 


We select k > k' for which q ^ < \A\q ^ . Assume [xJ = 6 and |6| < q 


,-A: 


Take 

X = 2 + 46(1 + 2w^"), f-i = —86(1 + w^") and h' = u{2). By matrix multiplication we 
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see that 


/ V^' 1 + V^' \ 

mV G/i'A/Hi,fc'= 'P'"' -l + V^' -2 + V’^' 

\ l + V’^' -2 + V^' -2 + V’^' ) 


Note that if one assumes |2| = 1, to verify this computation it is enough to check the 
last two rows of m'x', then use the fact that m'x' G Hi. 

Returning to x we have obtained x G Tn~^hJ\fHi,ko with 


Then m 


m 


-1 


h = 


( -Sb{l + w^'') 

V 

/3-2 

-1 -2/3-1 

^2 -2/3 -2 


= rUxUxZ with 


2(1+26+46^'=") 

/3 

1 


* \ 

l+2fe+4ferofe" 
4:/3b(l+m ^") 

"8b(l+ro''") / 


/ -8{l + w’^") 

V 


4(l+2ro''") 

/3 

1 


* \ 

l+3rofe"+2ro^fc" 

2/3(l+ro''")2 

~8(l+ro''") / 


Let hi = zh. Then hi depends only on k”,k',ko. Also x G rnxUxhiJ\fHi,ko- 
The case [xj = b~^ follows similarly, with v = —2 —46-1(1 + 2 ci 7 ^ ), = 

w^”) and h' = u{—2). 


- 86 - 1(1 + 
□ 


Remark 2.4. Put d = diag{8,1,8 i). Following the construction of hi in the proof 
we see that zd~^,h G Kh^- Hence if ki satisfies = |8|2 and fco > ki, we get 

< ■^Hi,ko-ki and < Mu^^kQ-ki- H follows that for any c> 0 there 

is ho > 0 such that J^Hi,ko < for / = 1 , 2 . 


In the quasi-split case the image is given by 

/ ^(1 + a) 6 ^ 7 - 1(1 - a) \ 

I—;■ 76 a —b 

\ ^7(1-0) - 7 & 1(1 +a) / 

It will usually be sufficient to know that the image of Gi in Hi is a compact subgroup 
which is covered, for any h > 0, by a finite union y]xiMH^,k {xi G Hi). In the case 
where data are unramified, for instance if F is an unramified extension of Qp and 
I 7 I = | 2 | = 1 , 1 = |a 2 — b‘^p\ = max(|a| 2 , | 6 | 2 ) hence |a|, | 6 | < 1 and the image of Gi in 
Hi is contained in Khi- 


( a bp \ 
[b a ) 


2.1.2. Embedding in Gi, I > n 
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Here (,) is defined using J 2 i,p- Let £gi = (ei,..., e;, e_;,..., e_i) be the standard basis 
of such that the Gram matrix of £gi with respect to (,) is J 2 i,p- Let 


€"y - 



ei - ie_i 

e-i 


Gi is split, 

Gi is quasi-split. 


The group Hn is embedded in Gi as SO(H), where V is the orthogonal complement of 
Spanp{ei, e-i •. — n — 1} + Spanp{ery}. 


If £Hn is a basis of V with a Gram matrix J2n+i (with respect to (,)), £'p is obtained 
from £h^ by adding e.y as the (n -|- l)-th vector. Extend h € Hn by defining he^ = e^, 
then 


Here 


[h\sa, = diag{Ii-n-i,M ^[h]s' M,Ii-n-i). 

I -nn 


M 


diag{In, 

< 

diag{In, 



,In) 


0 

1 


2 

0 


,4) 


split Gi, 
quasi-split Gi. 


Remark 2.5. Assume I > n + 1. Let ^ = Zi-n-i x Vi-n-i, where < Li-n-i- 

Define a character ^^7 of by = 'ip{z)ip{^ei-n-iye^) {z G Zi-n-i, y G Vi-n-i 

and ij} as in Bemark l2.3p . Then Hn is embedded in Gi in the normalizer of N^~'^ and 
stabilizer of In Section [3.1.21 we use and -07 to construct the integral. 


2.2. Additional notation and symbols 

For a function / defined on some set A, taking values in some ring (usually in C), 
supp{f) denotes the support of /, i.e., supp{f) = {x G A : f{x) / 0}. If A is a 
topological space, / is said to be locally constant if for each x there is a neighborhood 
Nx of X such that f{nx) = f{x) for all G N^- Assume that G is a topological 
group acting on A. The function / is smooth (with respect to the action of G on A) 
if there is a neighborhood O of the identity in G, such that for all x G A and o G O, 
f{o-x) = /(x). In the cases we consider, the notions of being locally constant and 
smoothness often coincide (because of the Iwasawa decomposition). 

For a measure space A and a measurable subset Y C A, we denote by vol(Y) the 
measure of Y. 

Block diagonal matrices will usually be denoted by diag{- • •). 

Gonsider the polynomial ring C[g“®, g®] and its field of fractions C(g“®). We denote 
by ~ an equality of polynomials or rational functions which holds up to invertible 
factors of For example, 0“® ~ 1 and for any P G there is some 

Pi G C[q-^] such that P ~ Pi. 

A disjoint union of sets is denoted by ]J. The sign C refers to a weak containment of 
sets (containment or equality), C denotes proper containment. The symbol 0 designates 
the empty set. 
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2.3. Representations 


Representations will always be smooth, admissible, finitely generated, and generic, i.e. 
admit unique Whittaker models. If a representation vr has a Whittaker model with 
respect to a character X) the model is denoted by >V(7r, x)- If has a central character, 
it is denoted by Wtt- For any A: > 1, a representation of GL^ is always assumed to have 
a central character. 

Tempered representations are assumed to be irreducible by definition. An essentially 
tempered (resp. essentially square-integrable) representation r is a representation of the 
form I det j^'ro where u G C and tq is tempered (resp. square-integrable). Supercuspidal 
representations are neither assumed to be unitary nor irreducible. A unitary irreducible 
supercuspidal representation is tempered. Characters are not assumed to be unitary. 

We fix a nontrivial unitary additive character ip of F and construct a (unitary) 
character of Zf^hy z (V' is non-degenerate for /c > 1). Then ip defines 

a character of any subgroup of Z}^ by restriction. 

For s G C and b G GL^ denote a^{b) = | det5|^“2. 

Let T be a representation of GLn on a space U. For a character /r of GLn, the 
representation Tfj, of GLn on U is defined by {Tfi){b) = /i(6)r(6). Denote by r* the 
representation (of GLn) defined on Lf by T*{b) = r(6*) {b* = JnCb~^)Jn)- When r is 
irreducible, W{T,ip) = W{T*,ip) where r is the representation contragredient to r. In 
general, 

(n (8) • • • (8) Tk))* = (Tfc (8) ... ® Ti). 

For a function / defined on some group and x an element of the group, A(x)/ (resp. 
X ■ f) denotes the left-translation (resp. right-translation) of / by x. 


2.4. Sections 


We recall the definition of a holomorphic section of a parabolically induced represen¬ 
tation, parameterized by an unramified character of the Levi part. For a thorough 
treatment of this subject refer to Waldspurger |Wain3] (Section IV) and Muic [MuiOH] . 

Let r be a representation of GLn on a space U. Set K = Kh^ = Hn{0). Consider 
the induced representation IndQ^^j^{T) whose space is denoted by V{t) = 

This is the space of functions f : K ^ U such that / is smooth on the right, i.e., there 
is some compact open subgroup N < K such that f{ky) = f{k) for all A: G iL and 
y G V, and f{qk) = T{q)f{k) for qeQnLiK. 

For any hxed s G C we have the representation Indg^ira^) (normalized induction) 
on the space V{t,s) = Vq^{t,s). Specifically, V{t,s) consists of the functions fs ■ 

- _i 

Hn —>■ U such that fs is smooth on the right and fs{qh) = ^q^{q)\ deta|® 2 T{a)fs{h) 
for q = diag{a, 1, a*)u G Qn (o G GLn, u G f7„). 
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Any / G V{t) can be extended to an element of V{t,s), according to the Iwa- 
sawa decomposition. This produces an isomorphism between V{t) and y(r, s) as K- 
representation spaces. The image of / G V{t) in F(r, s) is denoted by fs- 

Consider the following family of functions. For k ^ K, N < K a compact open 
subgroup and v ^ U which is invariant by N) n Qn, define chkN,v G V {t) by 


(2.3) 




r(a)u k' = akn, a G Qn n AT, n G A^, 
0 otherwise. 


These functions span V{t) (see [BZ76j . 2.24). Then chkN,v extends to € 

V{t, s). For h G Hn, write h = qk' G QnK with q = au, a G GLn = Mn, u G Un- Then 

1 _i 

chkN,v,s{^) = deta|® 2T{a)chkN,v{k'). 

We will usually consider s as a parameter. A function f{s,h) : C x Hn U such 
that for all s, the mapping h /(s, h) belongs to C(r, s), is called a section. 

A section / is called standard if for any fixed k £ K the function s f{s,k) is 
independent of s (i.e., it is a constant function). Let std, s) be the space of 

standard sections. The elements of this space are precisely the functions (s, h) i-)- fs{h) 
where / G V{t). The subgroup K acts on this space by k ■ f{s,h) = f{s,hk). For 
/ G std, s) there is a compact open subgroup N < K such that f{s, hy) = /(s, h) 

for all s G C, /i G Hn and y & N. Furthermore, there is a subset B C Hn such that for 
all s, the support of the function h i—>■ f{s,h) equals B. The subset B is invariant for 
multiplication on the right by N and on the left by Qn- 

We usually pick a section / and study the function h i-)- f{s, h) as s varies. Therefore 
we introduce the following convention. We a priori write fs instead of / and think of s 
as a parameter. So for any fs G std, s) there is a compact open subgroup N < K 

independent of s, such that fs is right-invariant by N, and the support of fs in Hn is 
independent of s. In order to obtain a concrete function on Hn, we must fix s. Then 
we say that for a fixed s, fs G V{t, s). 

The space of holomorphic sections is iQZ{r,hol,s) = C[q (8)c .^£(t, std, s). 

We abbreviate ■, s). A holomorphic section takes the form fs = 

YliLiPi{Q~^jQ^)fs^'^ where Pi G /i*^ G ^(r, std, s). The following claim 

shows that ^(r, hoi, s) is an id„-space, where Hn acts by right-translations on the second 
component of the tensors. 


Claim 2.2. For any fs G ^(r, hoi, s) and h G Hn, d • /^ G ^(r, hoi, s). 

Proof of Claim, [Ql It is enough to prove the claim for fs G ^(r, std, s). Take N < K as 
above. Given h G Hn, h - fs is right-invariant on = (^ N) n K. Let ki,..., km £ K 
be distinct representatives of the double coset space Qn\Hn/Nh. For any ki, write 
kih = qik[ G QnK, qi = OiUi with a* G GLn, Ui G Un- Then 

h- fs{ki) = fs{kih) = 5^^{qi)\<letaiY~2T{ai)fs{k[)- 

l. 1 

Set Pi = dQ^(gj)| det Oil® 2 g C[(7 ^,q^] and Vi = T{ai)fs{k[) G U. Note that Vi is 

invariant by (*^* NQ n and furthermore, it is independent of s because k[ & K and 
fs is standard. Hence chkiNh,vi G V(r) and h-fs = Ya=i Pi-chkiNh,vi,s G C(g hoi, s). □ 
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For an element fs G ^{T,hol,s) there is a compact open subgroup N < K indepen¬ 
dent of s such that fs is right-invariant by N. Whenever we take a subgroup by which 
fs is right-invariant, we implicitly mean such a subgroup. The support of fs in Hn may 
depend on s. 

Let fs = YnLiPifs"' e i{T,hol,s) with 0 7^ P* G C[q~fq^], G f,{T,std,s). Pick 

(i) 

a subgroup N such that /« ^ is right-invariant by N for all i. Then if ki,... ,ki, G K 
are distinct representatives for Qn\Hn/N, fs = j PichkjN,vi j,s- Let CU he the 

subspace of vectors fixed by N) n Qn- Since the function (j) '■ V (r) given by 

(p{v) = chkjN,v is linear (see (USD), we may rewrite fs so that for each j, the nonzero 
vectors in {uij-,... ,Vm,j} are linearly independent. Consequently fs can be written as 


(2.4) 


fs = ^Pi- 


N,v[,s) 


i=l 


with 0 7^ P/ G k[ G {/ci,..., k}f\ (the double cosets Qnk[N are not necessarily 

disjoint) and the data (m', A:(, N, v'f) do not depend on s. Moreover, if {p,..., P} is a 
set of indices satisfying k[^ = ... = k[^, then ..., are linearly independent. 

We will mostly be dealing with either holomorphic sections or the images of such, un¬ 
der specific intertwining operators. This leads us to consider the space eg:(r,rat,s) = 
C(9 *) ®c C('r, std, s) of rational sections. It is also an P„-space. 

In a slightly more general context, let G be one of the groups defined in Section [2.11 
and P < G be a parabolic subgroup with a Levi part L = GL^.^ x ... x GL^^ x G', 
where G' is either the trivial group {1} or a group of the same type as G. Assume 
that r is a representation of L on a space U. An m-tuple s = {si,...,Sm) G C™ 
defines an unramified character a- of L by (51 ,... ,gm,g') • • • • • oc^^'i.gm)- 

The space Pp^q(t) of the representation Indp°j^^{T) is isomorphic to the space 
Vp{T,s) of Indp{Ta-) (as iLc-spaces). A function f{s,g) : C"* x G ^ U such that 
for all s, the mapping g 1— f{s,g) belongs to Vp{T,s) is called a section. The space 
of standard sections ^p{T,std,s} contains precisely the sections / such that for all 
k G Kg, the function s i-t- /(s, k) is constant. The holomorphic sections are the 
elements of ^p(t, hol,s) = ..., 'S>c ^p(p std,s) and rational sections are 

defined by f,p{T,rat, s) = C{q~^^ ,..., q~^”^) ^p{t, std, s). Note that Kq may be 

chosen so that a-lx^nL = 1- 


2.5. Properties of Whittaker functions 


Let G be one of the groups defined in Section 12.11 denote by Tq the maximal torus of 
G and let vr be a representation of G realized in a Whittaker model W{'n, x)- We state 
a few properties of the Whittaker functions of W{'n,x), that will be used repeatedly. 

(1) A Whittaker function vanishes away from zero: let W G yV{TT,x)- There is a 
constant c > 0, depending on W, such that for all t G Tq, W{t) = 0 unless |a(t)| < c 
for all a G Aq- This is a result of Casselman and Shalika [CSSOj (Proposition 6.1). 
Actually, the constant c in the proof depends only on the subgroup MG,k < G which 
fixes W and on y {AfG,k was defined in Section 12.11 A: is a constant depending on 
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W). This implies the following. Let tt be a complex parameter. Assume that for all 
u, Wu G yV{Tra'^,x) and furthermore, there is a constant k > 0 such that for all u, 
Wu is right-invariant by N'G,k- Then there is some c satisfying for all u, Wu{t) = 0 
unless |a(t)| < c for all a G A^. 

(2) The asymptotic expansion of Whittaker functions: the restriction of a Whittaker 
function to a torus can be written in a simple, convenient form. First we recall the 
notion of a finite function. A finite function on Ak is a locally constant complex¬ 
valued function / such that Span£{a • / : o G A^} is a finite-dimensional vector 
space. Any finite function is equal to a finite sum of products 0^=1 where each 
rji is a finite function on F*. Moreover, any finite function / can be expressed 
as /(a) = where C is a finite set of characters of F* and Pg is 

a polynomial in the valuation vector of a. I.e., P^{a) is a finite sum of products 
OiLi (o = diag{ai,... ,ak)) with 0 < m-i G Z. See Waldspurger [WalOS] 

(Section 1.2). 

Assume that G is neither GLi nor Gi (in these cases the form of Whittaker 
functions is trivial). Write = {ai,... ,am}- Let Tq denote the maximal split 
torus of G, i.e., if G = GLn,Hn or split Gi, Tq = Tq- li G = Gi is quasi-split, 
To = A;_i < Tgi- There is a finite set of finite functions on T*, such that 
for any W G W(7 r,x) there exist functions ^ 5(T™') defined for any m 

elements rji,... ,r]m G Att, such that for all t gTq, 

m 

W{t) = <?^? 7 i ,...,»;„ i ( q : i (^)) • • •) Oimit)) 

Vl,---,Vm.€ATr * = 1 

In the case G = GLn this is a result of Jacquet, Piatetski-Shapiro and Shalika 
|.TPSS79] (Section 2.2). The case of Gi can be deduced from their general results, 
as done by Soudry |Son93] (Section 2) for S02i+i. Note that in the quasi-split case 
we will usually reduce integrals over Tqi to integrals over A;_i, so we only need to 
evaluate W on Tq. 


2.6. A realization of ((ti (8) 


Let Ti be a representation of GL^, i = 1,2, and set n = ni -|- n 2 . Let Qni,n 2 < Hn be 
the standard parabolic subgroup whose Levi part is 

{^^5(61,62,1,^2,^!:) : bi G GLn,} ^ GLn, x GLn,. 

Consider the induced representation 

where si and S 2 are complex parameters (i.e., s = (si, S 2 )). As explained in Section [A4l 
we have spaces of standard, holomorphic and rational sections for Lls^^sj. Consider also 

^'si,s2 = ((t ® (r2a®2))a"i) 
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(for bi G GLni and /12 G Hn2, a^^{diag{bi,h 2 ,bl)) = a^^{bi)). These representations 
are isomorphic via 


(2.5) {h,bi,h2,b2) f{h2h,bi,b2), {h,bi,b2) (p{h,bi, I2n2+i,b2)- 


Here / belongs to the space of ^ belongs to the space of H'^^ S2’ ^ ^ ^2 £ Hn 2 

and bi G GLm- Furthermore ()2.5I) defines isomorphisms between 

and 






n' = (h ® (t2)) 


Then for in the space of H', we can first regard it as a function in the space of H, 
extend it to a function in the space of ns^^s2 using the Iwasawa decomposition and finally 
consider it as a function in the space of H'^ Therefore we may realize the space ^(ri® 
T 2 , std, (si, S2)) = {ti ®T 2 -, std, (si, S2)) by extending functions of the space of H' 

to functions of the space of Then we can also realize ^(ti( 8)T2, hoi, (si, S2)) as the 

space of elements Pi^sls 2 where Pi G ip^s},s 2 ^ ^(n<8>'r2, std, (si, S2)) 

and similarly realize ^(ri (g) T2,rat, (si, S2)). 


2.7. The intertwining operators 


2.7.1. Intertwining operator for Ind^'^{Ta^) 


Qr. 


Let r be a representation of GLn realized in >V(r, V')- Let M{t,s) : Vq"{t,s) 
Vq^{t*, 1 — s) be the standard intertwining operator. It is given (formally) by the 
integral 

T/'(r, s)fs{h, b) = f fsiwnuh, dnb*)du {h G Hn, b G GLn). 

JUn 


Here 


Wn 


In 

(-ir 

In 


dn = diag{-l, 1,... , (-1)") G GL„. 


Note that r* is realized in yV{T*,'ip). This integral converges absolutely for 3ft(s) >> 0 
and has a meromorphic continuation to a function in C(g“^). If fs G ^{T,rat, s), 
M{T,s)fs G ^(r*,raf, 1 — s). Moreover there is a polynomial 0 7^ P G C[g“®] such 
that PM{t,s) is a holomorphic operator, i.e., PM{t, s)fs G ^{T*,hol,l — s) for any 
fs G I,{t, hoi, s). Since r is generic, there is a proportionality factor 7(r, Symf ,ijj, 2s —1) 

19 


such that for all fs E s), 

I f s{dinWnUi 1)V^ {Un^n+l'jdu 
JUn 

= j{T,Sym‘^,'tp,2s - 1) / M{T,s)fsidnWnU,l)'ljj~^{Un,n+l)du. 

Ju„ 

This is an equality of meromorphic continuations in C{q~^). Note that the left-hand 
side defines a Whittaker functional on l/(r, s) with respect to the character 'ip{u) = 

This is Shahidi’s functional equation l [Sha81] Theorem 3.1), 
the factor 'y{T, Sym?,ijj,2s — 1) is Shahidi’s local coefficient defined in loc. cit. and 
Sym? is the symmetric square representation. 

Denote by M*{t,s) the standard normalized intertwining operator, 

M*{t, s) = 7 (t, Sym‘^,'ip, 2s — l)M(r, s). 


Then Shahidi’s functional equation takes the form 

(2-6) / fsidnWnU,l)'ll;~^{Un jn+l'jdu / M (t, s)/s(^ri^n^) 1 ) 1 ^ i'^n,n+l')dU‘ 

JUn JUn 

The properties stated above are usually formulated for an irreducible r (e.g. [ShaSll 
IMuiOSj 'l. However, as shown by Waldspurger [Wal03] (Section IV), our assumptions 
on r - namely that it is smooth, admissible and finitely generated (see Section [2.3p are 
sufficient to deduce the absolute convergence in a right half-plane and the meromorphic 
properties. The functional equation also holds regardless of the irreducibility condition, 
because r is generic. The additional assumption that r has a central character ojr is 
needed in order to obtain simple multiplicative formulas, see for example Section [2.7.31 
Let P G C[X] be a polynomial of minimal degree, with P(0) = 1, such that 
P{q~^)M*{T, s) is a holomorphic operator. We set iris) = P{q~^)~^. Then for any 
fs € f,{T,hol,s) there exists ff_g € 1 — s) such that M*{T,s)fs = •^t(s)/i_<j- 

Note that £r*(l — s)”^ G 

From here until the end of this section assume that r is irreducible. Since r is also 
generic, according to Shahidi |Sha81] Section 3, 

(2.7) M*{t,s)M*{t*, 1- s) = 1. 


To explain this, note that the irreducibility of r implies that M*{t, s)M* {t*, 1 — s) 
is a nonzero scalar c(s) multiolied bv the identitv maDDine. for almost all s l[Sha HD 
Section 2). Then if T denotes the Jacquet integral on the left-hand side of (12. 6 p and 
f[_g G V(r*, 1 — s), applying (12. 6 p twice yields 

T(/(_J = T(M*(P, 1 - s)f[_,) = s)M*{t\ 1 - s)fl_,) = c(s)T(/(_J. 


Hence for almost all s, c(s) = 1, implying (12.7p . 

We collect a few results regarding the poles of the intertwining operator. The L- 
group of the Levi part of Qn is GLn{C). The adjoint action of GLn{C) on the Lie 
algebra of the L-group of Un is Sym?, which is irreducible (see e.g. |Sha92j p. 5). 
Therefore, in this case the local coefficient 7 (t, Sym?,^;, 2s — 1) and Shahidi’s 7 -factor 
are equal, up to a unit in C[g“*,( 7 ^] f |Sha9n] Theorem 3.5). According to Shahidi 
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|Sha90] (Section 7), 

(2.8) 7(r,5'?/m^V’,2s - 1) 




L{T*,Sym‘^,2-2s) 

L{t, Sym?, 2s — 1) 

(~ means up to invertible factors in C[g“^,g®]). 

We have the following result of Shahidi {loc. cit. Proposition 7.2a), 

Theorem 2.1. For a tempered t, L[t, Sym"^, s) is holomorphic for 3ft(s) > 0. 

This is a part of a more general conjecture of Shahidi {loc. cit. Conjecture 7.1), 
proved by Casselman and Shahidi |CS98] (Section 4) in the broad context of groups of 
classical type (e.g. classical groups). 

The following result of Casselman and Shahidi [CS98| (Theorem 5.1) will be used to 
bound the poles of the intertwining operator. 

Theorem 2.2. For a supercuspidal (irreducible) t, L{t, Symf ,2s — 1)~^M{t,s) is 
holomorphic. 

Remark 2.6. The result is stated in loc. cit. for standard modules which satisfy 
injectivity at a certain level, in particular it is valid for standard modules induced from 
generic irreducible supercuspidal representations {loc. cit. Theorem 3.4). 

For an essentially tempered r, according to Theorem 12.11 the quotient on the right- 
hand side of ()2.8p is reduced. Therefore if L{t, Sym?, 2s — 1 )~^M{t, s) is holomorphic 
(e.g. r is irreducible supercuspidal), t'T-('S) = L{t*, Sym?, 2 — 2s). 

2.7.2. Intertwining operator for 


Let Ti be a representation of realized in >V(rj, V’), i = 1,2. We have the standard 
intertwining operator 

M(ri (g) T 2 , (s, 1 — s)) (ri| det 1 2 (g) | det 1 2 , (s, 1 — s)) 

^ (^2*1 det 1^ ® nl det |t, (1 - s, s)), 

defined via the meromorphic continuation of 


{b,b2,bi) 


ds{^ni,n2^^^bl,b2)dz (6 G GLn,bi G GLjif). 


The standard normalized intertwining operator M*{ti (g) t|, (s, 1 — s)) is defined ac¬ 
cording to Shahidi’s functional equation f |Sha81| Theorem 3.1), 


(2.9) 




L 

,n 


ds {^ni ,712 ^7 11n2 )r\z)dz 

M*{ti ® T 2 , {s, 1 - s))6s{uJn2,nim, In2, {m)dm, 


with 6s G (ti| det 1 2 (g) | det 1 2 , rat, {s, 1 — s)). As in Section 12.7.11 this is 

an equality in C(q“^). Define ^Ti(g)Tj('S)“^ G C[g“®] similarly to •^r('S), i.e., such that 
{s)~^M* {ti (g) r|, {s, 1 — s)) is holomorphic. 
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Assume that ri and T 2 are irreducible. Then according to Shahidi |Sha90] (Theo¬ 
rem 3.5), there is some e{q~^,q^) E satisfying 

M*(ri (g) T 2 , {s, 1-s)) = e{q~% (g, ^ 

L(ti X r2, 2 s - 1) 

The result of Casselman and Shahidi |CS98| (Theorem 5.1) now reads, 

Theorem 2.3. For irreducible supercuspidal ri and T 2 , L{ti x r2,2s — l)“^M(ri ® 
r|, (s, 1 — s)) is holomorphic. 

In the case of the theorem, = T(rf x r|, 2 — 2s). 


2.7.3. The multiplicativity of M*{t, s) for an induced r 


Assume r = (ri ® T 2 ), where each representation Ti is realized in W(rj, p) and 

r is realized in the space of the induced representation. 

The elements of Vq^ (r, s) are locally constant functions on Hn taking values in the 
space of r, we regard them as locally constant functions /* : Hn x GLn x GL^ x GLn^ 

C with the following properties: let h E Hn, b E GLn, hi E GLni- 

(1) For q E Qn with q = au, a E GLn = Mn and u E Un, 

fs{qh,b,bi,b 2 ) = <5q„(q')| det a \''~2 f^{h,ba,bi,b 2 ). 

(2) For a E Pm ,112 with a = diag{ai,a 2 )z, Oj E and z E 

fs{h,ab,bi,b 2 ) = (a)/dh, 5 , ftim, 6202). 

(3) The mapping hi i-)> /s(/i, 6 , 61 , 62 ) belongs to ^(ri,^) and 62 '—>■ fs{h,b,bi,b 2 ) 
belongs to W’(r 2 ,d). 

Let M{t,s) : Vq^{t,s) —>■ Vq^{t*, 1 — s) be the standard intertwining operator, 
defined by the meromorphic continuation of the integral 

M{T,s)fs{h,b,b 2 ,bi) = f fs{wnU,b*,dn^bl,dn 2 h* 2 )du. 

JUn 

The standard normalized intertwining operator is defined by the functional equation 

/ / fs{WnU,UJni,n2Zdn,ImJn2)'^~^{z)i>~^{u)dzdu 

J Un Zn2,n\ 

= / M*{T,s)fs{WnU,UJn2,mZdn,In2Jm)'^~^iz)'ll;~^{u)dzdu. 

JUn J Zn-^,n2 

This is an equality in C(g“®). According to the multiplicativity of the intertwining 
operators and local coefficients ( |Sha81| Theorem 2.1.1 and Proposition 3.2.1), 

(2.10) M*{t, s) = M*(ri, s)M*(ri (g) (s, 1 - s))M*{t 2 , s). 

We explain how to interpret (|2.10p . 

Let si,S 2 be complex parameters. Consider the representation 

Kus2 = Up ® (^2a""))a"d 


22 











defined in Section [2T6l Denote its space by V'{ti ® T2, (si,S 2 )). Let ^Psi,s 2 £ ^'{^1 ® 
"^ 2 ; (si, 52 )). Any fixed hi G and bi G define a mapping ^ps^^s2{^iibi,-.,-) G 

Vq;;^{t 2 ,S 2 ) by 

(^2,62) 1 -^ ^Si,s 2 {h,bi,h 2 ,b 2 ) (/i2 G Hn^,b 2 G 


In addition, any h G Hn defines a mapping h ■ tpsi,s2{': 'i I2n2+ii ' ) G 1 det 1 2 (g) 

r2| det |t, (si,S2)) by 

( 5 , fei, 62) (psi,S2{^^i ^1) L2n2+1) ^2) S GL„, bi G GL^n). 

Let s G C. The representations (r, s) and Lf^^^ are isomorphic according to the 
mappings 

(h, 61,112,62) fs{h2h,In,bi,b2), (h, 6, 61,62) I det6|"5’^“*+5y,s(&/l,^l,L2n2 + l,^2)- 

Here G Vq"{t,s) and fs € H'(ri (g) r2, (s,s)). Denote the image of fs in V'{ti ® 
'^2, {s,s)) by i{fs). 

Assume that s is chosen away from the poles of the intertwining operators on the 
right-hand side of (j 2 . 10 jl . Let ips G V'{ti (g) T2, (s, s)). The mapping 

M{t 2, s)ips G V'{ti (g) T2, (s, 1 - s)) 

is obtained by applying M{t2, s) to ips{h,bi, ■, ■). Formally, 

M{T2,s)(fs{h,bi,h2,b2) = / (ps{h,bi,Wn2uh2,dn2b2)du. 

JUn2 

Then ips,i-s £ H'(ri (g) r|, (s, 1 — s)) is given by 

iPs,i-s = M*{T 2 ,s)ips = 7(r2,5ym^,V’,2s - 1)M{t 2, s)ips. 


The function 

^'l-s,s = M*{ti (g) T^, {s, 1 - G V'{t^ (g) n, (1 - s, s)) 

is defined by applying M*{ti ® r|, (s, 1 — s)) to the function h ■ -,- 12 , 12 - 1 - 1 , •)• 

Formally, 

H^'i-s,s{h, 62 , hi, 61 ) = (M*(ri (g) r 2 , (s, 1 - s)){hih) • 7)s,i-s)(Ln, & 2 , ^ 1 ) 

= 7(ri X r2,'0,2s - 1)' / ^Ps,l-s{^ni,n2Zhlh,bi,l2n2+lM)dz. 


Here 7 (ri x T2,'0,2 s — 1)' denotes the local coefficient. Then 

^*l-s = G V'{t2 ® Ti , (1 - s, 1 - s)) 

is obtained similarly to Collecting the applications of the intertwining operators, 

= M*{ti,s)M*{ti (g) T 2 , (s, 1 - s))M*{t 2 , s)ips. 

The interpretation of (12.1011 is 

s)fs) = M*(ri, s)M*{ti (g) T2, {s, 1 - s))M*{t 2, s)i{fs), 
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or if we put ips = i{fs) 


i{M*{T,s)fs) = 

As mentioned above, this follows from the results of Shahidi |Sha81| . However, we 
include a formal proof of this equality, showing how the definitions above are combined 
together. 


Claim 2.3. s)/*) = (pl_s- 


Proof of Claim 12.31 In order to prove this equality, we start by showing 

(2.11) i{M{T,s)fs) = M(ri,s)M(ri ®r 2 *,(s,l - s))M{t 2 , s)(ps. 

Both sides are functions in ® rj^, (1 — s, 1 — s)) and it is enough to show that they 
are equal on /i G Hn- This equality is first interpreted as an equality of integrals for 
3?(s) >> 0, then it follows for all s by meromorphic continuation. For 3?(s) >> 0 we 
have. 


, s)/s) (h, In2 j l2ni+l i Ini ) — ^{'^i s)fs{ljlm In^ 11ni ) 

— / fsiWji'U'h, Ijn dn2')du — / (ps{u)nUh, dnj^, I2n2+lj dn2')du. 

JUn JUn 

Write Wn = Wn 2 ^ni,n 2 Wni, where Wm G < M„ 3 _. and uJni,n 2 G I^n- Then WnU = 
Wn 2 U 2 ^ni,n 2 ^WniUi where Ui G Urn < Uni and z G Zn 2 ,ni < Mn- This decomposition 
also implies a decomposition of the measure du = du 2 dzdui. The last integral equals 


'u, 


Ps iwn2 U 2 UJni ,n2 ZWm Uih, dm , I2n2+l, dn2)dU2dzdui 


ni ^n2,ni 




/ M{t 2, s)(ps{0Jni,n2ZWniUlh, dm , I2n2+1, In2)dzdui 

'I Zno.ni 


ni zjn2,ni 


= / M{Ti<S'T2,is,l - s))M{T2,s)(psiWmUlh,In2,l2ni+l,dm)dui 

JUm 

= M{ti,s)M{ti ( 8 )r 2 ,(s,l - s))M{t 2, s)ips{h, In2, hm+i, Im)- 


This proves (|2.11l) . 

In order to complete the proof we show that satisfies the same functional 

equation as M*{t, s)fs. I.e., 


( 2 . 12 ) / / tps(iOm,n2^dnWnU.i Imi I2n2+li In2^f^ (^u)dzdu 

'^Un Zn2,n-^ 

= / (pl_^{uin2,niZdnWnU,In2,l2ni+l,Ini)-ip~^{z)'ll^~^{u)dzdu. 

JUn J Zn-i,n2 


Start with the right-hand side. Here our arguments are formal, ignoring convergence 
issues. Shift ujn 2 ,mZ to the right of dnWnU. Put d' = diag{{—l)^^dn 2 , Im)■ Note that 
^-i(n) = lf-''^{un,n+l)- We get 



ipl_^{d'wnUUJm,n2Z,In2,l2ni+i,dm)f^ ^(z)'^ ^{um,n+i)dudz. 
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Write Wn = Wni^^n2,niWn2 


and decompose Un = k Wi,n2) where 

( Im 0 r;i 0 \ 

In2 V 2 V3 v[ 


^ni,n2 — { 


1 v'o 


‘■n2 


\ 


}• 


The integral becomes 

(2.13) / / / ,711^^722^^/11,712'^? -^722 ? -^272i + l? ^Tli'^ni^l) 

J Zn2 ,ni Jv„^ 

,712 

The firti-integration resembles the right-hand side of ()2.6p . except for the character 

instead of 'll: However, equality (12.611 also holds 

with this change, to see this replace fg with y • /^ in (|2.6p where 

y = (izay((—, 1, (n of (12.6p is now ni) and use the fact that ti 

has a central character. 

Thus we see that the last integral is equal, as a meromorphic continuation, to 

III ^n2,ni'^n2^^ni,n2^^ ^n2i ^2ni+l^ dniWn^Ui') 

Zri2,n-i *^^^1,712 7r/n, 

'il:~^{z)'il:~^{{-l)'^'^{ui)n^^ni+i)duidvdz. 

Reversing the steps leading to ()2.13D we obtain 

/ / ip'i_gg{u:n2,niZdnWnU,In2,hni+l,Ini)i^~^{z)'ll:~^{u)dzdu. 

J Uri Zn-^ ,712 

Using the definition of ip'i_s g yields 

/ / ® 72, (s,l - s)){dnWnU) ■ ipg^i_g){uJn2,niZjn2Jnr)'4’~^{z)'4:~^{u)dzdu. 

J Un Zn-^ ,712 

The dz-integration comprises the right-hand side of (|2.9p . Applying this equation, we 
get 


‘^s,l—s(S^ni,n2Zdn'WnU, Inn ^2n2+lj dn2)^ izilll (lljdzdu 


JUn Zn2,Ti-^ 

Repeat the steps leading from the right-hand side of ()2.12l) to ()2.13p on the last integral 
with m and n 2 exchanged. Then apply (j2.6h (with (u 2 )n 2 ,n 2 +i) instead of 

'^~^iiu2)n2,n2+i), U2 G Unj) and obtain 

/ / (pg{0Jni,n2ZdnWnU,Ini,l2n2+lJn2)‘^~^{z)'tlj~^{u)dzdu. 

Ju„ 

Zn2 ,^^i 

This is the left-hand side of ()2.12p . □ 

We usually use the elements of V'{ti ® T 2 ,{s,s)) instead of VqI^{t,s). Let ipa = 
i{fs) where fg € Vq"{t,s). Then we denote by M*{t, s)ips the function obtained by 
repeatedly applying the intertwining operators on the right-hand side of (|2.10l) . In 
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other words, M*{t, s)ips = ^is- The last claim shows i{M*{t,s)i so 

writing M*(T,s)(ps is compliant with the “hidden” identifications. 

Let s E C. A function E V'{ti<SiT 2 , (s, s)) defines an element E VQ^{yV{T, ■0), s) 
via the formula 

USh,b) = \detb\~^^~^+^ / (ps{u}ni^n2Zbh,IniJ2n2+lJn2)'4^~^{z)dz. 

^n2 ,Ti\ 

Here 0 Jni,n 2 is regarded as an element of M„ < Qn and the Jacquet integral is defined 
as a principal value. 

The function E Vq^ {yV{T* 1 — s) is defined by 

Ul_^{h,b) = I det6|“5"-+^-| / ipl_^{(jJn2,niZbh,In2,l2ni+l,Ini)ll^~^{z)dz. 

'' ^71^ ,n2 

Because the application of the intertwining operator “commutes” with the Jacquet 
integral, 


Claim 2.4. Let (fg E V'{ti ® T 2 ,{s,s)). Then M*{T,s)f^p^ = fM*(T,s}ips- -f^cre on 
the left-hand side, M*{t,s) : Vq"{W{t,iI:), s) VQff(W{T*,ijj),l — s) is defined as 
explained in Section[2.7. 1\ On the right-hand side, M*{t, s)ips = Tis- 


Proof of Claim \2.4\ Denote 

M{t,s)lPs = i{M{t,s)i~^{(Ps)) = M{ti,s)M{ti ®T2,is,l - s))M{t2,s)(Ps 
(the second equality is ()2.111) 1. First we show 

(2.14) MiT,s)U^=U;rA-irfMir,s)^,. 

For any h E Hn, 

M{T,s)f^^fih,l)= / (ps{uJnun2ZdnWnUh,Ini,l2n2+lJn2)'f’~^iz)dzdu. 

J Un Zn2,ni 

Here we regard the dzdn-integration as a double integral (recall that the dz-integration 
was defined by principal value). We proceed formally with the argument and provide 
the justifications below. Write d„ = diag{dn 2 , (~l)"'^^^ni). The last integral becomes 

CJti ( 1) / / ipsi'WjiU0Jn2^niZh, dn^, I2n2-i-l^ dn2)f^ (^Z^dudz. 

Zni ,712 

As we have seen in the proof of Claim 12. 3t this is equal to 

^Ti ( 1) ^ / Af (t, (w7T,2,rii'2^^; ^n2 ;-^2ni+1; (^Z^dz 

,712 

= ^Tl{-lT^fM{T,s)ips{h, 1 ). 

We sketch the justifications to the formal manipulations. As in [SouOO] (Section 2), 
replace ri with ti| det and T 2 with T 2 I det [“i-, where C is a complex parameter. Fix 
h E Hn- There are Qi, Q 2 € C(g“^, q~^) such that 

= M{T,s)f^^fih,i), Q2{q~‘^,q~l = w^i(-i)’"VM(r,sv,(/i, i) 
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for all C and s with 5?(s) >> 0. Here the d^;-integration is defined by principal value. 
For 3f?(C) >> 0 and 3ft(s) >> 0, 



\^Ps\{uJni,n2ZdnWnUh, Ini, I2n2+1, In2)dzdu < 


Therefore the manipulations above hold for 5R(C),5?(s) >> 0 and hence Qi = Q 2 - This 
yields (I2.14p when we substitute 0 for 

Let T denote the Whittaker functional on V (ITPr, t/’), s) given by the left-hand side of 
(12.61) . Then the functional ips e-)- T(/<^J is the Whittaker functional on V'{ti0T2, (s, s)) 
given by the left-hand side of (|2.12l) . Therefore 


Altogether, 


M*{T,s)ips = 




T(^J 




-M{T,s)ips. 




— M(T,s)f^ = 
T{Mir,s)UJ 


'fM{T,s)ips fM*{T,s)ipa'^ 


where we applied (I2.14D twice and used the fact that the mapping ips is linear. □ 


2.7.4. The factors Mr{s) and 

We define the factors Mr{s) and ig,..., 3 , 7 - 4 ,(s) appearing in our theorems (see Sec¬ 

tion [IT]). Let Tj be an irreducible representation of GLn^ for 1 < i < k. Then 

k 

-Afri®...(g)T4. ('S) = tT-ds)tr* (1 ~ s) ~ s). 

i=l 

In particular for k = 1, Mt^{s) = £ri{s)£ri{^ — s) and we can write 

k 

-Afri®...®T4, ('S) = -Afri ('5) ~ 'S)- 

i=l 

These factors are inverses of polynomials in q^]. Note that by definition, (s) 

Af 7 -* 0 ,,, 07 -*(1 — s). Theorems 12.21 and 12.31 enable us to calculate or bound -Afri®...®T 4 ,(•s)- 
For example if ti,T 2 are irreducible supercuspidal, (s) = L{ti x “ 2s) and 

2 

Mri(S)T 2 {s) = (Y\LiT*, Sym'^ ,2 - 2s)L{Ti, Sym'^ ,2 s))L{tI x r^, 2 - 2 s)L(r 2 xri,2s). 

i=l 

In the course of proving Theorem 11.81 we will encounter poles of M*{Ti,s) and 
Af*(r*,l — s). The crucial property of Mri{s) is that both Mri{s)~^M*{Ti,s) and 
M* (t* , 1 — s) are holomorphic. In order to derive the theorem we will also 
need an upper bound for £t{s), described next. 

Claim 2.5. Assume that r = Ind^^" (ri (8) T 2 ) is irreducible and set 

-Otj ,712 ' ' 

L{s) = £Ti{s)£T 2 {s)£ri®T*{s)- Then £r{s) G L(s)C[g“hg4- 
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Proof of Claim \KR Let /* G hoi, s). In Claim [5?T6l ISection I5.7.ip we 

will prove that there is (ps € (ri (8* T 2 , hoi, {s, s)) such that /* = where is 

defined by a Jacquet integral as explained Section [2.7.,11 Then by Claim [T4l 

L{s)-^M*{T,s)fs = L{s)-^M*{T,s)f^^ = fL{s)-^M*{T,s)^s- 
By (I2.10p . L{s)~^M*{t,s)(Ps G ^ (t"! ® rf,ho/,(l — s, 1 — s)). Claim [5T6] also 
proves that for G (n (g) r 2 ,/lo/, (s, s)), G iQl{W{T,'il}),hol,s). Hence 

lL{s)-iM*{T,s)^s ^ ^'^)^hol, 1 - s) and thus ir{s)~^ divides L(s)“b □ 

More generally, assume that r = ^ (ri ® ® Tk) is irreducible. Then 

Claim 12.51 implies 

k 

(2.15) iris) eYlinis) eri(s>T;{s)C[q-^,q^]. 

i=l 

Hence iris) G (s)C[g'“^, o'*] and also 

Mt{s) = — s) G (s)C[(; ^,q^]- 

This means that is an upper bound for the poles of Mr{s). 

2.8. Functional equation for GLk x GLr 


For k < r, let ^ be a representation of GLk and 4>he a representation of GLr (both rep¬ 
resentations are generic). We briefly recall the functional equation of Jacquet, Piatetski- 
Shapiro and Shalika [JPSS83| for GLk x GLr and ^ x cj). 

According to Theorem 2.7 of |JPSS83] if A: < r, for all 0 < j < r — k — 1, G 
W(^,V’-^) and W^GW(<(.,V'), 

(2.16) L{4> X X i,,l;,s)u:^{-lY-^^{W^,W^,j,s) 

= L{4>* X r, 1 - s)-^^{W^, ( J^_^yw^,r-k-l-j,l- s). 

Here 

( a 0 0 \ 

W^{a)W(f,{i m Ij 0 j)|deta|® ^dmda 

y 0 0 ir-k-j ) 


^{W^,W^,j,s)= f f 

JZk\GLk JM. 


and W^{g) = When k = r, for all $ G 5(T^), 

(2.17) L{4> X e, X e, V’, s)a;^(-l)"-'^(Wg, IT^, $, s) 

= L(())* X r, 1 - s)-''k(W^, HV, 1 - s), 

where 

^{W^,W^,^,s) = ! lT'^(o)Hy,(a)^>(ryra)| detal^da, ry,. = (0,..., 0,1) 

J Zr\GLr 


and denotes a Fourier transform of <I>. 
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In the functional equations of |JPSS83] . instead of appears cj)'' (and where 
= <^(* 5 - 1 ), but = w{(t)*,i)) (if ly E w( 0 SV'), Jn-w e wi(p*,^ij)). 

The integrals 'I'(iy^, W^,j, s) and 'I'(iy^, W^f), <I>, s) are absolutely convergent for 5R(s) >> 
0. That is, the integrals converge when we replace IT^, W^p and <I> with |IT^|, \Wp)\ and 
|<I>|. Moreover, there is a constant sq > 0 which depends only on the representations a 
and T, such that the integrals are absolutely convergent for all 3ft(s) > sq- 
Equality (I2.16P can be rewritten in the following form: 


(2.18) 

7 ((() X [ [ Wya)Wp,i 

Zk\GL]^ ^Mjxk 


a 0 
m Ij 
0 0 


/ / 

JZk\GLk JA 


^k\GLk ^kxr-k- 


Wya)W4 


0 Ij+i 0 

0 0 y —— j—\ 

a 0 m 


0 

0 |)|deta|^ ~ dmda 

Ir—k—j 


)|deta|® 2 ^^dmda. 


This is obtained using Wp){g) = Wp){jyg~^) (see [Sou93] p. 70). 

The family of integrals 'I'(IT'^, s) with W^, IT,^ varying, when A: < r, or 'I'(iy^, Wp,, $, s) 

with iy^,iyji,^> varying if A; = r, span a fractional ideal of The L-factor 

L{(j) X s) was defined in [,TPSS83| as the unique generator of this ideal, in the form 
P{q~^)~^ for P E C[X] satisfying P(0) = 1. In other words, L{(j) x s) was defined as 
a g.c.d. Note that in the case k < r, L{4> x s) is independent of j. 

The L-factor was proved to be independent of the additive (nontrivial) character y 
of the field. Moreover, if a E and b E Aj—k, one can replace the character y of 
Zk with “'i/’j where “'^(z) = 'tjj{aza~^), and the character y of Zy with The 

L-factor is invariant under such a change. 

We will use the following property of the L-factor. 


Theorem 2.4 ([JPSS83] Proposition 8.1(i)). Let (p he an irreducible supercuspidal 
representation. If r > k and ^ is arbitrary, L{4> x ^,s) = 1. 

The 7 -factor 7(0 X V’, s) was defined in |,IPSS83] by 

(2.19) 7((/> X y, s) = e{(j) X fj, s) ■ 

L{(P X C,s) 

The e-factor e(0 x f,,y,s) belongs to 


2.9. Integration formula for Hn\Gn+i 


We will need an integration formula for an integral on Hn\Gn+i- 


Lemma 2.6. Let f be a continuous complex-valued function on Hn\Gn+i such that 
fH„\G„+i \f\(9)dg < 00 . Then if Gi is split, 


L 


t^n\Gn + l 


f{g)dg 



f{vzx)dvdzdx. 
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Here Zn,i < Ln+i, x G GLi takes the form diag{In,x,x ^,In) and 

f In 0 V 0 \ 

10?;' 

1 0 
In ) 


H. = { 


V 


: ?; € F"} < K 


In the quasi-split case, 


L 


f{g)dg = / /_/ 

Hn\Gn+l J GLl J Zn-1,1 J V„r\G2 


/ f{yv'v"zx)dv'dv"dzdx, 

J :2,n 


y = 


V 


£ Gn+l 


where x = diag{In-i,x, l 2 ,x the group G 2 in the intersection 

Vn n G 2 is considered as a subgroup o/Gn+i (embedded in Ln-i), 

( 4-1 \ 

1 

0 1 

2p-2 0 1 

0 2p-i 1 

4—1 ) 

and En is a set of representatives from Gn+i, 

( 4_1 0 0 112 0 ^42) \ 

1 0 

1 0 

1 V 2 

1 0 

4—1 / 

whose exact definition is given in the proof. 




V 


: V 2 G F^-^} 


Proof of Lemma Assume that Gi is split. Then the double coset space Hn\Gn+i/Pn+i 
has a single element 1 JGRSllj Proposition 4.4 case (3)) and we take the identity 
e G Gn+i as its representative. Denote F® = Hn H Pn+i- We have, 


K = { 


/ X m 
1 

V 


2 / 3 - 


rm 


0 

1 


u 

W^' 

m' 


\ 


X G GLn}. 


X 




There is a right-invariant Haar measure drP on H(l\Pn+i. Hence 

f fi9)dg = [ f{p)drp. 

JHn\Gn+l JH^\P„ + 1 

Let GLn+i be embedded in Pn+i by c diag{c,c*) (c G GLn+i) and let GLi be 
embedded in GLn+i by t i-)- diag{In,t) {t G F*). Since the complement of Fn,i-^n,i i 


m 


GLn+i is a set of zero measure, the complement of Hf^GLiZn,iVn+i = Pn,iZn^iVn+i in 
= GLn+iVn+i is a set of zero measure (and HnGLiZn^iVn+i is open and dense 
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in Pn+i). It follows that 

L 


Hp\Pr.+ l 


f{p)drP= [ _ 

J m\H-GLlZr,,lVr, + l 


f{p)drp. 


Let Rn — GLiZn^lVn+l n 

( In 

Rn = { 

V 


0 

1 


u 

0 

0 


uJn “t“ JnU — 0 } < Vn+1' 




Since GLiZn,iVn+i is a subgroup, we obtain 


L 




f{p)drP = 


' Rn\GLlZn^\Vn+\ 

/ /-/ 

J GL\ J Z-n 1 J Ri 


f{p)drP 


f{vzx)dvdzdx. 


n.,1 + l 

n, whence we can replace the du-integration with an 


Then as groups Rn\Vn+i = H 
integration over En leading to the requested formula. 

Now consider the quasi-split case. In general, if G is one of the groups dehned in 
Section EH H and P are closed subgroups of G and g £ G, we have isomorphisms of 
algebraic varieties H\HgP = 3H\3HP = {^H n P)\P- Then dim{HgP) = dim{H) + 
dim{P) — dim{^H n P), where dim{- ■ ■) refers to the dimension as an algebraic variety 
over the local field (see |Spr98| Corollary 5.5.6). Let G = G^-i-i be quasi-split, H = 
Hn and P = Pn- The double coset space Hn\Gn+i/Pn has two elements 1 [GESll] 
Proposition 4.4 case (2b)), we take representatives {e,y} where e is the identity and y 
was given in the statement of the lemma. Then Gn+i = HnPn U HnUPn- A calculation 
shows that 


Hr, nPn = { 


( 


\ 


u 

1 


\ 


u 

0 

X* 


: X G GLn} — Qr 


Hence dim{Hn n P, 
yp n P 

■i-in ' '-In 

( 


= { 


= -|- \n. Also 


X 

Ul 

U2 

-2p~^U3 

U3 

U4 

0 

1 


I{a - l)p 2 

i(l - a)p^ 

u's 

0 

0 

a 

bp 

-\bp^ 

u '2 

0 

0 

b 

a 

\{l-a)p 

2p-^u'3 

0 

0 

0 

0 

1 


0 

0 

0 

0 

0 

X* 


: X G GLn-i,a^ — b'^p = 1}. 


/ 


Then dimiyHn H Pn) = — ^n. It follows that for all n > 1, the complement 

of HnyPn in Gn+i is of zero measure (and HnyPn is open and dense in Gn+i)- Put 
Hn = yHn n Pn- There is a right-invariant Haar measure drP on Hn\Pn- Hence we 
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have the formula 


'/f„\Gn + l 


f{g)dg = 


'Hy\p„ 


f{yp)drp. 


Denote 


G"i = { 


/ In-l 


U-2 1, 

a bp 

b a 


1 ^[a-l)p^ 1(1-a)p^ 

-hbp^ 
i(l - a)p 

1 

V 

/ In-l 0 U2 -2p-^U3 U3 U 4 \ 


: - b‘^p = 1} ^ Gi 


In-l ) 


Rn = { 


U 3 

u '2 


2p 2u'3 
0 


V 


}<Vn. 


In-l ) 

Let GLn be embedded in by c i-;- diag{c, I 2 , c*) (c G GLn)- Then Hn = x Rn) x 
G[ where Yn < GLn is the mirabolic subgroup. Since Pn = {GLn x Vn) x G[ and there 
is a right-invariant measure on {YnRn)\{GLnVn), 


'H^\Pn 


f{yp)drP = 


lYr,Rr,\GL„Vn 


f{yp)drp. 


Let GLi be embedded in GL„ by t e-)- diag{In-i,t). Since the complement of 

f{yp)drp. 


Pn-ipZn-i,i in GLn is of zero measure, 

r 

f{yp)drP = 


'YnRn\GL„Vn 


lYnRn\YnGLlZn-l,lVn 


Note that Rn < Vn < GLiZn-ipVn hence YnGLiZn-ipVn = YnRnGLiZn-ipVn- Also 

f{yp)drp. 


YnRn n GLiZn-ipVn = Rn- Thus we obtain 

r 

f{yp)drP = 


’Y^Rn\YnGLrZn-l,rVn 


’ Rn\GLlZn-l,lVn 


Let 


/ In-l 0 Vi V2 V 3 V 4 \ 

1 


v;* = { 


1 


^3 

vi 


1 


1 0 
4-1 / 


}<Vn. 


32 



Then Vn = V* x (T4 H G 2 ) where 

/ 4-1 


n G2 = { 


1 


5^2 

0 

1 


J 


Since also Rn < V* 


L 


f{yp)drp = 


/ I—I / 

JGL\ JZji—i 1 JVnnG2 Ri 


Ifi—l / 


f {yv'v"zx)dv'dv"dzdx. 


Hn = {0{V2) = 


: V2 G F^-^} C Gn+I. 


' Rn\GLlZn-l,lVn JGL\ J J Vn^G2 ■) Rn\V* 

Finally, Rn is a normal subgroup of V*, Rn\V* = (as groups) and we can choose 

a set of representatives 

/ In-l 0 0 U2 0 A{v2) \ 

1 0 

1 0 

1 v '2 

1 0 

V -^^-1 / 

Here A(v 2 ) = ^V 2 {^V 2 )Jn-i and = ^{^V 2 )Jn-i- We define a group structure on 
by 0 ( 112 ) + 0 (^ 2 ) = d{u 2 + U 2 ). Then the mapping V 2 e-)- 0(u2) is a group isomorphism 
pn-i ^ quotient topology on is homeomorphic to the topology of 

Hence we have a right-invariant Haar measure dv' on (defined using the measure 
on F'^~^), and a continuous compactly supported function on Rn\V* can be regarded 
as a similar function on F'^~^. Moreover, Rn0{u2) ■ Rn0{v2) = Rn0{u2 + U 2 ). Therefore 
we can write the du'-integration on Rn\V* using the measure on (for details, see 
Remark 12.71 below). □ 


Remark 2.7. In general, if G is a topological group and id is a closed normal subgroup, 
let if C G be a set of representatives for ii\G. For any function / on ii\G, define 
a function / on if by /(x) = f{F[g) where x ^ Hg. Assume that there is a group 
structure on X and we have a group isomorphism 6 : R ^ X where i? is a topological 
group with a right-invariant Haar measure dr. We define a similar measure on X by 


/ (p{x)dx = / (p{9{r))dr, 

J X Jr 


where p is any (suitable) function on if. Assuming that the quotient topology on 
X is homeomorphic to the topology of R via 0, a continuous compactly supported 
function / on H\G is mapped to a similar function on i? by / e-)• /0. Further assume 
H6{ri) ■ H9{r2) = H9{ri + r 2 ) for any ri,r 2 € R, where on the left-hand side the 
multiplication is in H\G. Let / be a continuous compactly supported function on 
H\G. Then for any g ^ G, 


[ g-f{x)dx= [ f{H9{r)g)dr. 
Jx Jr 
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We have H6{r)g = HO[r) ■ Hg and since X is a set of representatives, there is Xg = 
0{rg) G X for some Vg ^ R such that Hg = Hxg. Then H9{r) ■ Hg = H6{r) • H9{rg) = 
H9{r + Xg). Hence the integral becomes 


IR 


f{9{r-\-rg))dr= / f{9{r))dr= / f{x)dx. 


>R 


lx 


It follows that the linear functional f fx f{x)dx defines a right-invariant Haar 
measure on H\G. 
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Chapter 3 
THE INTEGRALS 


We introduce the global Rankin-Selberg integral and relate it to Langlands’ (partial) 
L-function. The global integral appeared in [GPSR871 IGinOOl ISouObl IGRSll] , We 
bring the details of the decomposition into an Euler product of local integrals, for 
completeness and also to obtain the precise forms of the local integrals that we will 
work with. At almost all places, where all data are unramified, we prove that the local 
integrals are equal to quotients of local L-functions. The local integrals, at arbitrary 
finite places, are the object of study of this thesis. 

3.1. Construction of the global integral 


In this section our notation is global. Let T be a number field with an Adele ring 
A. Let p G F* and dehne J2i,p as in Section [2Tl The group Gi{A) is the restricted 
direct product of the groups Gi{F^) where v varies over all places of F. Similarly, 
Hn{A) is the restricted direct product of the groups Hn{Fy). \i p G Gi{Fy) is 
defined using J2i,p^ = J21 and is split for all v. Otherwise Gi{Fu) is defined using 
Jv = diag{Ii-i, ( g), //_i) • J21 and it is quasi-split at roughly half of the places and 
split at the others (see e.g. |Ser73] p. 75). At the places where it is split, Jy represents 
the same bilinear form as J 2 /. 

The character ^ is now taken to be a nontrivial unitary additive character of F\A. 
Let ijjry be the (generic) character of Ugi (A) dehned by 


(3.1) 


V’7(u) 


''/’(ELi '“*,*+1 + - jui-i^i+i) Gi{F) is split, 

'*/’(E1=i Ui^i+i + |riz-i,z+i) Gi{F) is quasi-split. 


Let TT and r be a pair of irreducible automorphic cuspidal representations, tt of Gi{A) 
and r of GL„(A). Assume that tt is globally generic with respect to That is, vr 

has a global nonzero Whittaker functional with respect to given by a Fourier 

coefficient. Note that r is necessarily globally generic l |Sha74] Section 5). 

The character Tp^ is uniquely determined according to the final form of the integral, 
he., a different choice of ip^ results in a slightly different integral. 

To a smooth holomorphic section fg from the space /ndQ"|^j(ra®), attach an Eisen- 
stein series 


Efsih)= Y. fs{yh,l) {hGHn{A)). 

y&Qr.{F)\Hr,{F) 


Note that r is realized in its space of cusp forms on GL„(A), so fs (for a hxed s) is a 
function in two variables. The sum is absolutely convergent for 3ft(s) >> 0 and has a 
meromorphic continuation to the whole plane (see e.g. [MW95| Ghapter 4). 

Let ip he a. cusp form belonging to the space of vr. Fix s and let fs be as above. The 
form of the integral depends on the relative sizes of I and n. The construction follows 
the arguments of [GPSR,87| IGinhOl ISou93| . 
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3.1.1. The case I < n 


We integrate (p against a Fourier coefficient of Ef^. Consider the subgroup Nn-i = 
Zn-i IX Un-i, where Zn-i < M^-i- In coordinates, 

( z yi y2 \ 

Nn-l = { I hl+l y'l \ eHn-. ze Zn-l] {y'l = -J2l+iyiJn-lZ*). 

Define a character of Nn-i{A) by 'tpj{zy) = where z E Zn-i{E) and 

y E Un-i{A) (with e„_;,e.y given in Section [2. l.ip . Specihcally, 

n—l—1 

= V’( ^ Vi^i+i + Vn-l,n + 'yVn-l,n+2) {v E iV„_z(A)). 

^=1 

Note that ijj^ dehnes a character of Nn-i{F)\Nn-i{A) and if / = n, Nn-i = {1} and 
= 1. According to the embedding Gi < Hn described in Section [2.1.11 Gi normalizes 
Nn-i and stabilizes ^7 (see also Remark l2.3p . The Fourier coefficient of Ef^ with respect 
to the unipotent subgroup iV„_/(A) and ^7 is the function on Hn{A) given by 

E^^{h)= [ EfSvh)i^,{v)dv. 

The global integral is 

(3.2) I{ip,fs,s)= j p>{g)E'^^{g)dg. 

Gi{F)\Gi{A) 

It is absolutely convergent in the whole plane except at the poles of the Eisenstein 
series. This follows from the rapid decay of cusp forms and moderate growth of the 
Eisenstein series. The integral I{ip,fs,s) defines a meromorphic function of s. 

We may regard I{ip, fs,s) for any fixed s which is not a pole of the Eisenstein series, 
as a bilinear form on tt x Indg"^^}^{Ta‘^). The definition implies 

(3.3) I{g ■ (f,{gv) ■ fs,s) ='tjj~^{v)I{(pJs,s) (Vu E ^^-/(A), g E G;(A)). 

Eor decomposable data, we will show that I{ip, fg, s) decomposes as an Euler product 

(3.4) I{ipJg,s) = Yl^,iW^^Js,,,s). 

U 

The product is taken over all places v of E, the local integrals Tj, are given below 
and the local data fg^u) correspond to tp and fg. This equality is in the sense of 

meromorphic continuation. ProDosition l3.1l Droves (13.4D by showing that for 5R(s) >> 0, 
/(</?, fg, s) equals as an integral to an Eulerian integral, which decomposes as the product 
on the right-hand side. Then by meromorphic continuation (j3.4p holds for all s. 

The local integral fg^y, s) is absolutely convergent in some right half-plane. 

As a bilinear form, it satisfies the local version of (j3.3h . The local space of bilinear 
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forms satisfying (13.311 enjoys a multiplicity-one property, which enables us to define the 
local factors. The details are given in Chapter [ 6 l 


Proposition 3 . 1 . Let I{(p,fs,s) be given by (13.21) . For 5R(s) >> 0, 


= [ 

Jv 


UgAA}\Gi{A) 


/ Wf^{wi^nrg,l)'ilJ't{r)drdg. 


' Rl,n(A) 


Here is a Fourier- Whittaker coefficient of ip, 


Wpig) = [ 

Ju 


Ug,(F)\UgAA) 


ip{ug)'if-^{u)du, 


the function u e-)- 'if-y{u) is the character defined by dsn), 


/ 


Wl^n = 


ik 


(- 1 ) 


n—l 


In—I 


\ 


In—I 


G Hn, 




7 ^Ii 

( In-l X y 0 z \ 

h 0 0 0 

1 0 y' 

h x' 

In—l j 

ip'yir) is the restriction of the character of Nn-i{A) to RiffiA) and for all h € Hn{A), 


Rl,n = { 


V 


}<Hn, 


w: 


(h,l)= [ 

Jz 


fs{h,z)if ^{z)dz. 


Zr,(F)\Zr,(A) 


Before we turn to the proof of the proposition, let us show how it is used to es¬ 
tablish (j3.4l) . For ip corresponding to a pure tensor, Wp = where for all ly, 

Wy G and for almost all v, Wy equals the normalized unramified Whit¬ 

taker function. Similarly for a decomposable vector fg, VF^(/i, 1 ) = Y[y fs,iy{hy,l) 

fp N g _i 

where fs,y G Ind^^lrl-) {W{Ty,ipy) \ det \ y aiid for almost all iz this is the unramified 
function, normalized so that /s,i/(l, 1) = 1. Note that fg^y is realized as a function on 

_/2 _s-j- — 

Hn{Fy) X GLn{Fy) and the function ruy i->- 6q det fgffimyhy,!) on 

GLn{Fy) belongs to W{Ty,ify). By Proposition 13.11 with a cusp form ip corresponding 
to a pure tensor and a decomposable /*, 


l{gyJs,S)=l[^y{Wy,fg,y,. 


n/„ 


UGAFu)\GAFy) 


Wy{g) 


Rl,n(Fy) 


fs,uiiwi^n)nrg, l)'ijjjp{r)drdg. 


Proof of Proposition \d.l\ The hrst task is to unfold the Eisenstein series Ef^ for 3?(s) >> 
0 and show that the V' 7 -coefficient is a sum of either one (in the quasi-split case) or 
three (in the split case) summands. Throughout, we omit the reference to the field F 
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in summations. Observe that 

Efs{h)= ^ fs{yh,l)= ^ ^ fs{wqh,l), 

y£Qn\Hn W&Qn\Hn/Qn-l q&Q^\Q„-l 

where Q'^ = '^Qn O Qn-i- The following is a set of representatives for Qn\Hn/Qn-V- 

( Ir \ 

^n—l—r 

h 

k 

^n—l—r 

V J 

(see [GRSllj Chapter 4). We may change the order of the du-integration and summa¬ 
tion over w in E^^{h), since Nn-i{F) < Qn-i{F) and because of the nice convergence 
properties of the Eisenstein series. This yields 

n—l 


{Wr = 


: r = 0,..., n — /} 


F 


lb — b p 

'(/i) = ^/ ^ fs{wrqvh,l)ilj^{v)dv. 


We will show that except for r = 0, all other summands on the right-hand side vanish. 
Considering the right-action of N^-iGi on Qn^\Qn-h 

n—l 

(3.5) E'',-;{h)=yJ y 


lb — b p 

r=0 ■> Nr,_i{F)\Nr,_i{K) 


X fs{wrr]bvh,l)ip^{v)dv. 

b£{QnnyN„_,G, 

Here {Qn"')^ = '^{Qn"') C Nn-iGi. Writing the coordinates of explicitly, 

\ 




/ a 

X 

yi 

2/2 

2/3 

Zi 

Z2 




b 

0 

0 

2/4 

0 

4 








2/4 

2/3 

(3.6) 

0 

II 




Q'l 


0 

2/2 








0 

2 /) 








b* 

x' 



V 






a* 


where a G GLr,b G GLn-i-r,yi G MrxhV 2 £ and Q'l is the maximal parabolic 

subgroup of Hi < Qn-i whose Levi part is isomorphic to GLi. Denote by Gr the 
subgroup of consisting of the elements with I 21+1 in the middle block (i.e., I 21+1 
instead of Q'l). According to (13.6p . = Cr x Moreover, 

^{Q7) n N^-iGi = rCr n Nn-i){^Q\ n Gi) = G^ x q;t 
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Using this (|3.5I) takes the form 

(3.7) 

n—l 

= I fs{wrVvgh,l)il;y{v)dv. 

^=Or,GQr\Qn-i/A'n-iGi g&Q[^\Gi C:! iF)\N„_i{A) 


For A: > 0, let Sk be the group of permutations of k} {Sq = {!}). Denote 

the natural association of with the permutation matrices in by cr e-?■ b{a) 

{b{a)ij = Note that we have 


Q2\Qn-l/Nn-lGi ^ {Sr X Sn-l-r)\Sn-l X Q'i\Hi/Gi. 

Here Sr (resp. Sn-i-r) is embedded in Sn-i as the subgroup of permutations of 
{ 1 ,... ,r} (resp. of {r + 1 ,... ,n —/}). The space Q[\Hi/Gi is trivial containing a single 
element which we represent using the identity element, when Gi{F) is quasi-split, oth¬ 
erwise it contains two more elements f |GPSR 8 T] Section 3, |GRSllj Proposition 4.4). 


Representatives for these elements may be taken to be 


/ h-i \ 


/ h-i \ 


1 

c- 

1 

0 

0 


0 0 - 7-1 

6 = 

0 -1 -2/3-1 

>6 = 

0 -1 2 / 3-1 


-7/3 1 


-7 -/3 1 


V ii-i / 


V ii-i / 


Note that and ^2 are related to the matrix M defined in Section 12.1.11 specifically 
diag{Ii,-l3,Ii)M G Q\^i and 

diag{Ii.i,\ fd \ eQ'i^ 2 - 


A set of representatives for Q'^^\Qn-i/N^-iGi is given by 

(3.8) A{r) = {diag{b{a),C,b{(^)*) : (t G (5^ x Sn-i-r)\Sn-iA ^ Q'i\Hi/Gi}. 


We claim the following: 


Claim 3.2. For all r > 0, g e A{r) and h G Hn{A), 

(3.9) / fs{wrgvh,l)i^-yiv)dv = 0. 

Jc:!iF)\Nr-i(A) 

The proof of this claim will be given below. R follows that only r = 0 contributes 
to 

(3.10) E'^f{h)= y] y] /" fs{wogvghA)'4^'y{v)dv. 

.eT(0) 

We return to integral (13.2p . Set go = hn+i- In the quasi-split case, .4.(0) = {%}• The 
next task is to show that in the split case only go contributes to the global integral. 
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Indeed, since 


h I —y 


Ic 


g&Qi^\Gi 


C^(F)\N„_i{ 


fsiwovvgh, l)ii^{v)dv 


is Gi(-F)-invariant on the left, after plugging (I3.10p into (|3.2I1 we can change the order 
of the dgf-integration and summation over r/ in (I3.2p and obtain three integrals of the 
form 

(3.11) / (p{g) / fs{wor]vg,l)ip^{v)dvdg. 

Jq[^{F)\Gi{A) JcJ(F)\iV„_,(A) 

When 7] = diag{In-i,^i, In-i): * = 1)2, Q'P is a parabolic subgroup of Gi. To see this, 
consider for example i = 1. In the definition of Q'P we regarded Gi as a subgroup of Hi 
- the subgroup {^[g]£' : g € Gi} (see Section ETT]) . Put = {[g]£i : g G Gi}. The 

image of Gi in Hi is ^G[. Also set tjs = diag{Ii, —13, Ii). Then tpM = q^i for some 
q G Q'l and since = Q'l: 

Q'l< = n ^G’l = n ^G’l = ^{Q’l n G(), 
where we regarded g as an element of Hi. Because Q'l n is a parabolic subgroup of 
G'l, is a parabolic subgroup of G;. A similar calculation holds for i = 2 (if tg is the 
matrix written above satisfying tpM G Q'iC 2 , ^^Q'l H G( is a parabolic subgroup of G[). 
As in |GPSR87] (Section 1 . 2 ), using the fact that is a cusp form it is shown that 
when g ^ go, integral (13.1111 vanishes. 


Remark 3.1. The embedding Gi < Hn has the property that in the split case Q'['° is not 
a parabolic subgroup of Gi. Otherwise a unique representative gi = diag{In-i, In-i) 
would contribute to the global integral and Tqi would not be a subgroup of Th„. 
Hence the complication arising from the embedding, namely that Tqi is not a subgroup 
of Th„ , is unavoidable (this issue is also dealt with in [GPSR87] ). 


Therefore in both split and quasi-split cases integral (|3.2p equals 


(3.12) 

Here 


[, ^{g) [ 

jQy(F)\G,(A) Jc 


Q'P°{F)\Gi{A) Jg;;°{F)\N,,_i( 


fsiwQvg, l)'il;^{v)dvdg. 


QT = {9^(«> G d) = 


( a b c b' d \ 

10 0 5" 

1 0 c' 

1 h'" 

V 


C = { 


& Hi : a G GL/_i}, 


/ z 0 0 X 0 \ 

// 0 0 x' 

10 0 
h 0 

V / 


G Hn : 2; G Zn-l}. 
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Let R[ be the subgroup of Gi whose image in Hi is {q'{li-i,0,c,d)}. In coordinates, 

/ Il-i 47U1 Ui U 2 \ 

1 0 u[ 

1 47^'^ 

V / 

/ Il-l Ul 0 U2 \ 


Ri = 


{ 


} split Gi{F), 


{ 


} 


quasi-split Gi{F). 


1 0 u; 

1 0 

V / 

Recall that Y/ is the mirabolic subgroup of GLi. In the split case we regard 1/ as a 
subgroup of L; and we have Ugi = Zi k R[, where Zi <Yi. In the quasi-split case let 

/a Ul Ul U2 \ 

1 0 u[ 

1 v[ 

\ / 

The group Yi is regarded as the quotient group R'i\P[ and the subgroup Zi of T; is 
R[\Ugi- Then an element z G Zi{A) will actually be a representative in Ugi{A). 

For a fixed g G Gi{A), define 


Pl = { 


: a G GLi-i} < Pi. 


= 


^-L 


{F)\R[{A) 


ip{r'xg)dr' {x G Yi{A)). 


Then ipg is a cuspidal function on Yi{A) and according to the Fourier transform for 


( |Sha74| Section 5, see [GPSR87] Section 1), 


= 


E / [ 

JR'(F)\RUA) JZ 


5gZ*_i\GL,_i JR'iFARW JZi{F)\Zi{K) 


ip{r' z5g)il}* {z)dzdr' 


r{z) = 


where GLi_i < Yi and is the character of Zi(F)\Zi(A) defined by 

f ^(E!=i Hi+i + Gi{F) is split, 

^*4+1 + Gi{F) is quasi-split. 

Note that in the quasi-split case, ip* is well-defined on Zi{A) as a quotient group. Write 
u = r' z G Ugi {A) and change variables in r and z so that 


split Gi{F), 


u = < 


✓ 

f Zl 

^2 

Ul 

U2 

\ 



1 

0 

u[ 





1 

4 


< 

V 



4 



f Zl 

Ul 


U2 

\ 



I 

0 

u[ 





1 

4 



V 



4 

/ 


quasi-split Gi{F). 
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We obtain 

= E / 

where W^{g) = (p(ug)'t/^j(u)du. 


(p(udg)^j(u)du = ^ W^(Sg), 

SeZi_i\GLi_i 


'i ^ 

Next note that the function 


9 ^ 


L 


fsiwQvg, l)ip^{v)dv 

lc;i°(F)\N„_iiA) 

is invariant on the left for r' E R'li^) and 6 E GLi_i{F) < Yi{F). This follows because 
Gi stabilizes ^^7 and normalizes N^-i, r' commutes with any element of Cq°, ^0 r' E Un, 

GLi-i normalizes Gq° and for a E G-L;_i(F), '^0 diag{In-u a, I2, 0,*, In-i) E Mn{F) (if 
Gi{F) is quasi-split, GLi^i is regarded as a quotient group). Also Z/_i\GL;_i = 
UgiXQ'i^^■ Combining the formula for with these observations, integral (I3.12p 

becomes 


L 


RUA)Q'dO(^F)\GiiA) 




«/ 

Jc 


lR[{A)Q'po{FmW sez,.AGL,_, 


CS°{F)\N„_i{A) 

E [ 

Jc 


fsiwovg, l)'il>^{v)dvdg 


IT, 


I R[{A)UG,iF)\GiiA) 


>(<?) [ 

Jc 


g;;o{f)\n„_i{a) 


gS°{F)\N„_i{ 
fsiwovg,l)i^'y{v)dvdg. 


fsiwQvdg, l)'if^iv)dvdg 


For 2: E ZiiK), Wip{zg) = il) ^{z)Wipig). Now the integral becomes 


L 




UgAA)\Gi{A) 


>(ff) / /. 

Jz,(F)\Z,(A) JgI 


L 


Ug,{A)\Gi{A) 


W^g) 


Zi{F)\Zi{A) Jg;;°{F)\N„_i 

L 


Zi(F)\Zi(A) Jg;;o(A)\N„_i(A) 


fsiwQVzg, l)ii^iv)i)^'-{z)dvdzdg 

L 


fsiwoyvzg, \z)dydvdzdg. 

For fixed v and g, consider the function on Z;(A) given by 


2 


L 


fs{wQyzvg,l)i)^{yv)ii iz)dy. 

IcS°{f)\gS°{a) 

As above since the elements of and Gq° commute (etc.), this is indeed well-defined 
on ZiiA) also in the quasi-split case. In either case, this function is left-invariant on 
ZiiF), because z normalizes Gq°(A), stabilizes tpyiy) and fs{woz, 1) = fsiwo, 1). Then 
the mapping on Nn_i{A) defined by 


V 


lz,(F)\Z,(A) ic 


Zi{F)\Zi{A) Jg^°{F)\g;1°{A) 


fsiwoyzvg, l)ip^iyv)'il; ^{z)dydz 
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is invariant on the left by Cq°(A). In addition, z normalizes Nn-i{A) and stabilizes 
'ip-y[v). It follows that we can change vz zv in the integral and obtain 




W,. 


Ug,(A)\Gi(A) 


>{9) [ 
Jc 


I f 

JZ,(F)\Z,(A) Jcl 


C^0{A)\N„_i{A) JZi{F)\Zi{A) J{F)\C2° (A) 


fsr° {yz)wovg,l)ip^{y)ip^ \z)'ip^{v)dydzdvdg. 


If Gi{F) is quasi-split, it is now convenient to replace Zi with the following set of 
representatives: 


{ 


f Zl 

V 


0 2:2 ^(21,2:2) \ 

1 0 0 

1 z'^ 

/ 


E Ugi '■ Zl E Zi_i}, 


where A{zi, Z 2 ) is a function of zi and 22 - 

^The double integral fz^(F)\Zi(A) /co^o(f)\Co" 0 (a) can be written as f^(F)\z:(A)’ 

Zn < Qn is isomorphic to Z^ which is considered as a subgroup of M„. To pass to Z^ 
we conjugate by ui^n-i £ GLi (defined in Section [TT|) . In addition use a conjugation by 
diag{'yli, In-i) to get the character ip of Zn{A) (the standard character, see Section lTSl) . 
Also Ri^n = CQ°\Nn-i- The final form of the integral is 


L 


Ug,(A)\Gi{A) 


W^{g) 


' Rl,n {A) 


wf iwi^nrg, l)ip^{r)drdg. 


□ 


Proof of Claim, HOI Put X = CrC'^^^Un- Since WrgXg ^Wj. ^ < Un, for any c E C?{A) 
and h E Hn{A), 


/ fs{wrgxch, {xc)dx = fs{Wrgch,l)lp,y{c) / 1pj{x)dx. 

Jx{F)\X{A) Jx{F)\X{A) 

Hence the mapping c 1 -^ fx(F)\x(A) fsiiXrdxch, l)ipry(xc)dx is left-invariant on Cr{F). 

Then (13.9p equals 


/ f 

JGi’(A)\N„_,(A) J(. 


G?{A)\N^_i{A) 7(X(F)\X(A))\(C?(F)\C,^(A)) JX{F)\X{A) 


fs{wrgxcvh, l)ip,y{xcv)dxdcdv. 


Now it is enough to show ?/> 7 |x(A) ^ 1; because then the dx-integration vanishes. The 
proof of the claim proceeds by finding O < X such that V’ 7 lo(A) ^ 1- The subgroup O 
depends on r and g = diag{b{a),f,,b{a)*). 

If there is some 1 < j < n — I such that a{j) < r and a{j -|- 1) > r, we let O be the 
image in Nn-i of the subgroup of Zn-i consisting of matrices with 1 on the diagonal, an 
arbitrary element in the {j,j + l)-th coordinate and zero elsewhere. Since for 2 E Zn-i, 
2 )ctQ) = 2 jj+i one sees that WrgOg~^wf^ < Un and gOg~^ < Cr- Also 

O < Nn-i, whence O < Gr = ^Gr n Nn-i and O < X. It is clear that V' 7 lo(A) ^ 1- 
If no such j exists, we can assume a{n—l—r+j) < r for all 1 < j < r. Hence a{j) > r 
for 1 < j < n —Z —r. By the definition of ^(r), we can assume (T“^(1) < ... < cr“^(r) (if 
r > 1) and cr“^(r -|- 1) < ... < a~^{n — 1) (if r < n — Z). Combining these observations, 
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we may assume 


ij) = 


n — I — r -\- j 1 < j < r, 
j — r r < j < n — 1. 

Hence h{a) = Ur^n-i-r = Iii this case let O'(A) be the following subgroup 

of Ar„_;(A). If^ = /2i+l, 

/ 1 0 0 a a 0 \ 


O'(A) = {diag{In-i-i, 


Ii-i 0 

1 —a 

1 —a 

1 0 
Ii-i 0 

1 ) 


,/ri—Z—l) • ® € A}. 


Otherwise 


0 '(A) = {diag{ln-i-\, 


/ 1 0 a 0 \ 

0 


n 


1 


V 


—a 

h 0 

1 y 


, In—l—l) ■ 0 , € A}. 


Define 0 (A) = ^ ^O'(A)^ where ^ is regarded as an element of Hn- Then 0 (A) < 
Nn-i{A) and gO{A)g~^ is the subgroup of elements u G Un{A) with 1 on the diagonal, 

(o, a) C = l2i+i, 

(-a,- 2 a/ 3 "^) ^ = Ci, 

{-a,2aj3-^) ^ = 6 , 

where a G A, and 0 in all other coordinates except Un+i,2n-r+2, Un,2n-r+2 and Ur^2n-r+2 
(which are determined by Ur,n+i and Ur^n+2)- D 


('^r,n+l) ^r,n+2) ' 


3.1.2. The case I > n 


We integrate a Fourier coefficient of (p against Ef^. Let ^ = Zi_n-i x 

f z yi y2 \ 

= {( l2n+2 y'^\eGr.zG 

Define a character V’7 of N^~"'{A) by 'ip^{zy) = 'ijj{z)'ip{'^ei-n-iye^), for z G Zi-n-i{A) 
and y G Vi_n,_i(A) {ei-n-i and were given in Section [ 2 . 1 . 2 jl . he., for v G iV^“”'(A), 


= 


f ^ '''*,*+1 + lvi-n-i,i - 'yvi-n-1,1+1) Gi{F) is split, 

W*+l + \vi-n-l,l+l) 


Gi{F) is quasi-split. 


Then can be considered as a character of ^{F)\N^ ”'(A). This character is 
trivial when I = n + 1 . Note that the embedding Hn < Gi (see Section r2.1.2jl is such 
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that Hn normalizes and stabilizes The ?/;-y-coefficient of tp with respect to 

N^-^{A) is 

<^’^^(5 )=/' A{vg)4’'r{v)dv {geGi{A)). 

yAr*-"(F)\iV*-~(A) 

The global integral is 

(3.13) I{p,fs,s)= [ p>^Hh)EfMdh. 

J Hn{F)\Hr^{A) 

For all s (except at the poles of the Eisenstein series) it satishes 

(3.14) I{{hv)-(p,h-fs,s) = ip~^{v)I{ip,fs,s) (Vr; E iV^“”(A),/i G F„(A)). 

As in the previous section we prove that for decomposable data, I{ip,fs,s) is repre¬ 
sentable as an Euler product. 


Proposition 3 . 3 . Assume that I{(p,fs,s) is given by (I3.13I) . For iR(s) >> 0, 

I 


( / W^{rw''^h)dr)WJ {h, l)dh, 

UHjA)\Hn(A) 


where Wip and lE^ are prescribed by Proposition \3.1\. 

( In 


= 


h-n-l 


h 


\ 


Il—n—1 


£ Gl, 


j^l,n ^ I 


/ In 

X Il—n—1 


h 


Il-n-1 


}<Gi 


In j 


Proof of Provosition \3.3[ Since lip, A, s) is absolutely convergent and ig invariant 
on the left for Hn{F), for 3f?(s) » 0, 

(3.15) I{ip,fs,s)=[ (p'/''^{h)fs{h,l)dh 

jQn{F)\Hn{A) 

= [ {[ ip^'^{uh)du)fs{h,l)dh. 

J Mn{F)Un{A)\H„{A) JUn{F)\Un{A) 

Put V' = N^~'^Un- Because Hn stabilizes we can extend V ’7 to V trivially on [/„. 
Eor any h E Hn{A), since p is left-invariant by Gi{F), 


(3.16) 


/ Lp'^'^{uh)du = / v'w’''^h)ijj^{v')dv'. 

'Un{F)\Un{A) Jv'{F)\V'{A) 
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Set y _ coordinates 


y(o) = { 


f In 0 aiUi a2Ui 64 U2 \ 

ei Z 62 63 65 64 

1 0 * * 

1 * * 
z* 0 

\ 64 In ) 


: 2; G Zi_n-i\-, 


where 

(oi, 02) = 
The right-hand side of (I3.16p equals 


(/3, split G/(F), 

(1,0) quasi-split G;(F). 


(3.17) 


L 


ijjyiv') = 


(f{v'w^’'^h)'tp.y{v)dv, 

ly(o) (F)\y(o) (A) 

where ijj^ is the character of V^^\F)\V^^\A) defined by 

V'(^)V’(i(e 2 )i-n-i - 7(e3)z-n-i) split Gi{F), 
^ip{z)'ip{^{e3)i-n-i) quasi-split Gi{F). 

Assume / — n — 1 >0. Decompose = l/(0)' x /^(i) where is the subgroup 
of elements of for which the last row of ei is zero and is the subgroup of 
matrices ri G Tz-i that are images of 

In 

Il-n-2 1 G GLi_i. 

ri 1 


Then (I3.17h becomes 


(3.18) 


L 


RW{F)\RW(K) 


f 

Jv(oy 


(F)\y(0)'(A) 


(p{v' riw^’'^h)'ip^{v')dv' dri. 


For X G define j{x) G Gi{A) as follows. If Gi{F) is split, 


/ In 


j{x) = 


\ 


Il-n-l 


l—n—1 
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x' = —^xJn- In the quasi-split case 


/ In 


j{x) = 


A{x) \ 


Il-n-l 


1 x' 


Il-n-l 


\ 




where A{x) = ^x{^x)Jn and x' = 

For any h G IIn{A) and n G define : A"" ^ C by 

= [ ip{v' j{x)riw'''"-h)'ili^{v')dv'. 

J v(oy {F)\v(oy (A) 

The mapping (n, h) i-G <hri,/i(0) is well-defined on {F)\R^^'> {A) x IIn{A) and (I3.18P 
equals 


L 


I RW(F)\RW(A) 

(because j(0) = l 2 i)- 

We see that j{x) normalizes and stabilizes Note that jix) also normalizes 
but does not stabilize on since the last row of ei interferes. Also (p is 
left-invariant by Gi{F). Hence defines a function on F^\A^. According to the 

Fourier inversion formula, 

^ri,/i(0) = y] / ^rT,,h{xW {\x)dx 

AeMixn(F) 

= E 


/F"\A’ 


/ 

Jv^°y 


(F)\V(oy(A) 


ip{v'j{x)nwI^h)ilj^{v')i;**{Xx)dv'dx. 


Here ip** is the character of F\A given by 

'ipi-'ja) Gi{F) is split, 


r*ia) = 


ipiha) Gi{F) is quasi-split. 


Let A G R^^\F). Then A normalizes = ip^yiv') and ^j{x) = 

xx,xj{x) with G (A) such that '07(^A,*) = 'iIj**{Xx) (where on the right-hand 
side we regard A as an element of Mixn(A)). Hence for any A G R^^\F), 


f 

Jv(oy 


(F)\y( 0 )'(A) 


I v(°y {F)\v(°y { 


ip{v'j{x)riwl^h)'tjj^{v')'ip**{\x)dv' 
(p{Xv' j{x)riwl'^h)'tp-f{v')'tp** {Xx)dv' 


f 

Jv(°y 


(F)\y( 0 )'(A) 


p>{y' j{x)XriwI'^h)'ip^{v')dv' 


47 






Using this, integral ()3.18p becomes 

[ e / / 

JrW{F)\RW{A) ^ Jf^\A^ J v(oy iF)\V(oy { 


(p{v' j{x)riw^''^h)^^{v')il)** {\x)dv' dxdri 


[ e / / 

JrW{F)\RW{A) iy(0)' 


(F)\y( 0 )'(A) 


(p{v' j{x)Xriw’'’^h)'ip^{v')dv' dxdri. 


The dri-integration and the summation over A can be collapsed, we get 

f f f Lp{v'j{x)riiJ''^h)il)-^{v')dv'dxdri. 

JRW(A) JF^\A^ Jv(oy{F)\V(oy{A) 

Let be the subgroup of elements v'j{x). In coordinates, 

f In 0 aiUi X 64 ^2 \ 

ei 62 63 65 64 

1 0 * * 

1 * * 

z* 0 

\ In ) 

where the last row of ei equals zero. The integral becomes 


= { 


• Z G Zi—n—l }) 


(3.19) 


/ I 

JrW(a) Jv' 


ip{v' riw^’'^h)'ip^{v')dv' dri. 

IrW{a) JvW{f)\vW{a) 

Assume I — n — 1 > 1 (then the coordinates of ei are not all zero). Decompose 
y(i) ^ yiiy ^ ^( 2 )^ y{iy 

is the subgroup of matrices whose last two rows of ei are zero 
and consists of elements r 2 € Li -2 that are images of 


In 


d^l—n—3 

r2 1 

For X G A”", j{x) is redefined as the image in Li_i of 


G GLi_ 2 . 


( In 


\ 


Il—n—3 


\ 


1 / 




Define for h G Hn{A.), ri G and 62 G i?*'^^(A), ^r 2 ,ri,h ■ ^ C by 

^r 2 ,riA^) = / ip{v' j{x)r 2 riw^''^h)'ip^{v')dv'. 

Jvw {F)\vW (A) 

Then (r 2 ,ri,/i) is well-defined on R^‘^\F)\R^‘^\A) x i?(^)(A) x Lf„(A). 

Here (13.191) is 


/ / 

JrW(a) Jr( 


^>r2,ri,h(0)dr2(iri. 

IrW{a) Jr(^){f)\r(^){a) 

Observe that j{x) normalizes and stabilizes (since we zeroed out interfering 

rows of ei). Note that j{x) also normalizes but not . As above ^r 2 ,ri,h factors 
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through the quotient map A"' —>■ and the Fourier inversion formula with respect 

to ^l) (instead of ^p**) yields 


‘hr2,ri,/i(0) — 

, JvW 


{f)\vW{a) 


^{v' j{x)r 2 ri'iJ''^h)' 4 >^{v')'il){\x)dv' dx. 


Again using A € R^‘^\F) to collapse the dr 2 -integration into an integration over R^‘^\A) 
and letting be the subgroup of elements v'j{x) we reach 


f / / 

JrW(a) Jr(^)(a) iyi 


(p{v'r2riw’''"'h)'ijj^{v')dv' dr2dri. 

IrW{a) Jr(^){a) Jy(2)(F)\y(2)(A) 

Proceeding likewise for fc = 1,..., / — n — 1, in the fc-th step is the 

subgroup of elements with the last k rows of ei zeroed out, the subgroup R^^'^ < Li-k 
is composed of elements 

' In 

Il—n—l—k 
ri 1 

and for A; > 1, j{x) G L;_fc+i is the image of 

( In X 


G GLii 


•■l—n—l—k 


1 


V 


€ GLi-k+i- 




Aitei: k = I — n — 1 steps (still assuming Z — n — 1 > 0) integral (I3.17[) becomes 


(3.20) 

where 


f f 




ip{v' rwl'^h)'ip^{v')dv' dr, 


V^^'> = { 


( In X Ui t 64 U2 \ 

62 63 65 64 

1 0 * * 

1 * * 

/ 


V 


: X = ( 0 |xo),Xo G Mnx{l-n-2),Z ^ Zi_n-l}- 


Z X 

In j 

(The first column of x is zero.) If / — re — 1 = 0, integral (I3.17P trivially equals (|3.20p 
with A: = 0 and dehned earlier (7?"'+^’” = {!}), 


= { 




V 


}• 


( In aiUi Q:2rei U 2 
1 0 * 

1 * 

In j 

We continue with the arguments for any I > re and set k = I — n — 1. 

Note that the constants ai,a 2 G F can be ignored when defining the measure dv' 
with respect to the correpsonding coordinates (see e.g. P^^^) since for any a £ F*, 

laU = 1. 
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Let 1^+1 be regarded in the following manner. If k>0, Yn-\-i is embedded through 
the embedding of GLn+i in Ln+i- Also if fc = 0 and Gi{F) is split, Yn+i < L„+i- 
Otherwise, Y^+i is regarded as the quotient group R\\P[ defined in the proof of Propo¬ 
sition [HIT] = R[). Then observe that for any g E G;(A), the function on iP+i(A) 
defined by 


X 




ip{v' xg)il}^{v')dv' 

lvW{F)\V(>='i (A) 

is cuspidal. Hence as in Proposition 13.11 according to the Fourier transform at the 
identity, 

[ ^{v'g)'ilJ^{v')dv' = ^ w^{6g). 

Here 6 = diag{6, l 2 (i-n),^*) £ Li-i (in case k = 0 and quasi-split Gi{F), <5 is a repre¬ 
sentative modulo R'liF) of this form) and the Fourier transform is applied with respect 
to the character ■0* of Zn+i{F)\Zn+i{A) defined by 

'0(Er=i k>0, 

+ \zn,n+i) ^ = 0 and Gi{F) is split, 

+ \zn,n+i) = 0 and Gi{F) is quasi-split. 

Put this into (|3.20p and use the fact that 5 normalizes without changing the 
measure (since the coordinates of 5 belong to F). It follows that (|3.20l) equals 


V^*(2;) = < 


f 

JA.-(a) 


W^irw^’^r‘''^6)h)dr. 


Returning to the global integral, plugging this into (13.151) yields 


L 


Z^(F)Un(A}\Hn(A) JRl 


L 


W^{rw^’^h)fsih,l)drdh. 


I n 

Here we used the fact that ’ 6 lies in the image of Mn{F) under the embedding 
Hn < Gi and the mapping h i—)• fsih, 1) is left-invariant on Mn{F). Finally we check 
that for z E Zn{A) < M„(A), 

f W^{rw^’^zh)dr = f W^{rw^’^h)dr. 

jRl-’^iA) JRl-’^iA) 

Since Uh„ = ZnUn, the requested form of the integral is obtained, 

[ {[ W^{rw^’^h)dr)wf{h,l)dh. 

JUHY^)\Hr^(A) iA'"(A) 


□ 


3.2. Computation of ^{W,fs,s) with unramified 
data 
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In Section 13.11 we showed how to write the global integral for decomposable data, 

1 / 

Let 5 be a finite set of places of F, containing all the Archimedean places, such that 
for u ^ S, all data are unramified. The so-called unramified computation (at the finite 
places) is the computation of fs^u, s) for v ^ S. As explained in the introduc¬ 

tion (see Chapter[I]), I{ip, fg, s) is related to Langlands’ partial L-function L'^( 7 rxr, s) = 
Ui^^s by showing that for ly ^ S, L(t^, Sym^, s) is equal to 

Langlands’ local L-function L(7ri, x s) defined with respect to the Satake parameters 
of TTi/ and Ti/. It follows that 


(H 2s))I((^, fg, s) = L^{tt X t, s) JI s). 

u^S v&S 

Fix a place u ^ S. We pass to a local notation and denote W = W^p^, fg = fg^u, etc. 
Our field F is again local non-Archimedean. Then IT G W( 7 r, and fg G V{t,s) 
are the normalized unramified elements. Specifically, IT is invariant on the right by 
Kgi, 1T(1) = 1, fg is right-invariant by Kh„ and /s(l, 1) = 1 (see Section 13. 2. ll for the 
other “unramified” parameters). In this section we prove Theorem 11.11 Namely, we 
prove that for 3ft(s) >> 0 , 


^{WJg,s) 


L{tt X r, s) 
L{t, Symf, 2s) 


This immediately implies that the function s e-'L(1T,/s,s) has a meromorphic con¬ 
tinuation to a function in C(q“^) and the equality between meromorphic continuations 
holds for all s. 

In the split case we assume that Gi is defined using J 21 . As noted in Section [3Tl when 
TT is a local component of a global representation, the group Gi might be defined using 
another matrix J representing the same bilinear form. Then there is some a G GL 21 
such that ^aJ 2 ia = J and if tt is a representation of Gi defined using J, TT°^{g) = T^{°‘g) 
is a representation of Gi defined using J 2 i. Our results for 7r“ imply the theorem for tt. 

The computation of ^{W, fg, s) involves several techniques and is quite lengthy. In 
the case I = n + 1 it involves invariant theory and the case / > n -|- 1 is reduced to that 
case. When I < re, the unipotent integration over Ri ^ is difficult to handle directly. 
In this case (and when I = n) we use the existence of the 7 -factor and proof of its 
multiplicativity in the first variable (see Theorem ll.4l) . 


3.2.1. Preliminaries for the unramified case 


Assume that all data are unramified. This includes the field (i.e., F is an unramified 
extension of some Qp), the representations, the character (V’|c> = 1; V’l'p-i ^ 1) and 
all constants used in the construction of the integral (e.g. p, 7 ), where a constant is 
unramified if it belongs to O*. Throughout this section let G = G{F) be one of the 
groups defined in Section [ 2 Tl i.e. G is either Gi,Hn or GLk- As usual in the unramified 
case, Kg = G{0). Recall that we fixed a Borel subgroup Bg = Tg k Ug-, where Tg is 
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the torus and Ug is the unipotent radical. The measure dg of G is normalized so that 
voI{Kg) = voI{Tg n Kg) = 1- 

3.2.1.1. Torus elements and partitions. We define the following subset of Tg- 

Tq = {t G Tg : Va G Ag, a{a) < 1}. 

For example Tgl^ = is the set of elements diag{ai,... ,an) G An such that 

|oi| < ■ ■ ■ < |an|- If Ag = 0 (e.g., G = GLi,Gi), Tq = Tg by definition and in fact 
T- = G. 

Let k be the rank of G and assume k > 0 (that is, G is not the quasi-split group Gi). 
We have a group homomorphism Tg —>• defined by 6{t) = G 

where ti is the (i, i)-th coordinate of t and {t is the valuation of F. The mapping t i-t- 5{t) 
defines an isomorphism between Kg H Tg\Tg and Z^. A fc-tuple 5 = (5i,..., 6^) G Z^ 
which satisfies (5i > ... > > 0 is called a /c-parts partition. It is a partition of 

|<5| = Denote by the set of partitions of k parts. Observe that if t G Tg 

satisfies \tk\ < 1, <5(t) G Tfc. This fact will often be used when writing the Iwasawa 
decomposition. 

Any 6 G Z™ can be viewed as an element of Z™' for m' > m, by padding it with zeros 
on the right, i.e. 5 (<5, Om'-m) £ ■ When clear from the context we continue to 

denote it by 5. This induces an inclusion T”" C P^'. The notation \ T*™' signifies 
set difference, i.e., 6 G T™ \ T’™' satisfies <5^ > 0 for some k > m. 


3.2.1.2. The loeal L-function for unramified data. Let vr be an irreducible unramified 
(generic) representation of G. Then tt = Ind^^{p) for an unramified character g of Tg 
( see e.g. |CS98j L Assume g = gi® ... ® gk where k is the rank of G. 

The Satake parameter K of vr is regarded as a representative of its conjugacy class 
in the T-group ^G. It is given by 


t 


TT 


diag{gi{w),..., gn{'!^)) G GLn{C) G = GLn, 

< diag{gi{w),...,gi{'a7),gi{vu)~^,...,gi{w)~^) e S02i{C) G = split G/, 
diag{gi{w),.. ., A^n(ro)“^ • • ., giiw)~^) G Sp 2 n{C) G = Hn. 


When Gi is non-split over the field F and split over a quadratic extension K = F{y/p), 
define (with an abuse of notation) 

K = diag{gi{w),.. .,gi_i{w), -1, l,gi_i{w)~^, ..., gi{zu)~''-) G GL 2 i{C). 


Remark 3.2. In fact, by the dehnition of the Satake parameter in the quasi-split case 
it is an element of S02i{C) xi Gal{K/F), so it is of the form 

diag{gi{w),.. .,gi_i{w), 1, 1, gi_i{zu)~^ ,..., gi{w)~^) ■ e G S02i{C) xi Gal{K/F), 

with the Galois conjugation e G Gal{K/F). The previous definition will be more 
practical for us. 


In the quasi-split case also denote 

C = diag{gi{w),..., gi-i{w), gi-iiw)-"^,..., gi{w)~^) G Sp2{i-i)(C). 
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Let T be an irreducible unramified representation of GL„. The (local) L-function of 
TT X r with a complex parameter s is given by 

L{tt X r, s) = det(l — (tjr 0 tr)q~^) 

In addition L{t, s) = det(l — for a finite dimensional representation 

of GLn{C). In particular we shall use ? = Sym? - the symmetric square representation 
and - the antisymmetric square representation. 

3.2.1.3. The Casselman-Shalika formula. Let tt be an irreducible unramified represen¬ 

tation of G and let x be an unramified character of Ug- The normalized unramified 
Whittaker function W € W(7r,x) is a function which is right-invariant by Kq and 
satisfies W{1) = 1. It follows that W is determined by its values on Tg and it is simple 
to show that IT(t) = 0 if t does not belong to Tg- An explicit formula for W 

describes W (t) for t G Tff , in terms of the structure of the group - the root system and 
Weyl subgroup, the Satake parameter and t. 

Shintani |Shi76| proved such a formula for a representation vr of GL„. In the general 
case of a connected reductive group, an explicit formula was proved by Kato |Kat78] 
and by Casselman and Shalika |CS8n| . Let xf be the character of the irreducible 
representation of of highest weight 6. For denote 6 = 6{t). Then assuming 

that G is split. 

In the case of GLn this is the original formulation of Shintani |Shi76] . In the other 
cases this formula is the interpretation of the result of Casselman and Shalika |CS80] . 
using the structure of the Weyl group (see e.g. |Spr98| p. 141) and the Weyl character 
formulas l [FH04l[OO^ L 
When G = Gi is quasi-split, 

where is the character of the irreducible representation of S'p 2 (z-i) (C) of highest 

weight 6 {if I = 1, W{t) = 1). To keep the notation uniform, set xf‘itn) = (^w) 

for quasi-split Gi. 

Remark 3.3. Tamir |Tam91j provided an interpretation of the Casselman-Shalika for¬ 
mula for a connected reductive quasi-split group G. His formula involves a character 
of a representation of ^G and the Satake parameter. 

3.2.1.4. Branching rules. Let r be an irreducible unramified representation of GLn for 
n > 1 . We need the following two formulas for xf^'^itr)- First, for 6 G Pn \ Pn-i, Le., 
for 6 G Pn such that > 0, 

n 

i=l 

Here tr{i) denotes the i-th coordinate of the diagonal matrix p. Second, the branching 
rule from GL„(C) to GL„_i(C) x GLi(C), 
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Lemma 3.4 f |GW98] p. 350). Let 6 E Pn-i- Then 

\s\ 

>^=0 5eC(k,S) 

Here C{k, 6) C Pn-i is a finite set (given explicitly in |GW98j ) depending on k and 6, 
(7(0, 6) = {(5} and G' = diag(tr{l), ■ ■ ■, tr{n — 1)). 

Since ((5i — 5n, ■ ■ ■, dn-i — Sn, 0) E Pn-i, when we combine these results we also see 
that tT-in) appears in with only non-negative powers. 

3.2.2. The computation for / > n 

Here we prove Theorem 1 1.1 1 for the case I > n. Let W E W(tt, and E H (r, s) be 
the normalized unramified functions. We have the following claim, which follows using 
the Iwasawa decomposition of 

Claim 3.5. Let I > n. For >> 0, 

SePn 

Here the measure dr on i?*’” is normalized by vol{Lfi''^{0)) = 1. 

According to this claim, the theorem is equivalent to the following identity of power 
series in 

(3.22) L(r, Sym^, 2s) ^ = L^k x r, s). 

SePn 

We prove that if (I3.22p holds for some {I, n) with / > n > 1, it also holds for (/, n — 1). 
Indeed, let r' be an irreducible unramified (generic, as always) representation of GLn-i- 
Construct a representation r = ^{t' ® Tn), where Tn is an unramified character 

of GLi. Then r is unramified (and generic, since t' is generic) and we choose so 
that r would also be irreducible. Note that tr{n) = G„(l) = Consider (j3.22l) for 

(/, n). The summation over 6 & Pn can be written as two sums: the first over 6 E Pn-i, 
the second over 6 G Pn\ Pn-i- As explained in Section r3.2.1.4l ^{n) appears in the 
summation with only non-negative powers. 

According to the definitions, 

L{T,Symfi,2s) = (1 - G(^)G(j)g"^^)“^ 

L(k X r, s) = L{'k X t' , s)L(k x Tn, s) = L(7r x t' , s) (1 — tT^{i)tr{n)q~^)~^. 

l<i<2l 

It follows that t-r{n) appears in (I3.22|] with only non-negative powers. Since Tn is any 
unramified character such that r is irreducible, t-r{n) = q~^ where z is an arbitrary 
complex number so that q~^ is outside a finite set of values. Therefore we may re¬ 
gard (I3.22h as an identity of power series in tn{n) and formally substitute 0 for G(n). 
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Equality ()3.21l) and Lemma 13.41 imply 


(3.23) 

Thus we get 


Xs ( r)k,(n)-0 6GPn\Pn-l- 


L{t', Syw?,2s) ^ X^'{t-K)x^^" \tT')q = L{t^ y-r',s), 

S€Pn-l 

which is (I3.22P for {l,n — 1). 

Now the next claim completes the proof of the theorem for all I > n. 


Claim 3.6. Identity (13.2211 holds for all n > 1 and I = n + 1. 

Proof of Claim \3. 51 The integral is 

^{W,fs,s)= [ [ W{rw^’^h)fs{h,l)drdh. 

JUH„\Hn JR‘’" 

It is absolutely convergent for 5R(s) >> 0, i.e., the integral with |IT| and \fs\ replacing 
W and fs is convergent. Using the Iwasawa decomposition of Hn and according to our 
normalization of the measures, the integral equals 




W{rw^''^a)fs{a,l)6^^ {a)drda. 


Since ^ E ^ is right-invariant by Kh^ and («'*’’*) ^a normalizes i?*’” chang¬ 
ing dr I—)• I det this equals 


Ir^’ 


IT(("'*’") ^ar)/s(a, 1)1 det ^(5^^ {a)drda. 


Exactly as in Ginzburg [Gin90| (p. 176, see also |Sou93] p. 98) the iLc;-invariance of W 
implies that for any a, W(^‘^ ’"i ar) = 0 unless r E < Kqi- Also note that the 

function Wr{a) = /<j(l,a) is the normalized unramified Whittaker function of yV{T,'ijj) 
and 6bh^ = SqJbql^- Then we get 


'a)iy.,(a)|detar+7-'+"5, 


-1 1 
'n+-^—l+s^~2 
Qn 




{a)da. 


Here we used the normalization vol{R^’^{0)) = 1. Since I > n, ^a) vanishes 

unless a E A~ and |a„| < 1. Hence S(a) E Pn and we can write the integral as a 
sum over 6 E Pn- Using the formulas for W,Wr and the fact that on Ai_i, 6bq = 

I det \'^^~'^"'~^6qJbgl„ > we get 

E xf^iU)xfHtr)q-'^'- 

SePn 


□ 


Proof of Claim, WM First assume that G^+i is quasi-split. In the case n = 1 one 
proves (I3.22P directly - the summation is over the integers d > 0, r is a character so 
= G(l)^ and xf^itTr) = Xs^^if'ir) is the d-th complete symmetric polynomial 
in t'^{l),t'^{2) (see |FH04] p. 406). 
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Let n > 1. According to |GPSR87] (in the App.), 

L{t,a\2s) ^ = det(l - ® 

SeP-n 

Note that the argument in loc. cit. is based on the results of Ton-That ( |TT75j l which 
apply when n > 2 (i.e., the Symplectic group is of rank at least 2 ). We immediately 
deduce (|3.22D quasi-split Gn+i, see Section [3.2.1.3p . 

The case of split G„,+i follows from Ton-That |TT76| . see Ginzburg [GinQO] . □ 


3.2.3. The computation for / < n 


We prove Theorem 11.11 when I < n. In the case / = 1 it follows from Bump, Fried- 
berg and Furusawa |BFF97| . Specifically, the integral with unramified data equals the 
value of their unramified Bessel function at the identity, multiplied by ni<i<j<n(^ “ 
(they used a different normalization). 

We now assume I > 1. Then we may further assume tt = Ind^—{a ® vr'), where a 

is an irreducible unramified representation of GLi_i realized in W(cr, s-nd vr' is an 
unramified character of Gi. Let W G >V(7r,p“^) and fs G IL(r, s) be the normalized 
unramified vectors. 

Take an element ip from the space of tt such that (p is unramified and normalized 
by (p{Ii, Ii-i, I 2 ) = 1. The Whittaker function W^p G >V(7r, corresponding to ip is 
given by 



ip{vg,li_x-,h)^-i{y)dv, 


where the integral is defined as a principal value and V ’7 denotes the character of 
Gqi- Then is unramified and the results of Gasselman and Shalika |GS80] imply 
in particular that Wp,{l) / 0 whence Wp{l)~^Wp, = W. Let £ C and extend ip to 
ipQ G vTl_((j( 8 ) 7 r', — C + 5 ) using the Iwasawa decomposition (see Section [231) . Then 

is unramified and <y 9 ^(l,l,l) = 1. We define G W{Ind^ — {{a 

by the integral above with ip^ replacing ip. The definition implies = W^. According 

to the Gasselman-Shalika formula |GS80j . 

(3.24) LF^^(l) = L( 7 r' xa*,C + l)"^T(fT%A2,2C + l)“^ 

In particular LF<^^(1) / 0 for 3f?(C) >> 0 and for (" = 0 (because Wp{l) 7 ^ 0). Then 
= IT^^(1)“^IT^^ is the normalized unramified Whittaker function, defined when¬ 
ever Q is not a zero of the right-hand side of (|3.24p . We will compute 'I'(IlA^, fs, s) for 
3?(C) >> 0 , then derive the result by taking C = 0 - 
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In Section [7.2.31 we show the following equality (see (17.451) with A: = / — 1), 


(3.25) 


Wa(-l)" j{a X 

-I- Iff 


Here 


Tcis, '^,9')fs{wi,nr 



'^m)g, l)'ijj-f{r')dr' 

bc,i-i 

= diag{Ic, (-1)*' 

-\lc) 

(c 

>1), 



/ 

0 

0 

0 

'y~^Ii- 

-1 0 

\ 


^n—l 

0 

0 

0 

0 


w = 


0 

0 

1,Z-1 

0 

0 




0 

0 

0 

0 

In—l 



V 

0 

ih-i 

0 

0 

0 

/ 



/ In 

-i 




\ 




Ii-i 



7“^m 



= 



h 









h-i 





V 




In—l 

/ 


The measure dm is normalized by vol{Mi-ixn-iiO)) = 1. Equality (I3.25h is in the sense 
of meromorphic continuation. Specifically, for any fixed C with 5R((^) >> 0 both sides 
have meromorphic continuations to rational functions in C{q~^) and these continuations 
are equal. The integral fs, s) (resp. the right-hand side of (|3.251) 1 is absolutely 

convergent if it is convergent when we replace Wip^,fs (resp. (p(,fs) with |IE(^^|,|/s| 
(resp. \ fs\) and drop the characters. For brevity, set ^r,s = 


Claim 3.7. The right-hand side of p.25p equals, in its domain of absolute convergence, 


SePi-1 


Here As{t^^ is a rational function in the Satake parameters of £^r,s CLnd tt'. Its 

exact form will not be needed. 

The unramified computation of Furusawa (App. of |BFF97| ) will be used to prove. 

Claim 3.8. For each l<k<n and irreducible unramified representation p of GLk, 

V y^^Ht )AHtc t = L{Cr,sXV,C + l) 

sh, ' L(7r'xr/,C + l)T(r?,A2,2C + l)' 


We take the domain Z) C C x C of absolute convergence of fs, s) of the form 

= {C,s G C : 0 << 3f?(C) < A, )R(s) > sq}, where A and sq are constants depending 
only on a, vr' and r. 


57 




















Since l</<n, 1<? — l<n and we may apply Claim 13.81 with k = I — 1 and 
rj = a*. Applying Claims [3^113.81 and using (|3.24p we see that in D, 


^{W!p^,fs,s) xr,'ip,s-C) 

We have a;o-(—1)"’“^ = 1, 


L{T,Sym^,2s) ’^+2^' 


L{Ct,s X (T*, C + -) — L{t X (T*, C + - + s — X C + 2 “ “ 2 ^^’ 


-1 


7(17 X T,^ S — C) = L{(T* X T*, 1 — S + C,)L{(T X t,s — C) 
and it follows that in D, 

f X T, s - C)L{Tr' X T, s)L{a* xt,s + C) 

^ L{T,Sym?,2s) 

Given A, there is a constant si depending only on and A such that the 

integral 'h(W^^,/s,s) has a meromorphic continuation Q G C{q~‘^,q~^) satisfying 

^{W^^Js,s) = Q{q-^,q-^) in Z)' = {C,s G C : 0 < 3f?(C) < A,^ (s) > sj. This 
can be proved using Bernstein’s continuation principle (in |Ban98] ). see Section 15.61 
and [BFF97| (Section 5), or by a more direct approach (see Claim ITT]) . 

Therefore in D n D', 


Qiq-‘^,q-n = 


L{a X T,s — C)L{tt' X T, s)L{a* x t,s + () 


L{t, Sym?, 2s) 

Both sides of this equality belong to C{q~^,q~^) whence it holds for all C, s G C. Since 
the right-hand side is defined for (( = 0, so is Q{q~‘',q~^)- Moreover, for 3ft(s) > si we 
have Q{q~^,q~^) = ^{W, fs,s), because = W. Thus for 5R(s) > si, 

L{a X T, s)L{'n' x r, s)L{a* x r, s) L{'k x t, s) 


^{WJs,s) = 


L{t, Sym?, 2s) 


L(t, Sym?, 2s)' 


Proof of Claim W7i\ Since for 5 G G/ and g' G Gi, ^p c.{g,Cg') = (^^( 5 ,1, l)7r'(5'), the 
inner dr'dg'-voiegisi on the right-hand side of (I3.25P constitutes a local integral for 
Gi X GLn- Note that the conjugation of g' by bn,i-i changes the embedding of Gi 
in Hn, but Gi still normalizes N^-i and stabilizes (see Section [7.1.20 . Then the 
right-hand side of (j3.25p equals 


/- / 

JV,,Z,_,GAG, JM 


_ Pdg, 1 , l)4'(vr',u;("’*-"m)5 • fs,s)dmdg. 

'Vi_iZi_iGi\Gi J 

Here n' stands for the Whittaker function (vr' is a character). Apply the the Iwasawa 
decomposition of Gi with respect to the Borel subgroup B whose unipotent radical 
equals V)_i x Zi_i. We obtain 

f f 1, l)^{7r'■ fs, s)6^^{a)dmda. 

iAi_i 

The function Wa{a) = (/9^(l,o, 1) is the normalized unramified Whittaker function of 
>V((T, V’”^)- Note that (/9(^(a, 1,1) = | det a|“ 2 ^“^lFo-(a), a normalizes the subgroup of 
elements of the form changing dm eA | det and ^a = a*. The integral 
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equals 


'Ai. 


f Wa{a)'I>{TT'■ fs,s)\deta\‘^ 2 ^ ^5^{a)dmda. 


Next we show that the dm-integration can be discarded. Put mi = m). Then 

a*mi is the image in of 


a 

m' In-l 


G GLr 


1 


Since fs is right-invariant by Kh„, for all k G Kh„ and h G Hn, 

(3.26) T(7r', hk ■ fs, s) = T(7r', h ■ fs, s). 

In particular 

• fs,s) = T(7r',a*mi • fs,s). 

Next observe that for all 2 ; G Zn-i < M^-i, 

(3.27) T(7r', 2 ; • fs, s) = 'tjj{z)'d'{ tt', fs, s). 

This follows from (j3.3p or by a direct verification. Now (j3.26|) and (j3.27p imply, as shown 
by Ginzburg |Gin90j (p. 176, see |Sou93j p. 98), that for any a G Ai_i the function 
m !->■ T(7r',a*mi • fs,s) vanishes unless m G Mi^ixn-iiO). Since fs is -invariant 
and vol{Mi_iy^n-i{0)) = 1, the integral becomes 

3 , 


L 


lTo-(a)'h(7r', a* •/s, s)| det o|"' 2 ^ ^6A(a)da. 

B 


According to the definition of a*, Wa{a) = Wa*(a*), where W^* is the normalized 
unramified element of VV(<t*,' 0). Using this we have 


’ Ai- 


Wa*{a*)'I>{Tr',a* ■ fs,s)\deta\^ A ‘>6A(^a)da. 

B 


The function on Hn defined by /i 1 —)• dlfn', h- fs, s) is the (unramified) Bessel function of 
Bump, Friedberg and Furusawa |BFF97| . According to their results, 'h(7r', a* ■ fs, s) = 0 
unless I a* I < 1 for all 1 < i < Z — 1. In this case they proved a Casselman-Shalika type 
formula for the integral, in the form 

Also Wa* vanishes unless a* G Therefore <5* = S{a*) G Pi-i (|a*_il < 1). Also 

use the following calculations: 

dg{a) = ^(a)|deta|“^ = deta|“^, 

(a*) = yj>l- 1 . 
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The integral becomes 


L{tt' X T, s) 
L{t, Sym^, 2s) 


{ta* )As* ■ 

(S*GP,_i 


The claim follows when we replace <5* with 6. 


□ 


Proof of Claim fXSl In the appendix of [BFF97] . Furusawa presented a new Rankin- 
Selberg integral for S02n+i x GLn. Let rj' be an irreducible unramified representation 
of GLn- Then the unramified computation of Furusawa yields the following identity, 
(3.28) 


&&Pr^-l (SeP„\P„-l 

_ ^{f,T,s X , C T 2 ) 

“ L(7r' X 7?',C + 1)L(V,a2,2C + 1)' 

Here Q{q) = l—q~^ if Gi is split (vr' is an unramified character of Gi) and Q{q) = l+q~^ 
otherwise. 

For an irreducible unramified representation rj of GL^, construct a representation 
T]' = Indp^" ^ (ry,, ■ ■ ■, ri'n)-> unramified characters ■ ■ ■ ^y'n such that y' is 
irreducible and unramified. Then tri'{n) = As in Section 13.2.21 we can put 

tr^i{n) = 0 in (I3.28P and use (j3.23p to obtain the result for /c = n — 1. Setting = 

... = trj'{k + 1) = 0, the result follows for all 1 < A: < n. □ 


60 












Chapter 4 

UNIQUENESS PROPERTIES 

As we have seen in Chapter [3l the global integrals can be regarded as bilinear forms 
satisfying certain equivariance properties: (|3.3I) when I < n and (|3.14p if / > n. In 
Sections 15.61 and 16.1.11 we will explain how to view the local integrals as bilinear forms 
satisfying similar properties, first in a domain of absolute convergence, then by mero- 
morphic continuation in the whole plane except at the poles. 

Here we prove Theorem 11.21 the local versions of the spaces of bilinear forms are 
at most one-dimensional, for almost all values of We split the proof into two 

propositions - for I < n and I > n. Their proofs follow the line of arguments of Soudry 
[Sou93] (Section 8). 

Note that when the representations are irreducible, Theorem 11.21 follows from the 
results of Aizenbud et al. [AGR,Sin| (see [GGP12] p. 57) and of Moeglin and Wald- 
spurger [MWir)| . In two particular cases I = n,n + 1 it was already proved by Gelbart 
and Piatetski-Shapiro [GPSR87| (again, for irreducible representations). 

Our notation in this chapter is local (non-Archimedean). Let tt be a representation of 
Gi and r be a representation of GL^. We stress that here the only assumptions on the 
representations are the ones stated in Section 12.31 - that they are smooth, admissible, 
finitely generated and generic, and r has a central character. In particular, we do not 
assume that the representations are realized in Whittaker models. 

As described in the introduction (see Section fTTT]) . the main application of the unique¬ 
ness properties is the existence of a functional equation - equality (16.11) . Gelbart and 
Piatetski-Shapiro |GPSR87] and Soudry [Sou93] used similar uniqueness results in or¬ 
der to derive meromorphic continuation. Although we can also follow this approach 
here (see Section [5. 6p . our main proof of meromorphic continuation will not depend on 
Theorem 11.21 

4.1. The case I < n 


The space of bilinear forms on tt x IndQ'^ (ra^) satisfying (the local version of) ()3.3p 
is equivalent to the space BilciiTT, {IndQ"{Ta^))j^ Bilcii-,-) denotes a 

space of G^-equivariant bilinear forms and ■ ■)j^ ^ denotes the Jacquet module 
with respect to Nn-i and (see [H^ 1.8 (b) for the dehnition). 

Proposition 4.1. Except for a finite set of values of q~^, the complex vector-space 
BilcfiTT, (/ndgo(ra'*))^^_^^^-i) is at most one-dimensional. 

Proof of Proposition \4G\ We have the following isomorphisms. 


^ Homn^ {Ind^l {ra^), I nd^"_^Gi 
- BilH„find^l_tGi ® (ra")). 
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Here ind{- ■ ■) refers to the compact normalized induction, ^ is the representation 

of Nn-iGi on the space of w defined by vg {v E Nn-i and g £ Gi, recall 

that Gi normalizes N^-i and stabilizes The second and third isomorphisms follow 
from |BZ77] (1.9 (b), (c) and (d)). 

For w E Qn\Hn/Nn-iGi, denote 

Hom{w) = ® ® ra®, 5), 

where (Nn-iGi)'^ ^ ^ ^ (Nn-iGi) H Qn] for a representation 0 of Nn-iGi, '^9 is the 

representation of (Nn-iGi)'^ on the space of 9 given by '^9{x) = 0("'x); 5{x) = 
-i -1 

^ representation of (Nn-iGi)^ on C, where C(w) = : 

X E (Nn-iGi)'^ < Qn X Nn-iGi and 5c{w) is the modulus character of C{w). 
According to the Bruhat theory (see e.g. |Sil79] Theorems 1.9.4 and 1.9.5), 

BilHAind%l_^(.^{-K®'ip^),IndQl{Ta^)) C. 0 Hom{w), 

in the sense of semi-simplification. In the proof of Proposition 13.11 we defined a set of 
representatives {u^r} and for each r we described a set A{r) (see (j3.8p ). We take a 
set of representatives for Qn\Hn/Nn-iGi in the form w = Wrg where 0 < r < n — I 
and g E A{r). Set go = l 2 i+i- Analogously to Claim [321 we will prove that for 
r > 0, H{w) = 0, and for r = 0, if ry 7 ^ r/o then except for finitely many values of 
H{w) = 0. 

Indeed, if r > 0, the proof of the claim implies V’ 7 l™( 7 nn 7 V„_( ^ 1- Let y E '^Un^Nn-i 
be such that A 1- Write y = £ N^-i with u £ Un- Then x = ^ y £ 

^Nn-i nUn < (Nn-iGi)'^ ^ Cl Un- Now for any / E H{w), vi in the space of tt and 
V 2 in the space of r, 

f{vi (g) V2) = /((’"(vr (g) Ay) ® rQ;^)(x)ui (g) V2) = f{ipyiy)vi (g) V2) = ® V2). 

Hence / = 0. This shows H{w) = 0 for r > 0. 

Assume r = 0, g A "no (iii which case Gi is necessarily split). Let y = £ Gi 

be with q £ Q'l {Q'l is given by (l3.6p L Then x = '^ ^y £ (Nn-iGi)'^ ^ (because 
"'“Q; = Q'l < Qn)- In the above notation, 

6{x)f{vi (g) V2) = /(("'(tt (g) V’7) C) ra®)(x)ui (g) V2) = f{7r{y)vi (g) ra®(x)t>2). 

Therefore if we put = '^Q'l C G/, 

f £ BilQiviTT,'" ^ {Ta^6~^)) = HomQ'viTT,'" ^ (ra^^^d)). 

Since g A Vo, Q'i^ is a parabolic subgroup of Gi (see after p.lip i. Then by Frobenius 
reciprocity (see e.g. |BZ76| 2.28) we get 

HouiQ/viTT,''’ \Ta^“®5)) = i7omGi(vr, /nd5^(5 ,2 • \ra^“^(I))). 

(Recall that Ind{- ■ ■) denotes normalized induction.) We claim that this space vanishes, 
for all but a finite set of q~^- In fact, for any irreducible sub-quotients ttq and tq of vr 
and r (resp.), the proof of Lemma 10.1.2 of |GPSR87] immediately implies that outside 
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finitely many values of q 

(4.1) HomciiT^o, ^ ^(roa^“^5))) = 0. 

Note that the lemma is applicable to any pair of irreducible admissible (smooth) repre¬ 
sentations TTo and To, not necessarily generic. Its proof uses the fact that such represen¬ 
tations can be embedded in representations parabolically induced from supercuspidal 
representations, then appeals to |BZ77] (Section 2). The fact that Q'^ is a parabolic 

subgroup is used, in order to replace Ind%{5~l ■ ^~\TQa^-^5)) with a representation 

Qi Qi ^ 

of Gi parabolically induced from a supercuspidal representation. Because vr and r have 
finite Jordan-Holder series and any nonzero element of 

HomGi{'n,Ind^\r,{d ?r, \ra^“®(5))) 

dehnes a nonzero element of one of the spaces ()4.ip (see a detailed explanation of a 
similar argument below - in the paragraph before the definition of ()4.4p . where we take 
with i + j minimal, etc.), we get that except a finite set of q~^, H{worj) = 0 for 

V + do¬ 
lt is left to show that for w = WQr]Q = wq, Hom^wo) is at most one-dimensional, 
for almost all values of q~^. Recall that ^(QJC’’) H N^-iGi = Gr Q'l *where = 

n Qn-I (see after dHS])). Then n N^-iGi = ^“(Q^) n N^-iGi = . 

The subgroups Cq® and were calculated explicitly after (13.1211 . We see that wq 
normalizes and then {Nn-iGi)'^o = '^o (Gq°) xi Q[^°, where (C'o'') image 

in Mn of the subgroup f7 = {(^)’):zG Z^-i} < GLn {if I = n, U = {1}). Dehne a 
character ■0' of U by ?/)'((^ /|)) = 'i{’{z)'ip{'yxi^i). 

Let R'l < Gi be the unipotent subgroup defined after (j3.12p . Regard T) as explained 
in the proof of Proposition 13.11 if Gi is split, T) is a subgroup of L; which normalizes 
R'l. Hence is a l)-module. If Gi is quasi-split, T) = (see after (I3.12[) l and 

because the action of on is trivial, we again get that vr^'^i is a Tl-module. 

Consider the embedding of GLi in GLn given by 6 i—)• diag{In-i, b). Denote by T)' the 
mirabolic subgroup of GLi (we distinguish it from T) defined above). The image of 

under this embedding normalizes U and stabilizes whence {Ta'^)u^.ijji is a T^-module. 

_ 1 

We recall that the action of T/ on the Jacquet module {Ta'^)u,'ip' is normalized by 6^^ 
(see [B^ 1.8 (b)). 
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Let y = i) ^Yi. If G; is split, y is an element of L;. In the quasi-split case, we 
take a representative in P[ to the coset of y. As an element of Gi, 


y = 


Gi is split. 


✓ 

^ a 

b 

0 

0 

\ 



1 

0 

0 





1 

b' 



V 



a* 



( a 

0 

b 

* 

\ 



1 

0 

0 





1 

b' 



V 



a* 

/ 


Gi is quasi-split. 


Set 


M = 


split Gi, 
quasi-split Gi. 

The image of y in Hn {Gi < Hn) is diag{y', 1, {y')*)u where y' = diag{In-h 'f)) & T/ 
and u G C/„. In addition, this image lies in Q'I'^■ Thus {Ta^)u^^i is a TJ-module, the 
action of y is defined through the action of y' (ra® is trivial on Un by the definition 
of Indq^ira^)). In the quasi-split case, the choice of representative does not matter, 
because i?; normalizes U and stabilizes ip', and ra^ is trivial on R'^ (the image of R'^ in 
Hn belongs to Un)- 

Define 5' = We claim 

H{wo) C BilYii-TTR/q, {ra''6')u,i,'). 

The result of the proposition will follow once we establish a similar assertion regarding 

Let / G Hom(wo) and let vi and V 2 be as above. Since R'^ < '^o Gi (1 Un < 
{Nn-iGi)^o\ for r G 

(4.2) /(ui (g) U 2 ) =/((’^“(tt 0 V’ 7 ) <S)r)ui (g) U 2 ) =/(7r(r)ui (g) U 2 ). 

Hence / is a bilinear form on x r. In addition if x G is the image of u G C/, 

f{vi ® V2) = /(("'°(vr ® V’7) ® Ta^){x)vi ® V2) = {ip')~^{u)f{vi ® {Ta^){u)v2)- 
Thus 

f{vi (g) (ra®)(u)u 2 ) = ip'{u)f{vi ® V 2 ) 

and it follows that / is a bilinear form on x {TOi^)u,ii}'■ Finally for y gYi, 

y)/(t'i ®'1^2) =/(("’“(tt (g) V’7) ® y)vi®V 2 ) 

= f{7r{y)vi ® Ta%y)v 2 ). 

In the quasi-split case this is well-defined because of (j4.2|) . Also note that ra^l^o y) = 
Ta^{y). We conclude / G i, 5')u^.^i) {6' is trivial on U). 

If Z = 1, TT is a character (because it is generic) and U = whence the fact 

that r is generic implies that {Ta^6')u^,^i is a one-dimensional space (for all s). Thus 
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in this case (tt^/ i, is at most one-dimensional and the proposition 

follows. Henceforth we assume Z > 1. 

In general if 0 < m < Z, let Bm = {{oz) ■ c € GLm,z G ^z-m} < Yi- For a 
representation a of GLm and 'll: regarded as a character of Zi_m, naturally extends 
to a representation of B^- Then we have the induced representation ind^ {a ®'ll)). 
Consider the space 

(4.3) BilYi{ind^^{a iSi il)),ind^ Ciz/'))- 

Here 0 < m,m' < I, a and a' are irreducible representations and c' G C. According 
to |BZ77| (3.7) (or |JPSS83| 1.4), it vanishes unless m = m' and a = , and 

when m = m' = 0, it is one-dimensional. If m = m' > 0 this means that outside a 
finite set of q~^, the space vanishes. 

The subgroup is actually the image of Z7z_i < i7z_i under the embedding i7z_i < 
Gi- By Proposition 8.2 of [GPSR87] . has a finite Jordan-Holder series (as a 1)- 

module), in which the irreducible representation ind^) {ip) appears as a sub-representation 
and does not appear as a sub-quotient of ind^^{'il))\n^i^ i. Note that this proposition 
was stated for an irreducible admissible representation of SO 21 + 1 , but the arguments 
are general and apply to any smooth admissible finitely generated generic represen¬ 
tation of Gi (split or quasi-split). A similar result holds for {Ta^6')u^.^i ( |BZ76j 5.22 
and 5.15) - has a finite Jordan-Holder series, ind^^lip) C {Ta^6')u^^i and 

ind^^ltl)) does not appear as a sub-quotient of ind^){'il))\{Ta^6')u,^' ■ 

Now we argue as in [JPSS83| (2.10, after (6)). Let 

0 = Vo C Vi C ... C Vfc = vr^p, 0 = Wo C Wi C ... C Wrf = 

be the corresponding Jordan-Holder series of Tz-modules, where Vi = Wi = ind^^{'il)). 
According to the structure theory of y)-modules ( |BZ77| Section 3), for i, j > 1, 

Vi_i\Vj = incZ]^* {ai®'ip), Wj-i\Wj = ind^ 0'ip), 

3 

where 0 < < I, ai (resp. a'^) is an irreducible representation of (resp. 

GLjy^i) and each c' is a complex constant (independent of s). In fact, ai is the (Z—mi)-th 
Bernstein-Zelevinsky derivative of tt^/ i 1 [BZ77] 3.5). 

Let 0 / / G HZZyj (vr^/ 1 , (ra^<5');7^.0/). Take i,j > 0 such that /IvixWj ^ 0 and 
i + j is minimal. Then by definition i,j > 0, /|vi_ixWj = 0 and f\vixWj-i = 0. 
Hence / is a nontrivial element of HiZy^ (Vi-i\Vi, VVj-i\yVj), which is of the form (j4.3p . 
Now the arguments above imply that except for a finite set of q~^, i = j = 1 and 
/ G HiZy,(Vi, Wi) = BilYi{i'nd^){il)),i'nd^){il))), which is one-dimensional. 

Now assume that s is such that q~^ does not lie in the finite set of q~^, where any 
of the spaces 

(4.4) BilYiimd^ {a^ (g) 'il)),md^ (g) V’)), Z > 1 or j > 1, 

might be nontrivial. If HiZy^ (tt/j/^i, {Ta^5')u,ij)') / 0, fix 0 7 ^ <y 9 G HiZy^ (vr^'^i, (ra®y)z 7 ^^'). 
Then (Vi,Wi) ^ 0 and for any / G HiZy^ (tt^/ 1 , {ra^5')jj^.^i) there is some cj G C 
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satisfying 


if -Cf ■ ^)\BiiYi {Vi,m) = 0- 

Since the spaces ()4.4p vanish, f = Cf ■ (p. We conclude that except for a finite set of 
values of q~^, r’ p, {Tot^5')u,'ij)') is at most one-dimensional, then the same holds 

for BilciiTT, □ 


4.2. The case I > n 

Let BilH^{TTj^i_„ ^- 1 , IndQ"^{Ta^)) denote the space of iL„-equivariant bilinear forms, 
where (• • • )^i-n ^-i is a Jacquet module. This space is equivalent to the space of 
bilinear forms on tt x IndQ"{Ta^) satisfying (j3.14l) . 

Proposition 4.2. Except for a finite set of values of q~^, the complex veetor-space 
^-i,IndQ'^{Ta^)) is at most one-dimensional. 

Proof of Proposition \4.2[ Using |BZ77| (1.9 (d), (e), (b) and (c)), 

= HomGL„{iTr]yi-n,p-i)ur.,i,ra^) 

= BilGLAT^y,,p-i,Ta^). 

Here V' = N^~'^ x Un and is extended to V' trivially on Un- Observe that 
TTy, ^-1 = (7r_R',i)j:j/\y/^-1 as GL„-modules, where GLn is embedded in Gi via b i—;- 

diag{Ii-ri-iTi>T h,b*, Ii-ri-i) (this is the image of M„ < Hn in Gi) and note that GLn 
normalizes V and R[ and stabilizes The group R'i\V' is isomorphic to 

/ Z Ul U2 \ 

{ I In 0 1 : Z E Zi_n-l} < GLi. 

According to [BZ77] (1.9 (b), (d) and (f)), 

BilGLniTTvp^pP'T-a'') = HomGLniTTvp^pPra^) 

Here the group Yi is defined as explained after (13.121) and ind{- ■ •) denotes the compact 
normalized induction. The representation is a Tj-module, see Section [4.11 

As in the proof of Proposition 14.11 and with a similar notation, we consider the 
Jordan-Holder series of i and prove that the space 

(4.5) BiZY,(md^*^(cj(8) (8) V'7))> 
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where a is an irreducible representation of GLm and 0 < m < I, vanishes for all but a 
finite set of values of q~^, when m > 0, and for m = 0 it is at most one-dimensional 
(for all s). This implies the result. 

Let 

( a Ml M 2 \ 

b Ms 1 : o G GLi_n_i,b G GL^} < GLi. 

Then k {R[\V') can be regarded as a subgroup of Also denote 

( a 0 M 2 \ 

In 0 j : a G GLi-n-l} < Xn- 
We have the following isomorphism, 

For w G Bm\Yi/Xn let 

Hom{w) = {ip^) ® 0 {a 0 ip),S), 

where ^ ^XnCiBm and 6{x) = 5c{w){xx)■ 5x)■ 6 bI^{x), C{w) = {(x,"'x) : 
X G X^ < Bm X Xn- According to the Bruhat theory l [Sil79j Theorems 1.9.4 and 
1.9.5) the space (14.5|] is embedded in (in the sense of semi¬ 

simplification). The first step is to show that only two elements w may contribute to 
this sum. 

Using the Bruhat decomposition GT;_i = Zi-iWgLi_iP, where WgLi_i is the Weyl 
group of GLi-i and P < GL;_i is any parabolic subgroup, we can assume that w is of 
the form w = diag{w^^\l) with m;^^) G WgLi_i- Let / G H{w), mi be an element in 
the space of {'4’'r)y ^2 be in the space of r and take M 3 in the space of a. 

If m = I — 1 OT n = I — 1, we can assume m;^^^ = Ii-i. Assume m,n < I — 1. Let 
Ci G be the standard basis element (i.e., Cj is the column with 1 in the i-th row 
and 0 elsewhere). Assume that the last row of is * 6 ^, with i > I — n — 1. Let 

/ Il-n-l 0 yi \ 

y = I 0 1 G Xn- 

Then x = ^ G X^ ^ and since (a ( 8 * ip){x) = 1, 

/(mi (g) M2 (8) M3) = /(("'(ind^^"" (V’^) ® ra^“^) (g) (cr (g) 'ip)){x)vi (g) M2 ® M3) 

= f{ind^~l{i^'y){y)vi (g) M 2 (g) Ms). 

Hence the functional mi i—)• f{vi ® M 2 (g) M 3 ) on the space of ind^^~" {'ip-y) factors through 

the Jacquet module (ip-y)) ^(p, where = 1 is the trivial character. 

By [BZ77| (3.2 (d)), this is the zero module whence / = 0 and H(w) = 0. Therefore 
we can assume i < I — n — 1 and multiplying w on the right by an element of Xn, we 
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may further assume that the last row of is ^ei-n-i- Then w takes the form 

e Wgl,.,. 


w = 



^ Il-n-2 

\ 

■.) 

In 

1 

1 / 

V 




If m = / —2, we can assume = //_2 whence w = diag{Ii-n- 2 i^n,i, !)• If n = / —2, 
we may assume w = diagiun^i, 1). Assume m,n < I — 2 and that the last row of 
is with Cj E F^~‘^ and i > I — n — 2. Then for any 

/ Ii-n -2 yi 0 y 2 \ 

1 0 ya 

In 0 

V 1 y 

X = ^ E \ Since (a (g) V’)(x) = 

f{vi (g) U2 (g) U3) = f ® (g) (a (g) V’))( 3 :)t’i ®V2® U3) 

jT- 


y = 


£ A^n; 


= (V’7)(y)^i ® ^2 ® t'a)- 


Thus ui /(ui(g)U 2 ®U 3 ) factors through the Jacquet module {ind^^ " (' 07 )) Zi_„_ 2 11 

where 0^^^ (z) = 0“^(zj_„_i^i_„). Since 0^^^ does not depend on the {l — n — 2,l — n — l)- 
th coordinate of z, it is a degenerate character of ^z-n- 2 ,i,i) hence by |BZ77j (3.2 (e) 
and (d)) this is the zero module and / = 0. Therefore we can assume i = I — n — 2 and 
that w takes the form 

^ Il—n—3 


W 


(3) 


W = 


h 


\ 


G Wgl,_,. 


1 


w = 


If m = / — 3, we may take = /;_3 and tc = diag{Ii-n- 3 ,‘^n, 2 , !)• If n = / — 3, we 
can assume w = diag{ujn, 2 , !)• 

Proceeding as above we conclude that H{w) vanishes, unless 

{ diCLg{Im—nj^n,l—m—lj 1) ?7l > 71, 

diag{uJn,i-n-i, 1) m < n. 

(This also holds when luT) = because oJn,o = In-) The second step is to show that 
in fact, only diag{iOn,i-n-iA) contribute and in particular it follows that ()4.5I1 
vanishes unless m <n. Assume w = diag{Im-n,uin,i-m-i, !)• Take 

^ im—n yi 0 y 2 \ 

z 


y = 


0 ys 
In 0 
1 


E A, (z E X = "'■ y E A-' 
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Then (g) ra* ^)(x) = {ilj.y){y) and (cr (g) V')(x) = V'((^\®)). It 

follows that the mapping vi ^ f {vi ® V2 ® V'i) factors through 


where (z) = ^m-n+i,m-n+i+i) (for m = I - 1 , = 1). This 

space vanishes according to [BZ 77 | ( 3.2 (d) and (e), is a degenerate character 

of Zm-n,i,...,i because it does not depend on the {m — n,m — n + l)-th coordinate of 
z). Hence H{w) = 0 . 

Now assume w = diag{uJn,i-n-iA)- The third step is to show that when m > 
0 , except for a finite set of q~^, H{w) = 0 , and for m = 0 , H{w) is at most one¬ 
dimensional. We see that 


={ 


/ C Ul 

0 

U 2 

\ 

Zi 

0 

U 3 



^^2 

U4 


V 


1 

/ 


• C G GL-iyi, Zi G Zn—mi ^2 £ Zi—n—l\- 


For 


( Z2 0 U4 

In 0 


£ Xn (^2 £ Zi-n-l), 


x = ^~ ye 


we have '^{ind^^^ (V’7) ® ra^ ^)( 3 ;) = {'ip'y){y) and (cr (g) V')(x) = '0(( Y ))• ^ 

follows that the mapping ui f{vi ®V2® U3) factors through {ind^‘~" ('07))zi_„,1/1-1 > 
which is one-dimensional according to |BZ 77 ] ( 3.2 (e)). 

Let (/? be a nonzero functional on {ind^^~'^ Let / G H{w). There is a 

complex constant c/(u2 <g) U3) satisfying /(ui (g) U2 <g) U3) = Cf{v2® v^)ip{vi) for all ui. 
The function U2 (g) U3 Cf{v2 (g) V3) is bilinear, hence extends to a functional on the 
tensor product of the spaces of r and a. Set 


y = 


Then for any vi, 


( Ii_n-1 0 0 0 \ 

c ui 0 
zi 0 

V 1 / 


£ Xn (c G GL/Yni Zi G ZYi—m)' 


^y)f(vi<8>V2<8>V3) = f(vi(8>Ta^ ^ 

and therefore 


c Ul 
^1 


V2 <S> t/^(zi)cr(c)v3) 


S(^ ^y)cf(v2 <S) V3) = Cf(Ta^ ^ 


c Ul 
zi 


V2 (g) 'il2{zi)a{c)v3). 


In particular taking c = Im, we get that c/ is a bilinear form on {ra^ ^)zm 1 ^ 

Here < Zn {m + I + ... + 1 = n) and V'“^((^"‘ = ip~^{zi) ('^i G Zn-m)- 
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Put <5'=.Then 

’ ^ 771 , 1,...,1 

Observe that 

= HomcL„iTa''~^6', Indg^’^i'a 0 'il>~^)). 

When m > 0, 

HomGLr,{ra"~^6',Ind^^^{a^'ip~^)) ^ HomGLA^nd%^{a ®i)),Ta^~''{5')~^) 

and according to |GPSR87] (p. 107), outside of a finite set of g“®, this space vanishes. 
In fact loc. cit. applies to irreducible representations, in order to use the result here we 
consider {a ®'il})^Ta^~^5') and a finite Jordan-Holder series of r (as a 

GL„-module), see Section ST] (before (|4.1I) and before (14.411 ). Hence for all but a finite 
set of c/ = 0 for all / G H{w), forcing H{w) = 0. 

If m = 0, HomGLn{'^Oi‘^~^d\Ind!^^'^{a ® is one-dimensional because r is 

generic. Assuming H{w) / 0, take 0 / / G H{w), then Cf ^ 0 and for any /' G H{w), 
Cf = c' ■ Cf for some c' G C. Then 

f'{vi (8) U2 <8) Us) = Cf{v2 <8) V3)(f{vi) = c'f{vi (g) U2 (8) Vs). 

Hence in this case H(w) is one-dimensional. This completes the proof of the assertions 
regarding (|4.5jl . 

Now as in the proof of Proposition 14.11 we obtain that except for a finite set of 
values of q~^, ® ’^i)) i® most one-dimensional and 

the same holds for Biluni'^R[i-n ^ . □ 
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Chapter 5 

BASIC PROPERTIES OE THE INTEGRALS 


In Chapter[3]we constructed the global integrals and decomposed them into Euler prod¬ 
ucts of local integrals. The local integrals over finite places are the focus of this study. 
Henceforth the terminology and notation are local (and non-Archimedean, except for 
Chapter [ 8 ]) . 

In this chapter we establish a few key properties of the integrals, to be used in 
subsequent chapters. The main result is Proposition 15.91 which shows how to convert 
^(W, fs, s) to a sum of integrals, each over a torus, while removing any unipotent 
integrations (such integrations usually complicate calculations). This proposition has 
the following applications: holomorphicity of the integrals for supercuspidal represen¬ 
tations (Corollary Ih.lOp . meromorphic continuation of the integrals (Section 15.6p . and 
sharp convergence results needed to prove Theorem 11.61 (Chapter 1^. Furthermore, it 
forms the basis for Chapter 1101 suggesting that the integral can be associated with a 
Laurent series. 

Further results include the non-triviality of the integrals and a description of Whit¬ 
taker functionals for induced representations r and vr. These functionals will be used 
for integral manipulations in Chapters 1711 101 

5.1. Definition of the integrals 


We redefine, for clarity and quick reference, the integrals for Gi x GLn and a pair of 
representations tt x r. Let vr be a smooth, admissible, hnitely generated and generic 
representation of Gi whose underlying space is >V( 7 r,' 0 “^), where V ’7 is the generic 
character of Uci given by 




Gi is split, 

Gi is quasi-split. 


Let r be a smooth, admissible, finitely generated and generic representation of GLn- 
We do not require vr or r to be irreducible, but r needs to have a central character (see 
Section Ti.L.ip . For s G C form the representation InclQ^ira^) on the space V{t,s) = 
VqJ^{t,s) (see Section [ 2 ^ . An element fs G F(r, s) is regarded as a function on 
Hn X GLn, where for any h G Hn the function b 1—>• fs{h, b) lies in VV(r, ijj). 

The form of the integral depends on the size of I relative to n. 


Definition 5.1. Fix s G C and let W G >V(7r, V’..,, and fs G V{t,s). 
(1) For I < n the integral is 

'^{W,fs,s)=[ W{g) [ fs{wi^nrg,l)iJ^{r)drdg, 
JUgi\Gi JRi^„ 
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where 


/ ill 


Wl,n = 


(- 1 ) 


n—l 


^n-l 


In—I 


G Hn, 


\ 1 J 

/ In-l X y 0 2 \ 

Ii 0 0 0 

Rl,n = { 1 0 y' } < Hn 

h x' 

\ In-l / 

and ip-yir) = 'tp{rn-i,n) is the restriction of the character of Nn-i to Ri^n (see 
Section I3.1.ip . 

(2) For I > n, 

■^f{WJs,s)= [ if WirwI^h)dr)Mh,l)dh. 


Here 


wl'^ = 


n-n-l 


h 


Il—n—l 


\ 


£ Gi, 


j^l,n ^ I 


/ In 

^ Il—n—l 


h 


n-n-l 
X In 


]<Gi. 


For fs E ^iT,hol, >) = (S: {T,hol,s) these integrals are absolutely convergent for 
3ft(s) >> 0, i.e., 


< oo, 


[ \W\ig) [ \fs\iwi^nrg,l)drdg 

JUai\Gi JRi^„ 

[ i f \W\{rwI'^h)dr)\fs\{h,l)dh < oo. 


Moreover, there is some constant sq > 0 which depends only on the representations vr 
and r, such that for all 3?(s) > sq the integrals are absolutely convergent. The proofs 
of these facts are similar to the proofs of convergence of Soudry |Sou93] (Section 4) and 
we provide a sketch below. The integrals have a meromorphic continuation to functions 
in Ciq~^) - refer to Section [5.61 Additionally, the integrals are nontrivial, e.g. there 
exist data such that for all s, ^{W, fs, s) = 1 (see Proposition 15.lip . 
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Proposition 5.1. There is a constant sq > 0 depending only on the representations, 
such that 'i’CW, fs, s) is absolutely convergent for all s with > sq, W ^ >V(7r,'0“^) 
and fs^y ( t , s). 

Proof of Provosition fXil We may already take s E M. First assume I < n. According 
to the Iwasawa decomposition of Gi, and since W and fs are smooth, we need to bound 



\fs\{wi^rirax, {a)drdxda. 


In the quasi-split case, or if \x\ is bounded ([x] was defined in Section r2.1.ip . the 
dx-integration may be ignored. Thus we begin with the case [x] > where k is chosen 
according to Lemma IXTl applied with ko such that fs is right-invariant by We 

can write the integral as a sum of two integrals, the first over = {x = diag{b, b~^) E 
Gi : |6|“^ = [x] > q^}, the second over the set of x with \b\ = [x] > q^. Both are treated 
similarly, so we consider only the first. 

Decompose x = nixUxhiUx as in Lemma 12.11 with nix = diag{b,l,b~^) and Ux E 
As an element of Hn, a = diag{In-i,a,l3,a* Then 
anix = diag{In-ha,b, l,b~^ ,a*, In-i) normalizes Ri^n- We get 


det a| • [x] ) 2 




[ [ \W\{ax){\ 

/ \fs\{wi,nrhi,diag{a, [x\,In-i))drdxda. 

jRl r, 


Since < Un, it is enough to establish the convergence of 


'A, 




|IT|(ax)(| det a| • [x 


-1 


d-^n+s-^ 


JUn 


\fs\{u,diag{a, [x\, In-i))dudxda 


for any fg. In fact, it is enough to consider fg = ch^j^^^/^g where k E Kh^, N < K is 
compact open and W E W{T,ip) (see Section [2~i|) . Note that if Gi is quasi-split or [x] 
is bounded, we reach a similar integral without the dx-integration. In order to bound 
the du-integration, consider the Iwasawa decomposition u = tvk for u & Un, where 
t E An = Th„, V and k E Kh^,- An analogue of Lemma 4.5 of |Sou93] implies 

that I dett| and the simple roots of GLn evaluated at t are bounded from above and 
below. Then the triple integral is bounded using the Whittaker expansion formula of 
Section [23] for W and W. 

In the case I > n the argument follows exactly as in Section 4.2 of |Sou93j : start with 
the Iwasawa decomposition for Hn, then note that the dr-integration can be ignored, 
because if a E GLn < Ln, the mapping r IT(ar) (r E has a compact support. 
Again one uses the asymptotic expansion of Whittaker functions for W and W. □ 


We note that a detailed proof of the absolute convergence can be obtained by col¬ 
lecting the results we will present in this chapter. See Remark 15.51 


5.2. Special fg and W 
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The following two results describe a section and a Whittaker function that will be used 
repeatedly to study the integrals (see e.g. Proposition 15.111) . 


Lemma 5.2. Assume I < n. There is a global constant ko > 0 depending on the 
embedding of Gi in Hn such that the following holds. Let Wr G W{T,'ip) and k > 
he such that Wr is right-invariant by McLn^k-ko and = 1. Then there exists 

fs G std, s) such that for any b G and 

( ^ ^ 

u= y X G (Pz-i X Gi) < G; (y G M2xi-i,x G Gi), 

V ^ y' h-i J 


Here 



\^\lih^+s-h)Wr{b^) 

0 


V G Ok, 
otherwise. 


diag{'yli,ln-i) 

In 


ItI /1, 

otherwise 


and Ok C Mcuk-kf) is a measurable subset of positive measure (vol{Ok) > Oj given in 
the proof. 


Proof of Lemma{5fM Put w = t.y^wi^n- The integral becomes 

|^|Z(2n+s-2) f fg(^wrv,bt-y)'il;.y{r)dr. 

J Rl,n 

Let N = MH„,k- Note that w normalizes N. Take fs = chwN,cWr,s, where c > 0 is 
a volume constant depending on k (to be chosen later). Then supp{fs) = QnwN and 
for all a G GLn = M^, u G Un and y G N, 

1 _i 

fs{auwy,l) = C(5g^(a)| deta|^ ^Wr{a). 

Now fs{wrv,btri) vanishes unless ^ ^ (rv) G QnH. If we denote = h = (hij) (see 

Section [2.1.ip . "'(ru) is of the form 

* ^ 

* 0 

^3,3 0 

* -^Z-l / 

The point is that in order to have ^ (rv) G QnN, it is necessary that h G N. Then 
the coordinates of x in u may be ignored. After this it follows that the rest of the 
non-constant coordinates of v and r are small. 

Looking at (15.ip . by our choice of N one sees that if it belongs to QnN then h^^^ 0 

and 

\h3,ih^^^\,\h3^2h3^\ < q~^. 


(5.1) 


* 


* * 

* ^3,1 

* * 


(- 1 ) 


* 

n-lh. 


3,2 


In—I 
0 
0 
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To continue from here we analyze the specific coordinates of h. Recall that we may 
assume |/3| = 1 and in the quasi-split case |/9| > 1 (but it is possible that |2| < 1). We 
provide the details for the split case first. 

For X = 

/ ^ + j{a + a~^) — + Oi~^)) \ 

h= i/3(a —0!“^) ^(a-|-a!“^) —^{a — a~^) 1 

V “ i(" + “~^)) ^ + j{a + a-^) ) 

(see (1221)). Set ^ = \{a -|- a ^). Since < q ^ we derive |^ — ^| < |^ -|- ^|, 

whence 

|/i3,3| = |^+e| = |^-e+^+C| = l. 

Therefore |h 3 ^i|, |h 3 ^ 2 | < Q~^ and looking at the other coordinates we see that for i ^ j, 
\hij\ < q~^■ Also from \hs^i\ < q~^ we obtain a + a~^ G 2-|-8P^ whence hi^i € 1+V^. 
This proves h G Mni^k- 

We show that x G First observe that |q!| = 1. Otherwise [x] = max(|a|, |a|“^) > 

1 and we reach a contradiction to |h 3 ^ 2 ^ 3 ^ 3 l < because |h 3 2 hj^ 3 | = 1 ^ 3^21 = 

|||[x] > 1. Since \h^^ 2 \ < ■, ot — Oi~^ £ and because \a\ = 1 we find that 

(a — l)(a -|- 1) = — 1 G AV^. If a -|- 1 G 4P, using a~^ G a -|- AV^ we get |/i 3 ^i| = I 7 I 

- contradiction (since q~^ > |/i 3 ^i| = I 7 I > 1 and k > 0). Hence |a -|- 1| > | 4 |( 7 “^ and 
then [a — l)(a -|- 1) G AV^ implies |q; — 1| < q~^, i.e. a G 1 -|- therefore x G Aci.fc- 
Now we explain the quasi-split case. Let x = (with — b^p = 1). Here 

^ 3,1 = |7(1““)) ^ 3,2 = — 7 ^ and = 7 ^^ (see Section [2. 1.11) . If |1 —a| = |l-|-a|, 

ItI = 1 ^ 3 , 1 ^ 33 ! ^ - contradiction (k > 0). Hence |a| = 1. Now \hs,ih^l\ < q~^ 

implies 


|l-a| < h\~^\l+a\q-^ 

(|1 + a| < 1 since |a| = 1). Therefore a G 1 -|- and = 4(1 -|- a) G 1 -|- p~^'P^ 

( 7 “^ = 2p~^). In particular \hs^s\ = 1 (since \p\ > 1), then I/ 137 I < q~^ and from 
1 / 13 ^ 2 ^ 3 ^ 3 ! < we get b G 'y~^V^. Again, inspecting the coordinates of h we find that 
for i 7 ^ j, \hi^j\ < q~^. On the diagonal we have elements in 1 + p~^V^ and 1 +'y~^V^. 
Because \p\ > 1, both subgroups are contained in 1 A-V^. Hence h G ■f^Hi,k and we 
have also shown x G MGi,k- 

Since whether Gi is split or not, h G ^^ h is evident that 


"~\rv) G QnN ^ ^~\rvo) G Q„iV, 


^^0 


yi 1 
2/201 

\ z * * Il_i J 
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Write 


r = 


( In-l 


V 


ri 

h 


r2 0 


h 


rs 

0 

^2 


[vo]eH, = 


In-l J 


( h-l 

Ul 
U2 
U3 
Z 


Un 


Ur, 


h-l J 


Also denote ri = (ri^i,ri^ 2 ) where ri^i G 
and u & Un- Specifically, m is the image of 

h-i 


Then ^ (rvo) = mu for m G Mn 


Ul 1 


G GLr, 


In—I 


and 


u = 


H-i 


V 




In-l 



eu2 

0 

er'2 

1 


ri,i +ri,2Ui +r2U2 

0,2 

r 3 

er 2 

In-, 

U3 

0 

r'1,2 

0 

0 

Z — U[U3 

U3 

r'1,1 - u'ir[ 2 

eu’2 

0 


h-l J 


Then mu G Qnll if and only if rt G A^. It follows that the coordinates of the lower-left 
n X (n -|- l)-block of u lie in In particular U 2 ,U 3 G with a minor abuse of 
notation (e.g. U 2 G instead of U 2 G Mixi-i{V^)). In the split case 


Ul = yi 


1 


2 ^ 2 ) 


U2 = hVl + ^ 2 / 2 , 


U3 = -72/1 + ^2/2- 


Hence yi G y2 G and ui G Let /cq > 0 be the valuation of 2. Then 

u'lU^ G C (because k > ko) whence z . It also follows that ri^i G and 
r G N. Additionally Wr{bt^m) = Wr{bt^), because m G hfGL„,k-ko- 

For the quasi-split case the argument is similar. For instance ui = y 2 , U 2 = yi and 
U3 = -72/2 hence yi G , Ui,y 2 G C . 

Thus we conclude fs{wrv,bt^) = 0 unless h G Afui^k, U 2 ,us,z G and r G N. 
Conversely, lih G Mui^k: U 2 ,uz, z gV^ and r G N, fs{wrv, bt^) = 11^(6/^). The subset 
Ok C Mci^k-ko is defined as the pre-image in Gi of the set 


/ h-l 


\ 

Ul 



U2 

h 


U 3 



\ ^ 

U3 u'2 w'l 

h-l } 


: h G U2,U3 G Mixi-i{V^),z G M/_ix«-i('P^)}. 


This already shows that the integration over v reduces to some positive constant. 
Regarding the integration over r, the character V ’7 is trivial since '4i^{r) = ■0((ri^2)n-i) 
(and Tp{V^) = 1). Then the drdu-integration reduces to a positive (nonzero) constant 


.,-1 


□ 
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The following lemma is a straightforward adaptation of a similar claim of Soudry 
|Sou93] (inside the proof of Proposition 6.1). 


Lemma 5.3. Let 0 < j < I and Wq E yV’(7r, For any k large enough (depending 

on Wq) there exists W E yV{7r,'ip~^) such that for any 


( « 
u b 


V = 


h 


\ 


u a 


(a E GLj, b E 


W{v) = < 


Wo( 


0 




/ a N 


u b 


) 

h 

\ a* i 


b* 


< u' L y 


G J^Gi,k, 


otherwise. 


In addition we can take W as above which vanishes unless the last row of a lies in 

Vj + Mi^j(V'^) (7]j = {0,...,0,1)). 


The essence of the proof is the following. For a compact subgroup C < Ugi , define 
W E by W{g) = f^Wo{gc)Tp.y{c)dc. Then if x E G/ satisfies ^ < Ugi, 

W{x) = Wq{x) ^c)'if.y(c)dc. The proof follows by applying this argument 

inductively, starting with C such that the dc-integration vanishes unless the last row 
of {u\b) belongs to r/;_i + Mixi-i('P^). The proof is omitted. 


5.3. The inner integration over „ 


In the case I < n, the integral T(1T, fg, s) contains an inner integration over the unipo- 
tent subgroup Ri^n- The properties of this integration resemble those of the Whittaker 
functional, proved by Casselman and Shalika [CSSOj (see also |Sha78( LShaSlj ) and we 
follow their line of arguments. 

Define a functional on V (r, s) by 

fs H- D(/s) = f fs{wi,nr, l)ii^{r)dr. 

'' ^l,n 

This integral is absolutely convergent if it is convergent when we replace fg with | fg \ and 
drop the character There exists a constant si > 0 depending only on r such that 
if 5R(s) > si, this integral is absolutely convergent for all fg (see [Sou93] Section 4.5). 
We confine ourselves to s with 3?(s) in this right half-plane. However, we will show in 
the next few paragraphs that as a function of s, Ll{fs) has an analytic continuation to 
a polynomial in C[g“'^, g'^], by which it is defined for all s. 
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According to the (global) construction of the integral in Section 13.1.11 or by a direct 
verihcation, 


(5.2) n{fs) G 

The following calculation will be used repeatedly. For b G GL^, k < I, where 
GLfc < Lfc and is embedded in through Gi, 

(5.3) 11(6-/s) = |det6|'--+^-54j6)ll(r(6)/,) = | det 6|'-5-+--lll(r(6)/,). 

This follows because L;_i normalizes Ri^n, Gi fixes ^^7 and < M„. 

Dehne for a compact open subgroup N < Nn-i and /<j G F(r, s) the function G 

V(t, s) by 


^ yol{N) ^ f V’7(n)n • fsdn. 

J N 


The function is just a linear combination of translations of fs- The following 

claim shows that 11 (defined for 3ft(s) > si) is invariant for such a twist of fs- 


Claim 5.4. For any fs G V{t,s), compact open subgroup N < Nn-i and g G Gi, 

ll(<?-/f’^") = ll(ff-/.). 

Proof of Claim \5.4\ 

11(5 •= / vol{N)~^ [ fs{wi^nrgn,l)'il;y{n)f;y{r)dndr 
jRi,n JN 

= vol{N)~^ / fs{wi^rir{^ ^n)g,l)'il)^{n)ip^{r)drdn 

JN JRi^^ 

= vol{N)~^ / fs{wi^nrg,l)f}f^{^ ^n)'4)^{n)'if^{r)drdn 

JN JRi^^ 

= vol{N)~^ / fs{wi^nrg,l)'tpZ^{n)'ilj^{n)'ijj^{r)drdn 

JN JRl^r, 

= ^{g ■ fs)- 

The order of integration may be changed because the integral is absolutely convergent. 
The third equality follows from (I5.2p and the forth from the fact that Gi stabilizes 
Ip-y. □ 


Note that N^-i is exhausted by its compact open subgroups, meaning that any 
compact subset G C N^-i is contained in some compact open subgroup N < N^-i- 
Fix s G C arbitrarily (i.e., not necessarily with 3ft(s) large). We use the filtration of 
V{t,s) according to the Geometrical Lemma ( [BZ77j . 2.12). We follow the exposition 
of Muic [Mui08| (Section 3, see also |BZ77[[Gas95j L Consider the decomposition Hn = 
U«jg^ C'('^) (U ■ 8 - disjoint union), where .A is a set of representatives for Qn\Hn/Qn-i 
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and C{w) = QnwQn-i- The set A was given explicitly in the proof of Proposition 13.11 

/ Ir \ 

In—l—r 

h 

h 

^n—l—r 

Ir ) 

We also calcnlated = '^'^Qn H Qn-i (see (j3.6j) ). 


A = {Wr = 


V 


: r = 0,..., n — /}. 


Qn^ = { 


fax 

2/1 

2/2 

y3 

Zi 

Z2 

\ 

b 

0 

0 

2/4 

0 

4 






2/4 

2/3 




Q'l 


0 

2/2 






0 

y'l 






b* 

x' 


V 





a* 

/ 


where a G GLr, b G GLn-i-r,yi G Mrxi,y 2 £ Mrxi- For an algebraic variety X defined 
over the field T, denote by dim(X) its dimension. We have 


dim((55(’’') = + rl + + v?' — nl + dim((5(). 

Since dim = dim(Q„) + dim(Qn-0 “dim((5(S'’') (see e.g. the proof of Lemma l2.6l) . 

we get dimC'(tt)r) > dimC(rCr+i) for all 0 < r < n — Thus according to the special 
ordering defined on the Bruhat cells, wq > ... > Wn-i. 

Let G-'^^ = IJ^>^ C{w). In the following we consider the elements of V{t,s) as 
functions of one variable, i.e., functions defined on taking values in 17 - the space 
of T. The space V{t,s) as a representation of Qn-i is filtered by the subspaces 


Pwr{s) = {fs G V{t,s) : suppifs) C C'-"'"} 


{supp{fs) denotes the support of fg). For example, Fu,^_j(s) = V{t,s). 

Fix r and consider also the decomposition Qn-i = U,,Gyi(r) Qn'vGiUn-h where A{r) 
is a (finite) set of representatives for Q'^'"\Qn-i/GiNn-i. The set A{r) was described 
in the proof of Proposition 13.II (see (13.8p ). 

A{r) = {diag{b{a)A,b{a)*) : a £ {Sr x Sn-i-r)\Sn-i,^ G Q'i\Hi/Gi}. 


We order the elements of A{r) according to the special ordering defined on the Bruhat 
cells. 

Order the set of pairs {{wr,'!]) : 0 < r < n — I,rj £ 7l(r)} lexicographically, i.e. 
{w',!]') > {w,r]) if w' > w or both w' = w, r]' > rj. Let G{wr,r]) = QnWryGiNn-i and 
(J>{wr,ri) = \l[w',rj')>{wr,rj) G{w' jV')- The space Fu,^{s) as a representation of GiNn-i is 
filtered by the subspaces 

Fwr,r,i^) = {fs G I7(r,s) : supp{fs) C 
where rj varies over A{r). 
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The following claim demonstrates how to shrink the support of fs G F^^(s) using a 
twist by a subgroup N. 


Claim 5.5. For any r > 0, ?? G o.nd fs G there exists a compact open 

subgroup N < N^-i such that G F^/^^fs) where {w',r]') > {wr,rj). Furthermore, 

N depends only on the support of fs (and on fjj). 


Proof of Claim [5751 Fix r > 0 and rj. It is enough to find N such that for all x G 
GlNn-U 


(wrTjx) = vol{N) ^ / fs{wr'gxn)'ijjry(n)dn = t). 

J N 

Regard the function /' = X{r]~^wf^){fs\c{wr)) a function on GiNn-i- There is a 
compact set C C GiN^-i such that supp{f'f) = iP{Qn"') H GiNn-i)G. Denote by Ggi, 
Gn^_i the projections of G on Gi, Nn-i (resp.). These are compact sets. 

It is possible to show that there exists a compact subgroup O < ^^’^UnCNn-i (which 
depends on r and rj) on which \o # 1- 

The subgroup O was determined in the proof of Claim 13.21 in the global setting. We 
adapt the definition to the local setting. Let p = diag{b{a),f,,b{a)*). If there is some 
1 < j < n — I such that cj(j) < r and a{j + 1) > r, let O be the image in Nn-i of the 
subgroup of Zn-i consisting of matrices with 1 on the diagonal, an arbitrary element 
of in the {j,j + l)-th coordinate and zero elsewhere. Here A: > 0 is chosen such 
that V ’7 is nontrivial on O. If no such j exists, we can assume b{a) = uj^^n-i-r and we 
let O = with O' < Nn-i defined as follows. If ^ = hi+i, 

/ 1 0 0 a a 0 —\ 

Ii-i 0 


O' = {diag{In-i-i, 


\ 


I 

I 

1 

h-i 


—a 

—a 

0 

0 

I 






Otherwise 


O' = {diag{In-i-i, 


/ 1 0 a 0 \ 

0 


h 


1 


V 




—a 
0 
1 

Since Nn-i is exhausted by its compact open subgroups, we can take a compact 
open subgroup N < Nn-i such that Cn^_i C N. Furthermore, using the fact that Gi 


normalizes N^-i, we can take N such that for all g G Cg, , O C ^ ^N. In more detail, 
let N = Nn-i{V~^) where k » 0. The set Cg, is contained in a finite union 
{gi G Cg,, rn > 0). Because Mci^m normalizes N, it is enough to take a large k such 
that O < N for each gi. 

We see that N depends only on the support of fs in C{wr,rj) (and on ip^). 
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Assume that for some x E GiNn-i, {wrTjx) / 0. Thenx E {Q'^^)f\GiNn-i)CGiN 
and hence it is enough to prove that for all g E Gqi, f^’^^iwrVd) = 0. Since Gi stabi¬ 
lizes ipy, up to a volume constant (depending on g) (wrgg) equals 



fs{wrgng)il}^{n)dn. 


This vanishes because O < ^ ^ N and we can factor the integral through O and obtain 
an inner integration of the nontrivial character which vanishes. □ 


Again we treat s as a parameter and study the behavior of the functional on holo- 
morphic sections. For 0 < r < n — / let be the set of fs E ^{T,hol,s) such that 
for all s £ C, fs G Fw^{s). Since for each s, Fw^{s) is a Qri-/-space, so is Also 

note that F^^ is a g'*]-module, i.e. if fs E F^,^, P ■ fs £ F^,^ for P £ 

Similarly for g £ A{r) we define as the set of fs £ ^{T,hol,s) such that for all 

s £ C, fs £ Fm^^rjis)- Then is a GiN^-i-space and a C[g“®, g®]-module. 

The above claim has the following corollary, showing how to use twists by some 
N in order to put holomorphic sections into F^q- The key point is that N will be 
independent of s. 

Corollary 5.6. For any fs £ ^{T,hol,s) there exists a compact open subgroup N < 
Nn-i, independent of s, such that f^’’^'^ £ F^q. 

Proof of Corollarv \5.fk We start with fs £ f,{T, std, s). The support of standard sec¬ 
tions is independent of s, hence fs £ F^^^rj for some r and g £ A{r). We show that 
there exists a subgroup N independent of s with f^’’^'^ £ using induction on r 
and g. For r = 0 this is trivial. Let r > 0. 

For every s, fs £ F^u^^r^is)- By Claim [5A] there is a subgroup N', depending only 
on the support of fs which is independent of s, such that f^ £ F^/^^fs) with 
{w',g') > {wr,g)- Thus g F^gri'- The next step is to apply the induction 

hypothesis, but note that f^ £ ^(r, hoi, s) might not be standard. 

Write as in ([MD, i-e. = YJILiPi ' /i*^ with 0 / P* E C[g“®,g®], 

/i*^ = chkiN,vi,s G f,{T,std,s) and such that if fcq = ... = ki^, Ujj ,... ,Vi^ are linearly 
independent. Suppose that for some i, fs''^ ^ F^i^^i'- Since the support of /i*^ is 
independent of s, fs^'^ ^ F«)',r;'('S) for all s. In fact, there is some x £ kiN which does 

not belong to {x £ supp{fs^'^)). Let {i\, ... ,ic} be a maximal set of indices 

such that ki^ = ... = ki^ = ki- Choose sq such that Pij{q~^°,q^°) = / 0 for 

some 1 < j < c. Now on the one hand since x ^ = 0. On the 

other hand f^ {x) = oiuq acVi^ contradicting the fact that Vi^,..., Vi^ are 

(i) 

linearly independent. Hence for each i, fs ' £ F^gn'- Now by the induction hypothesis 
(yW)iVi,V ’7 g fQj. a, subgroup Ni independent of s. 
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. Then if we 


In general if Oi < O 2 < N^-i are compact open, 
take N containing N' and all of the subgroups Ni, 


Js 






m m 

G F^o- 


2=1 2=1 

This establishes the claim for standard sections. 

Now if fs G hoi, s), write as above fs = 1 Fj • /i*\ For each i we have Ni 

independent of s with G whence for N containing all of the subgroups 


Ni, L 


7V,V>-y 


GF 


WQ ■ 


□ 


The next claim implies that for fg G Fw^^i-s), the integral n(/s) is absolutely con¬ 
vergent. Roughly, this is because Ri^n H Qn° = {!}. This claim will be used below to 
prove Proposition 15.81 


Claim 5.7. Let B C Qn-i be « compact subset. Then Ri ^ H Qn°B is contained in a 
compact subset of Ri^n- 


Proof of Claim [53 Looking at the coordinates of (see (13.6p or above), we may 
assume that any 6 G F is of the form 


/ In-l 

yi 

y2 

0 

ys 

\ 




h 



0 


/ In-l \ 




1 


y2 


k 

(fc G Khi), 




h 

y'l 


\ In-l ) 


V 




In- 

1 ) 



coordinates 

of each 

Vi 

are 

bounded from above. 

Specifically, write 


diag{a,qk,a*)u G Mn-iUn-i for a G GLn-i, q & Q'l {Q'l denotes the subgroup Qi of 
Hi), k G Khi and u G Un-i- Since the projection of B on Un-i is compact, we can 
assume that the non-constant coordinates of u are bounded. Multiplying b on the left 
by diag{a~^, q~^, (a*)“^) G Qn° and by an element from n Un-i we see that it has 
the specified form. 

Let 


r = 


/ In-l 


\ 


ri 

h 


r2 0 


1 


F 


r3 

0 

'f'2 


G Ri,n n Ql^B. 


kn—l ) 

We can assume that there is an element c G of the form 

\ 


c = 


In-l 

0 0 u 

0 


h 

v' 

0 



0 



In—l ^ 


[v G Mn-ixi, h G Hi), 


\ 
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such that cr = b ^ B. Writing b as above we obtain h = k ^ K^i and 


i In-i Ai A2 A3 rs + vr[ ^ 


/ In-l yi y2 0 ys \ 

Ii * 


ii 0 

1 * 

= 

1 y2 

Ii * 


h y'l 

\ In-l ) 


\ In-l / 


with (^i|742 |^3) = (r’i|r 2 |n) • k~^. Now it follows that the coordinates of ri,r 2 and v 
belong to a compact subset, whence belongs to a compact subset of Mn-ixn-i{F). 
This shows that Ri^n H Qn°F is contained in a compact subset of Ri^n- D 

Looking at the set A one sees that wq G QnWi,n, so in fact C{wo) = C{wi^n) and we 
may replace wq with wi^n- Let /* G ^(r, std, s). The next proposition shows that n(/s), 
initially defined for 5R(s) > si to ensure the absolute convergence of the integral, equals 
an element in C[q“^, g'^]. Therefore ^{fs) has an analytic continuation by which it can 
be defined for all s. These results extend to fs G ^{T,hol, s). The proposition is also 
the main tool in writing the Iwasawa decomposition in Section 15.41 

Proposition 5.8. Let fs G ^(r, std, s). There exist Pi G C[g“'^,g^] and Wi G W{T,ip), 
i = 1,... ,m, such that for all a G Ai^i < Tg^ and s, 

m 

(5.4) n{a ■ fs) = \ deta|^“5^+^-2 '^PiWi{diag{a,In-i+i))- 

i=l 

In addition, for the split case there exists a constant k > 0 such that the following 
holds. For t = ax & Tq^ with x G Gi < Tqi write x = diag{b,b~^). Then there exist 
Pi G C[g“^,g®] and Wi G yV{T,fj), which depend on whether [xj = b or [xj = b~^, 
such that for all t satisfying [x] > g^ and s, 

m 

(5.5) Ll{t- fs) = (I deta|[x]“^)^“^”+*"3 ^PjWj(diog(a, [xj,4_z)). 

i=l 

In both and the left-hand side is defined by the integral for 5R(s) > si and 

the equality for all s is in the sense of analytic continuation. 

Proof of Provosition fJTSl Select N for fg by Corollary 15.61 Using Claim [53] and (15.3p . 
for 5R(s) > si, 

Q{a ■ fs) = Ll{a ■ /i^’’^"') = | det f {wi^nr, diag{a, In-i+i))'4’yir)dr. 

J Rl,n 

Since fF'^^ £ ^(r, hoi, s) C 4i,p, we can write as in (|2.4p 

m 

(5.6) /f4/« {Pi G C[g-^ g^], /» = chu,N,.„s G i{T std, s)). 

i=\ 

As in the proof of Corollary 15.61 we deduce that for each i, fs ' G F^q. Hence each 
A('u;["^)/i*\ as a function on Qn-i, is compactly supported modulo Qn*’" (similar to 
f^’^'^) and this support is independent of s (in contrast with f^’^'^). I.e., there is a 
compact set Bi C Qn-i such that for all s, the support of X{wf^)fs^^ equals Qn'‘’"Bi. 
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According to Claim [ATI Ri^n^Qn''’’^ Bi is contained in a compact subset of Ri^n = 

Q'^°)- Let Ad < Ri^n be a compact open subgroup such that is right- 

invariant by Ad, ?/)-y| 7 v' = 1 and Ri^n C Qn'’’"Bi C Uj^i for some elements rjj G 

Ri^n and rrii > 1. It follows that there exist constants Cij G C such that for all s and a, 

n rui 

/ fi^\wi^nr,diag{a, In-i+i))i’'^{r)dr = ^Cijf^"\wi^nrij,diag{a,In-i+i))- 

Rl,n j = \ 

In particular the integral n(a • is absolutely convergent for all s. Next, there are 

Pij G and Wij G such that 

Ci,jf^'‘\wi^nri,j,diag{a, In-i+i)) = Pi,jWij{diag{a, In-i+i)) 
for all s and a. Therefore we conclude 

« m rrii 

/ f!^''^''{wi^nr,diag{a,In-i+i))'il^'yir)dr = '^Pi'^PijWij{diag{a,In-i+i))- 

j=l j = l 

This establishes (|5.4I) . 

Let /so > 0 be such that fs is right-invariant by k > ko he as in 

Lemma EH For [x] > write x = mxUxhux as specihed by the lemma, i.e.. 


[xj 


rux = 


1 


[xj 


-1 


1 c[xj ^ ^ 

Ux = \ 1 -c[xj“^ 


c2 = 2j-\ 


The choice of h depends on whether |5| < |6| ^ or vice versa, but is otherwise 
independent of x. We now assume |5| < |5|“^ and fix h. Since ip-yir) = V’(^n-z,n) and 

’^i-’-mx G Mn, 

n{t-fs) =(|deta|-[x]-^y-^"+*-^ 




f^’'^'^{wi^nruxh,diag{a, [xJ,4_i))V’(W ^rn-i,n)dr 


Conjugating r by Ux and noting that ^'■’’^Ux G Un, the dr-integration equals 


/ 

jRi, 


{wi^nrh, 


I, 


[xJ 


Z-1 


1 Zr- 


)il){[x\ ^rn-i,n)dr, 


^n—l 


^n—l 


where 


^n—l,n+l [xJ rn—l^n')- 


,2 I „|-2, 


This becomes 


(wi^nrh, diag{a, [xJ, In-i)Wij')dr. 


' -^Z,r5 


Here is the character of defined by 

^*(r) = ?/;([xJ"^(l-7^c^)r„_z,„-h7crn-z,n-Hi) = V'(7crn-z,n-Hi)- 
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By our fixing of h, ip*{r) no longer depends on x (since c is fixed). We can continue 
as above, write as in (|5.6p and for each z, h ■ is still compactly 

supported modulo (because h E Qn-i)- Therefore for each E std, s), 

[■ rrii 


/ fs'\wi^nrh,diag{a, [x\, In-i)W{r)dr = '^P'jW'j{diag{a, [x\,Iri-i))- 
jRi,u 

Here PP E WP E W{T,ip). Now equality (IS.Sp follows. 

Note that the proof for \b\ > \b\~^ is identical but the actual polynomials P^j and 
Whittaker functions WP may vary, because they depend on h and □ 


Remark 5.1. Observe that if Z = n, in which case the dr-integration is trivial, we can 
simply put Vl{h ■ fs) = fsi'Wi,nh, 1) {h E Hn) and Proposition 15.81 remains valid. 


We rephrase the result of Claim [531 in terms of the Jacquet module V(t, s)»r ,-i. 
The following description, until the end of this section, will not be used in the sequel. 
Let V{t, s)uj^ denote the space of locally constant functions fs : C{wr) —)• U compactly 
supported modulo Qn and such that 

1 _i 

fs{aux) = 6Q^{a)\deta\^ ^T{a)fs{x) {a £ GLn = Mn,u ^ Un-,x ^ C{wr))- 

By definition Fwois) = V{T,s)y^Q. For r > 0, restriction fg fs\c{wr) induces an 
isomorphism (s)\F^^(s) = V{t, as representations of Qn-i- Also P(r, s)w^ = 
ind'^wr‘ (normalized compact induction, "’^\ra!^)(x) = x)), where 

fs E V{T,s)wr is mapped to X{wf^)fs- Up to semi-simplification, U(r, s) is isomorphic 
to ©”=o as Q„_;-spaces. Claim 1531 implies 

=0, Vr>0. 

Consequently, 

Finally we mention that Claims [531 and [5.71 also imply that H(/s), for any fixed s, 
has a sense as a principal value. Indeed let be an increasing sequence of 

compact open subgroups, which exhausts Ri^n- The limit 

^p.v.{fs)= lim / fs{wi^nr, {r)dr 

exists and is finite. To explain this, first note that according to (15.7|] . fs € V{t,s) 
can be written as fg = + ff^ with E U(r, and E V{t, s){Nn-i,'iljf^), 

where V{t, s){Nn-i,ipf^) denotes the subspace of V{t,s) generated by finite sums 

J2iLiT{R'i)vi - rii E Nn-u Vi £ U(r, s). For fP, the integral over Rf^^ 

vanishes when u >> 0. For /i^\ the integral becomes a finite sum once v is large 
enough, because is compactly supported modulo Qn*’" and by virtue of Claim [5171 
Now (j5.2|] . (j5.3|] and Claim lOl hold for i^p.v.ifs)- Then Proposition 15.81 is valid for 
all s with the dr-integration given by principal value. The analytic continuations of 
Xl{fs) and 0,p,yffs) for fg E f,{T,hol,s) are equal, since for 5R(s) >> 0, by Lebesgue’s 
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Dominated Convergence Theorem, D(/s) = ^p.v.ifs)- This description resembles that 
of the Whittaker functional in |CS80] and the arguments of this paragraph appeared 
in |Sha78] (Section 3). 


5.4. Iwasawa decomposition for /s,s 


Here we show how to write T(W, fg, s) as a finite sum of integrals over a torus. This 
is done for fg E std, s) and the definition of holomorphic sections implies a similar 
form for fg E ^(r, hoi, s). 

Write an element x E Gi as x = diag{h, b~^) and define for A: > 0, 

= {x E Gi : [x] > q^, [xj = b}, Qoo,k _ ^ ^ ^ _ 5 -i|_ 

In addition for a set A let ch^ be the characteristic function of A. Denote by D the 
domain of absolute convergence of the integrals ^{W, fg, s) with fg E ^(r, hoi, s). This 
is a right half-plane depending only on the representations. 


Proposition 5.9. For each integral '^{W, fg, s), fg E ^(r, std, s) there exist integrals 
Is^\ ..., Ig'^'^ such that for all s £ D, '^{W, fg, s) = ^ is of 

the form 


(5.8) 


P 


[ [ chA{x)W'^{ax)W'{diag{a,[x\,In-i)) 

'Ai_r JGi 


(|deta|-[x] 2 "’+® 2(5^^ (a)dxda 


split Gi, 


P / W'^{a)W'{diag{a, In-i+i))\det ay 2 ”+'^ 2S^^(a)da quasi-split Gi. 

Ai_i * 


Here P E C[q E W{'k,'4)^^), W E W{T,if). In the split case, A is either 

G^^ or A Q constant k > 0, or a compact open subgroup of Gi. In all cases A 
is independent of s. 


(i) 

When I > n, Ig takes the form 


(5.9) 


W\diag{a, hg-n ), a*))W'{a)\ det a| (a)da 


Remark 5.2. Note that in the above integrals, except for P and the exponents of | det a 
and [x], none of the terms depend on s. 


Proof of Proposition 1 5. ,91 First assume I < n. According to the Iwasawa decomposition 
of Gi and since W and fg are Kci-didie, ^{W, fg, s) can be written as a sum of integrals 
of the form 

(5.10) [ W^{t)Fl{t ■ f'^)5fy^ {t)dt = [ [ W^iax)n{ax ■ f',)6g^ {a)dxda, 

JTgi JAi.i Jgi 

where E >V(7 r,and fg E f,{T,hol, s). This writing depends on the subgroups 
of Kq^ for which W and fg are right-invariant and since these are independent of s, 
this decomposition is independent of s. This means that there exists a finite number 
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of integrals, each of the form (15.101) . such that for all s their sum equals ^(W,fs,s). 
Henceforth whenever we write such a decomposition, it will be independent of s in this 
sense. 

If Gi is quasi-split (15.101) reduces to a finite sum of integrals of the form 


f W{axi)Q{axi • {a)da. 

Here the elements Xi G Gi belong to a finite set independent of s. The section Xi ■ /' 
is still holomorphic so we can decompose each integral once more to a sum of integrals 
of the form 


P 



W^{a)n{a- Q5-^ly)da, 


where P G and the section is standard. Here we changed the order 

of integration over Ai_i x and (finite) summation. This is allowed since in our 
domain of absolute convergence, 'I'(1T*,/", s) is absolutely convergent for all IT* and 
f'J G ^(r, hoi, s) whence 

(5.11) [ [ \W^\{a)\f'J\{wi^nra,l)6]^^ {a)drda < oo. 

JAi_i Jri,„ * 

Now use Proposition 15.81 fregarding I = n, see Remark l5.ip to obtain a sum of integrals 

(5.12) pf W^{a)W'{diag{a,In-i+i))\detat^^+^-U^lia)da. 

J Ai_i * 

Here W G yV{T,ip). This is the required form in the quasi-split case. Again, after 
plugging in the formula of Proposition 15.81 we changed the order of integration and 
summation. This is allowed because we may take f'J as in Lemma 15.21 defined with 
respect to an arbitrary W', then (j5.1ip implies 

[ |lT*|(a)|lT'|(dm 5 (a, 4 _i+i))| {a)da < oo. 

If Gi is split we take A: > 0 as in Proposition 15.81 and write the dx-integration in 
(I5.10p as a sum of integrals, the first over {x G Gi : [x] > q^} and the second over 
{x G Gi : [x] < When [x] < we get as in the quasi-split case a finite sum of 
integrals of the form (|5.12p . This form corresponds to (15.81) when we take A = N'ciP 
with A;' >> 0 (depending on VT* and W'). The justification is similar to the above: 
analogously to (15.lip we have 

(5.13) f [ [ (a)drdxda < Qo 

iAi_l Jgi 

and we can use Lemma 15.21 

Assume [x] > q^. We apply Proposition 15.81 and get that (15.101) is a sum of integrals 
of the form 

P f f lT*(ax)lT'(dia 5 f(a, [xj ,/„_;))(! det a| • {a)dxda, 

JAi_i Ja 
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with A = G^’^, Here the justification to the last step - after plugging in Propo¬ 

sition 15.81 is a bit more complicated. First note that for a fixed VF', it is enough to 
prove the absolute convergence of the last integral for k >> 0 (i.e., not necessarily 
the k chosen using Proposition 15.8p . Let W' be given and assume A = . Con¬ 

sider the elements fcg and hi of Lemma 12.11 According to the proof of the lemma 
(see Remark 12.41) it is possible to take ko and hi such that W is right-invariant by 
(wi,nhi) J\fHn,ko C Qn- Therefore we may define f" with support in Qn'Wi,nhiN'H„,ko^ 
such that fg{wi^nhin',b) = W'{b) {b G GLn, n' G ■AfH„,ko)- Then for all a G A;_i and 
X G A, where k > ko is given by Lemma l2.11 

[ \fs\{wi,nrax,l)dr 

= (|deta| • f \f'J\{wi^nrhi,diag{a,[x\,In-i))dr. 

d Rl,n 

Putting this into (|5.13p (with A instead of Gi) and using the smoothness of /" yields 



W\{ax)\W'\{diag{a, lx\,In-i))i\ det a 


(a)dxda < oo. 


The same argument applies to A = G^’^, with h 2 of Lemma l2.11 

The result for I > n follows again from the Iwasawa decomposition and from the fact 
that for each a G GLn, the support of the function on given by 

/a ^ 

r Il-n-l 


r ^ W{ar) = W{ 


h ) 


dl—n—l 

y r' a* J 

is contained in a compact set, independent of a (see [Sou93j Section 4). We mention 
that the change to the measure of by conjugating with a is | det □ 


Remark 5.3. The absolute convergence of all integrals in the proof is governed by the 
parameters of the representations. Hence the justifications to the formal manipulations 
concerning integrals with and W' (e.g. (I5.12h ) can be obviated, simply by taking 
a suitable right half-plane D. 


This proposition has the following corollary, which is a direct consequence of the 
properties of Whittaker functions for supercuspidal representations (see |CS80] Sec¬ 
tion 6). 

Corollary 5.10. Let vr and r be supercuspidal representations and assume that if 
I = n = 1, Gi is quasi-split. Then fs, s) is holomorphic for fg G .^(r, hoi, s). 


5.5. The integrals are nontrivial 

The following proposition shows that the integrals do not vanish identically. The actual 
result means more than this, namely that the fractional ideal spanned by the integrals 
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contains the constant 1 and consequently, the g.c.d. of the integrals can be taken in 
the form where P G C[X], see Section 16.1.21 It is interesting to note that 

Gelbart and Piatetski-Shapiro |GPSR87] (Section 12) proved a similar result, foreseeing 
a definition of the L-function of vr x r as a g.c.d., as we shall attempt to dehne. 

Proposition 5.11. There exist W G W(7r, V'.)! o.nd fs G ^(r, hoi, s) such that ^{W, fs, s) 
is absolutely convergent and equals 1, for all s. 


Proof of Proposition 15.111 The proof follows the arguments of Soudry |Sou93] (Sec¬ 
tion 6). First assume I > n. Let Wq G W' G be such that 

lyo(l) / 0, W’{1) 7 ^ 0 (such Wq,W’ exist). Define Wi for Wq using Lemma [53] 
with j = 0 and ki >> 0 (depending on Wo,W') and set W = ■ Wi. Select 

fs = k,W,s £ |(r, std, s) for k » ki large. Assuming that ^{W, fs, s) is ab¬ 

solutely convergent at s, we replace the integration over UH„\Hn with an integration 
over AnZnUn and obtain 

'I>(W,fs,s)= f [_ [_ [ Wi{rw^'^azu{w^’^)~^)fs{azu,l)6{a)drdudzda, 

J An Jun J 


where 6 is an appropriate modulus character. Since Un G Qn^Hn,k = C4i n MH„,k 
and k » ki, the integration over Un reduces to a constant. Then by Lemma [5.31 
the drdzda-integration is reduced and the integral equals ciyo(l)l^^(l)) where c > 0 
is a constant independent of s (c equals a product of volumes). Hence after suitably 
normalizing Wq, ^{W, fs, s) = 1. The same arguments show 



\W\{rw^'^h)\fs\{h,l)drdh 


c|IPo|(l)|l^'|(l). 


Therefore ^{W, fs, s) is absolutely convergent for all s. This also justifies our compu¬ 
tation. 

In the case I < n take Wq as above and W' such that W'{t^) 0, where tn^ is defined 

in Lemma [521 Then Wi is obtained as before and we put W = Wj. Now fs is selected 
by Lemma [521 for W' with a large k (depending on W, W'). We use (15.3h and get 

qi{W,fs,s)=[ f f f W{azvx)5{a)\deia\^-^^^^-^ 

Jai_i Jzi_i Jvi.i Jgi 



fsiwi^nfvx, az)'tp^{r)drdxdvdzda. 


By the selection of fs this equals 


c'|q|^( 2 "-+^ 2 ) f f _ W{az)\detaf 2 "-+^ 2W'{azt^)6{a)dzda. 

J A;_i J Zi_i 


Here c' G C is independent of s. As in the previous case we end up with e{q^)Wo{l)W'{t^), 
where e(g'^) = G C[(?“^,g^]*. The result follows with e((?*)“Vs £ f,{T,hol,s) 

instead of fs- Also observe that if we replace fs with \fs\ and drop if-y, the arguments 
of Lemma 15.21 imply (for some constant c") 


^l,r\ 


\fs\{wi^nrvx,az)dr = 2'^\W'\{azt^ 
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This shows that ^{W, fs, s) is absolutely convergent for all s. 


□ 


5.6. Meromorphic continuation 


One of the fundamental requirements of the integrals is meromorphic continuation to 
functions in Let $ = <h(s) be a complex-valued function defined on some 

domain C C, which contains a non-empty open subset. We say that <1> has a 
meromorphic continuation to a function in or extends to a function in C{q~^), 

if there is some Q G C{q~^) such that for all s € D^, ‘h(s) = Q{q~^)- Note that if 
Q exists, it is necessarily unique. Also by definition Q has no poles in D^, i.e., the 
function s e-)• Q{q~^) is holomorphic on D^. 

Let W G ^(Tr, and fs G ^(r, hoi, s). Recall that there is some sq > 0 depending 
only on vr and r, such that for all > sq, 'if{W, fs, s) is absolutely convergent (see 
Section l5.ip . We provide two proofs of the meromorphic continuation: directly with 
the aid of Proposition 15.91 or using Bernstein’s continuation principle (in |Ban98] . see 
also the formulation of |Mui08] Section 8) combined with the uniqueness results of 
Chapter HI 


Claim 5.12. There is a constant si > sq such that the following holds. For any W G 
>V(7r, and fs G ^{T,hol,s) there is Q £ C(g“®) such that ^{W, fs, s) = Q{q~^) for 
all 5R(s) > si. The poles of Q, in q~^, belong to a finite set depending only on vr and r. 


Proof of Claim. f5!T2l We argue as in |,TPSS83] (Section 2.7, see also |Sou93| Section 4.3). 
According to Proposition 15.91 in the right half-plane 5R(s) > sq we can write ^{W, fs, s) 
as a sum of integrals . Consider each separately. Put I = . 

We can plug the asymptotic expansions of Whittaker functions from Section 12.51 into 
I. Taking s' > sq, depending only on vr and r, we see that I equals a sum of products 
of Tate-type integrals. For example, consider the case 1 < / < n and split G;. Then I 
takes the form 



ch^{x)W^{ax)W'{diag{a, [xj, /„_;))(| det a 




Set a = diag{ai,... ,ai^i) G Ai_i. Using the asymptotic expansions for and W 
and changing a„ a„a„+i for 1 < u < Z — 1, the integral is equal to a sum of products 
Ij with each Ij of the following form. First assume j <1 — 1. 




bj ■ (jj'j ■ Pj ■ r]'j){aj)\aj\ ' 2^+l+''d*aj j = 1, 


/ {(l>j ■ (t^'j ■ hj ■ 1 < j < / - 1. 

\Jf* 

Here 4>j,4>'j £ ‘^(T), r]j,r]'j are finite functions on F*. The functions 4>j,r]j correspond 
to the expansion of W'' and 4>'j^v'j correspond to the expansion of W. Since any finite 
function p on F* can be written as a finite sum Cr'd(a)^’'//r(a) (a £ F*), where 
Cr G C, 0 < /cr G Z and p,r is a character, each Ij for j < / — 1 is a finite sum of integrals 
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of the form 

(5.14) f cP{a)^^{a)d{a)\a\^+^^d*a, 

J F* 

where (p G S^F), 0 < m G Z, 0 is a unitary character, A G C and 0 < il G Z (actually, 
here B = 1,2). An integral of the form ()5.14p is called a Tate-type integral. Clearly it 
has a rational function Q G C{q~^) such that for 5R(s) > si > s', the integral is equal 
to Q{q~'')- The poles of Q, in belong to a finite set. The value of si and this set 
depend only on the representations. 

Regarding Ii-i, it takes the form 

f f chK{b){(j) ■ vi){ai-ih~^,ai-ib){(l)' ■ T/')(a«-iL^J■^)[(<(>" • ^")(L^J)] 

Jf* Jf* 

\ai_^^2l-n-7+2s\\i-k^-l+^d*ai-id*b. 

Here the integral over Gi was written as an integral over F*-, [b\ = 6 if |6| < |6|“^ or 
equivalently if |6| < 1, otherwise [b\ = b~^; A is either {6 G F* : |6| < q~^} (replacing 
G^’^), {6 G F* : |6| > q’^} (instead of G“’^), for a constant /c > 0, or a compact open 
subgroup of F*; (p G 5(F^), ry is a finite function on (F*)^, (p and rj correspond to 
(p',(p" G S{F), r]' and ry" are finite functions on F*, cp',(p",r]' and ry" correspond to IT'; 
the factor [{cp" ■ ry")([6J)] appears only if Z < re. 

Assume that A is a compact open subgroup. We claim that the integrand is a smooth 
function of b. 

In general if (/? G 5(F^), the mapping {x, y) i-G ^{xy, xy~^) {x,y £ F, y ^ 0) vanishes 
unless X belongs to some compact subset of F (that is, x is bounded from above). If y 
belongs to a compact open subset Aq of F*, the function ip{xy,xy~^) is smooth in y, 
i.e., there is some /cq such that ^p{x{y{l +V^^)),x{y{l + V^°))~^) = ip{xy,xy~^) for all 
X G F and y £ Aq (because y is bounded from above and below). Here ko depends on 
If and Aq. Similarly \i ip £ S{F), x belongs to a compact subset of F and y £ Aq, the 
mappings {x,y) i-G ip{xy), ip{xy~^) are smooth in y. In particular, ip{y) and ip{y~^) are 
smooth in y. 

Additionally, for any y £ F*, kQ > 0 and z £ F* with |z| = I, if [yj = y then 
[y(I -|- Tu^°z)\ = y(I -|- vj^°z) and if [yj = y~^, [y(I -|- vj^°z)\ = y“^(I + w^°z)~^. 
Hence, for example, the function ip{[y\) is smooth in y when y G Aq. 

Regarding the finite functions, any finite function ryo on (F*Y can be expressed as 
a finite sum ryo(y) = f^r{y)Priy), where fr is a character and Pr is a polynomial in 
the valuation vector of y. Therefore r]o{y) and r]o{y~^) are smooth functions of y. Since 
Prixy) is a polynomial in -d(xi),..., ■d(xc),'i?(yi),... ,-d(yc), both r]o{xy) and rio{xy~^) 
are smooth in y. Here smoothness holds even if y is not restricted to a compact subset. 

Applying these general remarks to the integrand at hand we get that it is a smooth 
function of b. Therefore the ^^-integration can be ignored and we can again reduce to 
integrals of the form (j5.I4l) . 
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Now assume A = {b £ F* : \b\ < q If chx{b) / 0 then b = [6J and Ii-i becomes 

(5.15) [ [ chA(6)(0-r?)(az_iL6J-\az_iL?^J)(0'-r?')(az_iL?^J-i)[(</>"-77")(L^J)] 

Jf* Jf* 

Change a/_i e-)- ai-i [b\. The integral equals 

(5.16) f f chA(b){4>-r]){ai_i,ai_i[b\‘^){(t)'■r]'){ai_i)[{(p" ■r]"){[b\)] 

Jf* Jf* 

|^^_l|2i-n-7+2.| |3«-|n-f 

If Oi_i is bounded from below, the integrand is a smooth function of (|[6J| < 1) 
whence we get a sum of integrals of the form 

(5.17) [ • v^ib^W' • r?")(6)]|6|''-^"-^+'*d*5, 

J'pk+l 

where (p* E S{F) and rj* is a finite function on F*. Each of these integrals can be 
written as a sum of integrals of the form (j5.14h . 

Thus we can assume that a;_i is small with respect to the support of (p, that is, 
(/>(a;_i, a/_i [6J^) is constant and can be ignored. Integral (15.161) becomes a sum of 
integrals of the form 

[ [ chj,{bMai.Mai-i[b\^){cP’ • v'){ai-iW’ • h")(L&J)] 

J F* J F* 

|az_i|2'-"-7+2^| [6J +3^d*ai_id*6. 

Here and <72 are hnite functions on F* (obtained from r]). 

Since ^ 2 {xy) can be written as a finite sum Ylr ^r{'&{x) + 'd{y)Y^Hr{x)yr{y) (where 
Cr E C, 0 < fcj. € Z and y,r denotes a character), we can write this integral as a finite 
sum Y2u'^u,iTu,2, where takes the form (|5.14p (obtained from a d*ai_i-integral) 
and Tu ^2 is of the form (|5.17ll . This completes the proof for A = {6 E E* : |6| < q~^}. 

Finally if A = {5 E E* : |6| > q'^}, we replace {ip ■ 7/)(a;_i [6J a;_i [5J) with 
{<p ■ r/)(a;_i [6J, o;_i [5J ~^) in (j5.15p . change a/_i i-)- a;_i[5J and since if |6| ^ 1, [6J = 
we can change b 1 —>• b~^ and again reach (I5.16P (with {(p ■ r/)(a/_i [6J^, a;_i)). 

The arguments when either I = 1, Gi is quasi-split 01 I > n are similar and simpler. 
E.g., if Gi is quasi-split or I > n, there is no integration over Gi to handle. 

Altogether we have shown that each has a meromorphic continuation E 
C(g“®) such that for all 3?(s) > si, where si > s'. The poles of 

in q~^, belong to a finite set 0. The constant si and the set 0 depend only on the 
representations. The result for ^(W, fs, s) immediately follows. □ 

Remark 5.4. As explained in Remark 15.31 some of the justifications in the proof of 
Proposition 15.91 can be ignored if we take some Sg > sq and write the decomposition 

to integrals in 3ft(s) > Sg. This does not interfere with the proof of the last claim, 
just take s' > Sg. 

Remark 5.5. The proof of Claim 15.121 also implies the absolute convergence of the 
integrals. In more detail, one can formally apply the arguments of Proposition 15.91 
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to "^{W, fs, s) and write "if{W,fs,s) as a sum of integrals li*\ Then proceed (again, 
formally) as in the proof above to obtain sums of products of Tate-type integrals of the 
form (I5.14p . Then the absolute convergence of these last integrals implies the absolute 
convergence of and T(1T, fs,s). This approach is similar to [JPSS83j (Section 2.7). 


Let D' C C he any domain containing a non-empty open set such that for all s € 
D', W G >V(7r,'0“^) and /* G V{t,s), ^{W,fs,s) is absolutely convergent. In D', 
'I'(W, fs, s) can be regarded as a bilinear form on >V(7r, x V (r, s) and analogously 
to (I3.3I) and (|3.14|) . it satisfies 


(5.18) 


Vg gGi,v G Nn-i, 4'(ff • W, (gv) ■ fs,s) = fs,s) 

V/i G u G N^-^, ^{{hv) ■W,h- fs, s) = fs, s) 


I < n, 
I > n. 


This (local) relation follows from the formal manipulations in the global construction 
but can also be verified directly. Equivalently, 


'^{W,fs,s) G 


BUg, (>V(7r, ^), E(r, 


I < n, 
I > n. 


(See Sections 14.11 and 14.21 1 Because and ^(r, ■0) are quotients of vr and r 

(recall that in the construction of the integral we assume that r is realized in VV(r, f))), 
according to Theorem ll.2l outside of a finite number of values of q~^ (s G C), the space 
of bilinear forms satisfying (I5.18P is at most one-dimensional. We use this to conclude 
meromorphic continuation using Bernstein’s continuation principle. 


Claim 5.13. There is a finite set B of values of q ^ (depending only on the represen¬ 
tations) sueh that the following holds. For any W G >V(7r, and fs G f,{T,hol,s) 
there is Q G C(g“®) sueh that ^{W, fs, s) = Q{q~^), for each s G D' where q~^ ^ B. 
The poles of Q (in q~^) belong to B. 


Proof of Claim, fim As in [GPSR87] (Section 12) and |Sou93| (Section 8.4), the one- 
dimensionality of the space of bilinear forms along with Proposition 15.111 imply, by 
virtue of Bernstein’s continuation principle ( [Ban98j ). that '^{W, fs, s) with fs G ^(r, std, s) 
has a meromorphic continuation with the listed properties. Now note that if fs = 

TT=i P^fs^ e ^(r, hoi, s) (P, G C[q-fi q% /« G ^r, std, s)), ^{W, fs, s) = E™ 1 P^■^iW, /«, s) 
for all s G D'. Therefore the result extends to fs G ^(r, hoi, s). □ 


Remark 5.6. See also Bump, Friedberg and Furusawa [BFF97| (Section 5) who used 
Bernstein’s principle to conclude meromorphic continuation for I = 1 and unramified 
representations. 


Remark 5.7. There is another method for proving this claim, without appealing to 
Bernstein’s continuation principle. Denote by 'I'(1T,/*, s)^)/ the integral defined in D'. 
According to Claim [5T2l the integral 4'(W,/s,s) defined in 3?(s) >> 0 extends to a 
function in C{q~^). Thereby it is possible to regard T(W,/s,s) as a bilinear form on 
X V{t,s) satisfying (I5.18|] . for all s G D' such that q~^ does not belong to 
some finite set (see Section I6.1.1|] . By Theorem 11.21 for all but a finite set of values of 
q~^, the space of such forms is at most one-dimensional. Hence there is a finite set B 
such that for all s G D' with q~^ ^ B, ^{W, fs, s) is proportional to ^(W, fs, s)d> ■ It 
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is left to show that the proportionality factor is 1, then the meromorphic continuation 
of '^{W, fs, s)d' is given by that of 'h(VF,/s,s). Indeed, Proposition 15.111 implies that 
for a specific selection of W and fs, '^{W, fs, s) is absolutely convergent for all s E C 
and equals 1, hence the meromorphic continuation of ^{W, fs, s) is 1 and it is equal to 
'i>{W,fs,s)D' for all s E D'. 

In particular apply Claim [533] in the domain {s E C : 3?(s) > sq}- Take si > sq 
large enough, so that the right half-plane 3?(s) > si will not contain any s for which 
q~^ E B, where B is given by Claim (5.131 Then for any W and fs E ^{T,hol,s) there 
is Q E C{q~^) such that '^{W, fs, s) = Q{q~^), for all 5R(s) > si. This resembles 
Claim 15.121 

Both claims extend to rational sections. We restate the meromorphic continuation 
in a form which is convenient for most of our arguments. 

Proposition 5.14. Let W E and fs E ^{T,rat, s). The integral 'I>(W, fs, s) 

defined in 3?(s) >> 0 extends to a funetion in <C,{q~^). Specifieally, there are si E M 
and Q E C{q~^) such that fs,s) = Q{q~^) for all 5P(s) > si. If fs E f,{T,hol,s), 
the poles of Q (in q~^) belong to a finite set and both this set and si depend only on the 
representations. If fs ^ f,{T,hol,s), take 0 / P E C[g“^] satisfying Pfg E f,{T,hol,s). 
Then the finite set of poles (eontaining the poles of Q) and si depend only on the 
representations and P. 

Proof of Proposition \5.14\ The assertions concerning a holomorphic section follow from 
either of the above claims. Regarding fg E ^(r, rat, s), let si be such that the following 
holds for all s with 5P(s) > si: 

(1) Pfs, s) is absolutely convergent, 

(2) There is P E C(X), independent of s, such that '^[W, Pfs, s) = R{q~^), 

(3) Piq-^) 0, 

(4) 'IffW, fs, s) is absolutely convergent. 

Since Pfs E (,{t, hoi, s), the first two properties can be satisfied by a constant si 
depending only on the representations. Regarding the last, observe that fs E V{t,s) 
for each s with $R(s) > si, because Pfs E ^(r, hoi, s) and P{q~^) 0. Hence \1'(1T, fs, s') 

is absolutely convergent whenever $R(s) > si and si > sq- 

We have an equality of integrals 'I'(W, Pfs, s) = PT(1T, fs, s) for s such that 3?(s) > 
si, whence "^{W, fs,s) extends to Q = P~^R E C(g“®). The poles of Q depend only 
on the representations (due to R) and P. □ 

We stress that we usually consider holomorphic sections, rational sections only 
appear as images of specific intertwining operators. The following two particular 
cases essentially cover all integrals with rational sections that are needed. Let fs E 
^(r, hoi, s) and apply ProDosition l5.14l to M*{t, s)fs E f,{T*,rat, 1— s), with P E 
such that P ~ (see Section I2.7.ip . Then there is Q E C(g“®) such that 

T(W, M*(r, s)/s, 1 — s) = Q{q~^), in a left half-plane (5R(1 — s) >> 0) depending 
only on the representations. Moreover, the poles of Q belong to a finite set depend¬ 
ing only on the representations. A similar result holds for T(1T, M*{t* , 1 — s)f[_g, s), 
where f{_g E ^(r*, hoi, 1 — s). We use P E C[g“'^] such that P ~ It* {I — 
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Proposition 15.141 and the proof of Claim [5]T2] imply the following corollary to Propo¬ 
sition 15.91 

Corollary 5.15. Let W G yV{ 7 T,'ip^^) and fs G ^{r^hol, s). The decomposition of 

Provosition 15. M namely fs, s) = holds for all s where both sides are 

defined by meromorphic continuation. 


5.7. Realization of r induced from ti (8) T 2 

When r = (ri 0 T 2 ) it is convenient for the manipulations of 4'(W, fs, s) to use 

an explicit integral formula for the Whittaker functional on r. To ensure convergence 
of this Jacquet integral, the representations ri and T 2 are twisted using an auxiliary 
complex parameter f as in |Sha78l IJPSS831 ISou93[ ISouOOj . 

Let El = Til det and 82 = T 2 I det be realized in their Whittaker models with 
respect to if and let e = (ei 0 £ 2 ) be realized in the space of the induced 

representation (i.e., in ® Throughout this section we use the 

notation and results of Sections 12.61 and 12.7.31 Consider the representation 

and denote its space by V'{£i®£ 2 , (s, s)). Any (fs G V'(£iiS>£ 2 , (s, s)) defines an element 
Us e by 

(5-19) f^^^{h,b) = \ det / ipsUnun 2 Zbh,Ini,l 2 n 2 +l,In 2 )i’~^{z)dz. 

^712 ,7l\ 

Here h G H^, b G GL„. This (Jacquet) integral always has a sense as a principal value, 
but there exists a Co > 0 which depends only on ri and T 2 , such that for all C with 
3?(C) > Co it is absolutely convergent - \(ps\{uJni,n 2 zbh,l,l,l)dz < 00 , for all s 

and (fs- 

The integral "d>{W, (ps,s) is just ^{W, fip„,s) with formula (|5.19l) : 

(5.20) 


dtiW,^s,s) 



TsU ni,n2 zwi^nrg,l,l,l)i’ ^{z)'ip^{r)dzdrdg 

n2,ni 

W {rwb^h)ips{iWni,n 2 ^bi, 1,1,1)'0~^ {z)dzdrdh 


I < n. 


I > n. 


We stress that T(1T, (^s,s) refers to the triple integral. It is absolutely convergent if 
it is convergent when we substitute |iy|, |(/Js| for W,(ps and drop the characters. For 
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example when I < n and >> 5R(C) >> 0 (see Claim [5120] below), 



\W\{g)\ips\{u]ni,n 2 ZWi^nrg, 1,1, l)dzdrdg < oo. 


In contrast, when we write ^{W, s) we interpret the dz-integration by principal 
value. Observe that if 'I'(iy, (fs, s) is absolutely convergent at s then so is f^p^, s). 

Note that if r is irreducible, one can also assume that e is irreducible, this holds for 
all but finitely many values E C). 

We can regard C as fixed, e.g. take C = 0 and simply use (|5.19l) to manipulate 
Alternatively we may regard as a parameter similar to s. Another 
option is to allow C to vary inside a fixed compact set. We describe these approaches 
below. 


5.7.1. Fixed ( 


Assume that C is fixed. The sections ^(ei ® 62 , std, {s, s)) are realized as images of 
functions from the space of 


^^4" (o ® (^ 2 )) 


Let E ^(£1062, hoZ, (s, s)). For a fixed s, defines an elementE VQ"{W{e,'i(^),s) 
by (15.191) . We claim that is a holomorphic section. 


Claim 5.16. If ^ps G i{£i ® £ 2 ,std,{s,s)) (resp. ips E f{£i ® £ 2 ,hol,{s,s))), E 
f,Q2{W{£,'ip),std,s) (resp. fp^ E f,Qf{W{£,'i(),hol,s)). The mapping ips fp^ takes 
f,{£i®£ 2 , std, {s, s)) onto f,Q 2 {W{£,'ijj), std, s) and f^{£i 0 £ 2 ,hol, (s, s)) onto ^g"(>V(e, d); s). 

Proof of Claim, [E.lfk Tet (ps ^ i{£i®£ 2 , std,{s, s)). In order to proveE ^Q"(W(e,std, s), 

it is enough to show that for any k E Kh^, the function fp^{k,l) is independent of 
s. This holds because when we write an Iwasawa decomposition u}ni,n 2 ^ = Vztzkz for 
2 ; E Zn2,ni, with Vz E Zn, tz E An and kz E Kcin^ we have |detf^| = 1. Now the 
definition implies that ^(ei 0 £ 2 , hoi, {s, s)) is mapped into ^Qf(W(£, d), hoi, s). 

Kh 

Regarding the other direction, first observe that for any / E V^)) there 

f{k,l)= f'{k,UJni,n2Z,Ini,In2)'l(~^{z)dz {kGKnJ. 

J Zn 2 5^1 

It follows that when / (resp. /') is extended to fs E VQff{y\f{£,'if),s) (resp. /' E 
VQff{£,s)) using the Iwasawa decomposition, 

(5.21) fg{h,b) = f fs{h,UJni,n 2 Zb,Ini,In 2 )f^~^{z)dz {h & Hn, b £ GLn) ■ 

Zn2 
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Since the Iwasawa decomposition defines the onto mapping 

(see Section [23]) , we get that any fg G std, s) can be defined by (|5.2ip 

using fg G (e, std, s) and then fg G ^Q2{W{£,'tjj),hol, s) is defined using /' G 
i^l{£,hol,s). 

The representations IndQ^{ea^) and Indg" ((ei ® Indq^^ {£ 2 a^))a^) are isomorphic 
according to 

{h,bi,h2,b2) f'{h2h,In,bi,b2), (/i, 6 , 61 , 52 ) I det5|"^"“*+5(^(5/i,5i,/2n2+i,52). 

Here /' G Vq^{£,s), (/? belongs to the space of Ind^" ((ei (g) Indq"^ {£2a^))a^), /12 G 
Hn 2 and 5 * G GLn^- These isomorphisms also define isomorphisms between 




Thus for any /( G std, s) (resp. /( G ^Q"{£,hol, s)) we can find (fg G ^(ei ® 

£ 2 , std, {s, s)) (resp. ifg G ^(ei (g) £ 2 , hoi, {s, s))) such that 

/'(/i, 5, 51 , 62 ) = I det5|"5^"^+iy,^(6/j,6^^/2n2+i,&2)- 


Plugging this into (I5.2ip we obtain fg = whence the mapping ifg is onto as 

required. □ 


The following observations relate "^{W,ipg,s) to ^{W, fp^,s). 

Claim 5.17. Assume that for W GyV(7r, V'”^) and (fg & ^{£1 ® £ 2 ,hol,s), '^{W,i^g,s) 
is absolutely convergent at s. Then 'I'(1T, s) = '^{W, fp^,s) at s, as integrals. 


Proof of Claim [T 1 7[ Assume for instance I < n, the other case being similar. We use 
the idea of Jacquet, Piatetski-Shapiro and Shalika |JPSS83| (p. 424). Let s be such 
that 'I'(1T, (/?s, s) is absolutely convergent. Thus 


/ / 


\Ts\{i^ni,n2ZWi^rirg, 1, 1 , l)dzdr < oo 


for all g G supp{W)\Ei where Ei is a set of zero measure (here \ denotes set difference). 
Since W and pg are smooth it follows that the last integral is finite for all g G supp{W). 
Hence fp^^wi^n^g,!) is absolutely convergent for all g G suppfW) and r G Ri^n \ E 2 , 
for a set E2 of zero measure. Again by smoothness, this is true for all r G Ri^n- 
According to Fubini’s Theorem, 4'(W,(/?s,s) can be computed using iterated integrals 
and by Lebesgue’s Dominated Convergence Theorem the dz-integration in ^(W, pg, s) 
can be replaced with fpX'^bn'fQ-, 1) (defined by principal value). Therefore the integrals 
T(1T, pg, s) and 'I'(1T, fp^, s) are equal at s. □ 


Claim [F.20I below implies that Claim IF. 171 is nontrivial. We state the result here. 


Corollary 5.18. There exists a constant Co depending only on the representations vr, 
Ti and T 2 such that the following holds. Fix ( with 3?(C) > Co- Then there is a constant 
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Si depending only on ( and the representations, satisfying s) = s) 

for all 3?(s) > si, G >V( 7 r, ■0“^) and ips G ^(ei ® £ 2 ,hol,s). Therefore, the integral 
(/ 9 s, s) also has a meromorphic continuation to a funetion in C(g“^), given hy the 
continuation of ^{W,f^,,,s). Consequently, (/ 9 s, s) = f^^, s) inC{q~^). 

Proof of Corollarv \5.18l Claim [F.20I shows the existence of such constants Col'll (with 
Si depending on f, 5R((^) > (o), for which (^s, s) is absolutely convergent for all 

5?(s) > si, Vh and tps- Hence the assumption of Claim I^ITTI is satisfied for all such 
s. □ 


Finally we have the following result, to be used in Chapter [10] in the proof of 
Lemma 110.81 


Lemma 5.19. Assume that r is realized in For ips G ^(ei ® £ 2 ,hol,{s, s)) 

let f^^ be defined by (I5.19P and write f^^ = i ^ ^(i) ^ with Pi G 

G yV{£,ip) as in (|2.4I) . Let fg G ^Qf{T,hol,s). Then there exists ps € <S) 

62 , hol, (s, s)) sueh that this expression for f^^ has the following properties: 

(1) If we let ( vary, the data {m, ki, N, Pi) is independent of Q. 

(2) For all (, is right-invariant by N) CiQn- 

(3) For each b G GL„ there is Qi G C[g“‘’, g^j sueh that for all C, W^'^\b) = Qi. 

(4) If we put f = 0 in the expression for f^^ we get = fg. 


Proof of Lemma \5.19l Denote by U the space of Indp^’^^ (ti( 8 )T 2 ). We make the 
following general remark. For v ^ U, k ^ a compact open subgroup 

N < Kh^ such that v is right-invariant by N) n Qn, the function chkN,v,s £ 
(ri ( 8 ) T 2 ), std, s) is defined (with a minor abuse of notation) by 


chkN,v,s{h,b, 61 , 62 ) 


I det a| 2 "'+® 211 ( 50 , 61 , 62 ) 
0 


h G QnkN, 
otherwise. 


Here h G Hn, b G GLn, h G GL„. and for the case h G QnkN we wrote h = 
diag{a,l, a*)ukn' with a G GLn, u ^ Un and n' G N. Let G W{T,if) be the 
Whittaker function obtained by applying the Whittaker functional, defined by the dz- 
integration of (15.211) . to u. A calculation implies 

chkN,W„Ah,b) = / chkN,v,sih,Ulnun2Zb,Ini,In2)'f’~^iz)dz. 

-^712 

In other words, chkN,Wv,s € std, s) is the image of chkN,v,s under (I5.21h . 

As we explained in the proof of Claim (5.161 for any fg G hol, s) we can find 

fg G ® ^ 2 )) hol, s) such that fg is the image of fg under (j5.2ip . Write 

fg = Z]™i'''"ith Pi G C[g“^,g®], G D as in (|2.4I) . According to the 
definition, is right-invariant by (^^ N) n Qn- Then fg = wO'i s where 

lyh) = W^(i) G yV{T,'ip) is obtained from . 
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Any can be extended to an element in the space of (ei 'S'£ 2 ), 

such that Vq^ = and for all (, is right-invariant by N) CiQn- Then for each 

c, 

m 

fis = E ^^^Kn 4 \s ^ (^1 ® ^2), hoi, s) 

i=i ^ 

is defined and /q ^ = fs- Let G y\l{£,'ip) be obtained from by applying the 
Whittaker functional to According to |CS80] (Section 2, see also |Sha78j Section 3), 
for any fixed b, W^^\b) G C[(7“‘’, g'^]. Also is right-invariant by N) n Qn and 
= WL). 

We define ips G ^{ei® £ 2 , hoi, (s, s)) using the isomorphism described in the proof of 
Claim |5.16[ Namely, 61 ,/ 12 , ^^ 2 ) = 4, &i, ^ 2 )- Then ^ 

has the required properties. □ 


5.7.2. Variable ( 


Here we consider as a parameter, similar to s. Assume that Tj is realized in its 
Whittaker model W{Ti,ip), i = 1,2. Let 

^s+(,s-c = ((ri (8) r 2 )a("+‘^’"-‘^)), 

K+c,s-c = ((ri ® (r2a"-^))a"+‘^). 

These are just LI^^ of Section iTGl with si = s -|- C; '^2 = s — C- Since in 

general if (/> is a representation of GLn, W(0| det V b) — LV(b, b)l det b, 

= Ind^l^ ((ei ® IndQ”" (e2V))V). 

Denote the space of H'^^^ by V'{ti®T 2 , (s+Cj •s —C))- The integral T(W, s) with 
(pi^^s £ D'(ti (8 * T 2 , (s -h (,s — ()}, is defined by ()5.20p (for brevity, we write (pi^^g instead 
of (/9s+^^s_^). The following claim proves that there is a domain in ^ and s depending 
only on the representations, for which 'I'(W, s) is absolutely convergent. This will 
imply that the integrals have a meromorphic continuation to functions in C{q~^,q~^). 

Claim 5.20. There exist constants ( 81 ,( 72 , 6*3 > 0 which depend only on the represen¬ 
tations TT, Ti and T 2 , such that for all C and s in a domain D of the form 

(7i < (725R(C) + (83 < 3f?(s), 

T(W, s) is absolutely convergent for all W G >V( 7 r, and (p(^^s £ V(ti( 8 it 2 , (s-|- 

C,s - C))- 


Proof of Claim [A 20[ We settle for a proof when I < n. We follow the line of reasoning 
of Soudry ISouOO] (Lemma 3.1). Using the Iwasawa decomposition of Gi we are reduced 
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to considering 

/ / |Ty|(ax)5g^ (a) / / \(p(^^s\{^^nun 2 zwi^nrax,l,l,l)dzdrdxda. 

J Al_\ J G\ ’'^1,71 '7 ^n2,n-i 

We may assume that s and C are real. Put diag{a, In-i+i) = diag{a,a) where d € 
and d G . Shifting a to the left in we obtain 

[ [ |iy|(ax)(5^^ (a)| detd|*“5"^i“"^+'^+^“5| detd|^“^’^2+^“‘’“5 

JAi_r Jgi 

/ / \p(^^s\{^ni,n2zwi^nrx,d,l,d)dzdrdxda. 

^l,n •' Zn2,ni 

Further assume I > n 2 - Assume that is invariant on the right for AfH„,ko, ko >> 0. 
Since when Gi is quasi-split or [x] is bounded, the dx-integration may be ignored, we 
first treat the case [x] > where k is chosen according to Lemma [2.11 applied with ko- 
Arguing as in the proof of Proposition 15.81 we get a sum of two integrals of the form 


(5.22) f f cdA(x)|iy|(ax)d 5 ^ (a)(| det d|[x]-i)'-5"i-"2+"+«-i 
Jai_i Jgi 

I det dx^, 1, d)d 2 ;drdxda, 

^n 2 ,ni 

where A = G^’^, G^'^ and h = hi, /12 (resp.), see Proposition 15.91 and Lemma Y2A[ and 
x^ = diag{Ii_n 2 -i, G 

Therefore it is enough to consider the convergence of 

—1\;—ini—n2+s+C— 


[ f cdA(x)|W|(ax)d^Ma)(| detd|[x] 2 
dA,_i Jgi 


|detd|^ 2”2+« 2 / \ip(^ s\{^nin2^winr,dx^,l,d)dzdrdxda 

jRl ,n '' ^n2 

for an arbitrary <P(^s- Replace with w~^-p(^^g for w = uJni,n2'>^i,n- Since ^Ri^n < Un 

and ^'‘ 2 ."!Z,i2,ni = ■^ni,n2) it is enough to bound 

(5.23) [ f cdA(x)|W|(ax)d;^^ (a)(| detd|[x]"^)'"^”i“”2+^+C-i 

JAi_i Jgi 

I det d|*“2"-2+®“C“2 / / \p^^g\{zu,dx^,l,d)dzdudxda. 

J Un Zni ,n 2 

Decompose 2; = v^tzk^ G ZnAnKGL„, u = Vutuku G UH^AnKn^ according to the 
Iwasawa decomposition. Write = diag{tz,tz), tu = diag{tuAu) for tz,tu G and 
iz,iu G A„2- Note that | dett^l = 1 whence | dettzl = | dettzl”^. Also z normalizes Uh^ 
and tu normalizes .^ni,n2 changing dz t-A | dett,i|“”'^| dettul^^d^;, so the dzdu-integral 
equals 

[ _I det tu\ 1 det tu\^ I det Q^-C 

Un Zn^,n2 

I det |</?c,s| (fczfcn, dx'^tutz, 1 , dtuiz)dzdu. 
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For any A G Mmxm' denote by Aj^^ the j-th row of A and let ||A|| be the sup-norm 
of A. For 1 < j < 2n + 1 put j = 2n + 2 — j. By the results of Soudry [Sou93j 
(Section 11.15), if = diag{{tz)i, ..., {tz)n) and tu = diag{{tu)i, • • •, (t«)n), 


max || 2 :j,_ 5 .|| < \{tz)k ■ ■■■■ {tz)n\ < TT \\zj,^\\ 

k<j<n 

j=k 

k 

i=i 


This implies 


det4| ^ < ( max ||zj^_).||) 

ni<j<n ’ 

dett^l < 

dett^l < ( max 11^7 ,1|)“S 
dett„|“^ < ||n||"'| dett„|. 


(Vrii < k < n), 
(VI < k <n). 


The last inequality follows using |dettu|“^ = | dettu|“^| dett^l- Furthermore, by 
|Sou93] {loc. cit.) there exists a constant c > 0 such that ||^||“‘^ < a{tz) < 
for all a € ^cLn, and also ||u||“'^ < a{tu) < ||'w||'^ where a G is of the form 

a = Cj — ej+i with 1 < i < n (i.e., a{tu) = {tu)i{tu)i^i)- The constant c depends only 
on n. 

Now \g^(;^s\ikzku, dx^tytz-, 1, diuiz) can be bounded first by replacing with a finite 
sum of functions from V'{ti ® T 2 , (s -|- Cj •s — C)); each supported on a double coset 
QmkN [k G Kh„, N < Kh^)-, then using the asymptotic expansion of Section [23] to 
bound Whittaker functions from >V(ri,'0) and >V(r 2 ,'!/’)■ See |Sou93j (Section 4.4) and 
|■TPSS79j (Section 2.3). 

Assume C > and s > ^. Collecting the arguments above, the dzdu-integral is 
bounded by a finite sum of integrals 

n||-|^i-*+3( max 
i<i<m 

( max \\zj^^\\)-^^-‘^^{\\u\\-\\z\\y^dzdu. 

ni<j<n ’ 

Here g and g,' are positive characters and M > 0 is a constant depending only on ti 
and T 2 - Note that max„^<j<„ = ||^1|. Then for the dz-integration in (|5.24l) to 

converge we need —\n — 2C,+ cM « 0, i.e. ( > Ci for a constant Ci > 0 depending 
only on the representations. Also maxi<j<„^ ll^j^ll ^ 1 and —2( + ^ (because 

—C -|- < 0) so this factor only decreases the integrand and can be ignored. Then to 

bound (I5.24P we need to bound 

Ju^ 

For s >> nC + cM this integral is absolutely convergent. Thus s belongs to a domain of 
the form s > C 2 C + C 3 with constants C 2 = n and C 3 > 0. Returning to integral (|5.23p 


(5.24) g{dx' 


L [_ 

JUn JZ 
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we have to bound 



c/iA(x)|VK|(ax)J5j^(a)(|deta|[x]-iy-^’^i-’^2+^+C-i 


detd|^ 2 "' 2 +s C 2 ^(^ax^)^'{d)dxda. 


This is possible once we take C 3 which is large enough, depending on vr, ri and T 2 . To 
prove this one can use the asymptotic expansion of IT (see Section 12.5p , argue as in 
[JPSS83] (Section 2.7) and eventually bound Tate-type integrals. It is also possible to 
use a bound of IT by a gauge (see |Sou93| Section 4). 

As mentioned earlier, if Gi is quasi-split or [x] is bounded, one drops the dx- 
integration and proceeds similarly. 

Note that for the case I < n 2 integral (15.221) is replaced with 


n_lW_ „2+S-C-o 


'Al. 


[ c/iA(rE)|lT|(ax)(5^i (a)(| detd|[x] ^ 

1 JGi * 

/ \(f(;^s\{uJnun 2 ZWi^rirh, 1, l,d • diag{Ii_i, [x\, In 2 -i))dzdrdxda. 

j Zn n TJ 1 


Rl,n Zn 2 ,n^ 


The proof is similar to the above. 


□ 


Repeating the argument in the proof of Claim I5.17I for ip(^^s € ^(ti ® T2, hoi, {s + 
C,s — C)), 'I'(lT, s) = 'I'(IT, s) as integrals defined in D. 

Similarly to Proposition I5.111 we show that the integral 'I'(lT, s) can be made 
constant. In fact, the following result is slightly stronger than that proposition. 


Proposition 5.21. There exist W and ^ ^{Ti®T 2 ,hol,{s + C,,s — C)) 

sueh that 4'(IT, s) is absolutely convergent and equals 1, for all ( and s. Moreover, 
there is a constant C (independent of ( and s) such that for all C, and s, 


'UnAIin 


[ [ \W\{rw’-''^h)\(pt^^s\{uJni,n2zh,l,l,l)dzdrdh < C 

JZ„ 2 ,ni 


{JUGt\Gi JRi 

n ^rL2 


W\{g)\ipc,^s\{^ni,n2zwi^nrg,l,'^,l)dzdrdg < C 


I > n, 
I < n. 


Proof of Proposition \5.21\ . We use the same arguments of Proposition 15. Ill except that 
we choose the element IT' E yV{T,'ijj) more carefully. 

Assume I > n. Fix ( and s. We realize (ri| det ^ (8* T 2 I det |“^) in the space 

® ^ 2 , (C + i -C + I))- Select 9^ E ^ (n ® rs, (C + i -C + ^)) such that 
supp{e(f) = Pni,n 2 ^ni,n 2 J^GLr„kG k' » 0, 0^(1,1,1) = 1 and for a = diag{ai,a 2 ) E 
-^ni ,712? ^ ^ni,n2 and u E MGLn,k>i 

9 (;{aziOni,n2U, Ij 1) = (a)| det ail^l det a2\~'^9(^{l, oi, 02 ). 

Let Wo,Wi,W = {wk'^)~^ ■ ITi be as in that proposition. I.e., ITi is selected using 
Lemma [ 53 ] with ITo, j = 0 and ki » k'. Let 

fls e (nl det \‘^ ® T 2 \ det T^, s) 
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be with supp{f'^ = Qn-f^Hn,k, k » ki, such that 



where a G GLn = and u G Define a function in the space of 


® IndQll 


by ^c,s{h,bi, h 2 ,b 2 ) = f'^ g{h 2 h, In,bi,b 2 ) (see the proof of Claim ISTTGll . If we let ( 
and s vary, we see that the restriction of the mapping h i-;- f'^ ^{h,1,1,1) to Kh„ is 
independent of C and s. Therefore 

^(,S e (8) T 2 , std, (s + C, S - C))- 
For Q and s such that T(W, Pq^s-, s) is absolutely convergent, 





Here c > 0 is a volume constant independent of C and s. Now 0 (^{ujni,n2^-: 1) vanishes 

unless z G Pni,n2-^GLn,k' and since ‘^’^ 2 ,’^iz G the dz-integration can be 

disregarded and we get c'lTo(l)d((l, 1 , 1 ) for some volume constant c' > 0 (independent 
of Cl'S). After suitably normalizing VTo) 'I'(VF, s) = 1. 

The same arguments show that there is a constant C such that for any s G C, 



c|VFo|(l) [ 

J z, 


\ec\{uJnun2Z, 1, l)d^ = c'|lTo|(l)|dcl(l, 1, 1) < C. 


In the case I < n replace 9q with ■ Oc^, e.g. supp{t-y ■ = Pn^ ,n2^ni,n2-^GLn,k' (^7 

is defined in Lemma l5.2p . Take ITo,ITi as above and IF = IFi. The same arguments 
of Lemma 15.21 prove that there is a function ^ (in the previous space) such that for 
any b G GLn and u G F = (F_i x Gi) < G;, 


(5.25) 




otherwise. 


Here ^,( 7 ) = | 7 |'( 5 ^+"-^), ko > 0 is some constant and Ok is a measurable subset. Let 
be defined as above and normalized by ^^( 7 )“^ G C[( 7 “^, g®]*. Then 


ip(,s G ?(ti (8) T 2 , hoi, (s + C, s - C))- 
Now for some volume constants c", c'" > 0, 
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The same arguments show that for any ( and s, 


(5.26) f f f 

UGi\Gi J Rin Z7i2,ni 

This completes the proof. 


\W\{g)\(p(^s\{uni,n 2 ZWi^nrg, 1,1, l)dzdrdg 


□ 


The integral 'I'(1T, s), where ipc^^s £ ® T2,rat,{s + CjS — C)), extends to 

a function in C{q~‘^,q~^). Similarly to the description in Section [5l6] this is deduced 
either from the Iwasawa decomposition or from Bernstein’s continuation principle. To 
use the Iwasawa decomposition one can apply Proposition 15.91 to in D, 

since there 'h(iy, s) = 'i’{W, ^, s). Then as we prove in Claim [522] below, 

W' G yV(r, Ip) is replaced by G yV{Ind^^"^ (ri| det (g) r 2 | det |“^), f/l) (see also the 
proof of Claim [71]). To apply Bernstein’s principle use Proposition 15.211 instead of 
Proposition 15.111 

We also conclude that {W, ^, s), defined in D, extends to C{q~‘^,q~^) and the 

equality ^'(ly, s) = T(iy, holds in C{q~‘^,q~^). 

5.7.3. in a fixed compact 


For any compact subset C C C there is a constant sc > 0 depending only on C, vr, ti 
and T 2 , such that for slX C, G C and 5R(s) > sc, fs, s) is absolutely convergent for 

all W and fs G VQjp{W{e,'ip),s). E.g., for I < n, 


[ \W\{g) [ 

JUnAG, Jr, 


ItPKs) / \fs\{wi^nrg,l)drdg < oo. 

'Uai\Gi JRi,^ 

Moreover, this convergence is uniform in C,. To see this one follows the proofs of conver¬ 
gence for these integrals and notices that convergence is governed by the exponents of 
the representations. The twist by Q has the effect of twisting the exponents by | det 
See Remark 15.51 and |JPSS83[ ISou93l ISouOO] . 

In Sections 17.1.31 and 110.2.31 we use an analogue of Proposition 15.91 when fs G 
f,{yV{£,'ip), hoi, s) and f is allowed to vary in some fixed compact set. The proposi¬ 
tion provides an Iwasawa decomposition separately for each f, but we will need to 
describe this decomposition when (p varies. 

Claim 5.22. Let W G W(7r, ipf^), ip(^s £ ^(^i ® T 2 , std, {s + (,s — C)) and set f(^^s = 
f,p^ ^ G ^(>V(e, fj), std, s). Let C C C be a compact subset and sc be a constant as above. 
Then there is a decomposition '^{W, f^^g, s) = fan all C, G C and 3ft(s) > sc, 

and the form of is (15.8D when I < n or (15.91) for I > n. The function W G W(t, ip) 
appearing in is replaced by 11(1 G yV{£,ip) with the following properties: 

(1) There is a compact open subgroup N < GLn such that is right-invariant by 
N for all (. 

(2) For any b G GLn, W^{b) G C[g“^,g‘’]. 
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The function W'q is the only term in Is^\ which depends on 

Proof of Claim \5.2^ We review the steps in the proof of Proposition 15.91 and describe 
the dependency on Consider the case I < n. The subgroup of Kh„ under which f(^^s 
is right-invariant, is independent of (. Also for any k G Kh^, k ■ f^^g = fk-^c^ ^ and since 
k ■ G ^(ti (8 ) T 2 , std, (s -|- C, s — C))) k ■ is an image of a standard section. Hence 
for all C £ Cl and > sc, /c,s) •s) can be written as a sum of integrals of the 

form (|5.1UI) . i.e., 



w%t)n{t-flg)5-^l^{t)dt. 


Here G >V(7r, and = f^p/^ ^ with G ^(n (g) r2, std, {s + C,,s — C))- The 
only dependence of this writing on (f and s is in the section f'^^, that is, there are m 
integrals of this form such that their sum is equal to '^{W, f,^^s, s), for all C £ C* and 
5R(s) > sc- 

Since is a standard section, we can write 


fis = Y.^h 


yiU,W^\s 


2=1 


where yi G U < Kh„ is a compact open subgroup, G >V(e,V’) is right- 

invariant by UnQn for all C and W^^\b) G C[( 7 ~‘’, q'^] {b G GLn). The data (u, yi, U) 

ii) 

do not depend on Q and s and the functions do not depend on s. 

Assume that Gi is quasi-split. Then we can replace the dt-integration with an inte¬ 
gration over A;_i. In this process we replace ^ with sections x ■ fl- ^ where x G Gi. 
In general if G W{e,'ijj) satisfies the properties stated in the claim, so does b ■ IT^ 
for any b G GLn- According to the proof of Claim [221 for any h G Hn, 


(5.27) 






2 = 1 


where G C[(; ^,q^] is independent of C and this writing has properties similar to the 
above (e.g., (H(f)C) g W{e,'ijj) is right-invariant by U' n Qn for all C)- Therefore 
we need to consider integrals of the form 

/ IT*(a)H(a • chyi^ji 

The next step is to apply Proposition 15.81 to kl{a ■ chyijj, g). The element a will 

be shifted to the second argument of chy/jj, g, hence can be ignored for now and 

we consider ^{chkN,w^,s) (i-c., k = y[, N = U', Wq = 

In order to evaluate Q,{chkN,w^,s), in the proof of Proposition l5.8l we replaced chkN,W(,s 
by {chkN,WQ,s)^''^'^ for a certain compact open subgroup O. The subgroup O depended 
on supp{chkN,W(,s) (and on ijj-y). We can take O so that it would be independent of 
(. This is because for a fixed ("j either ^ 0 whence stipp(c/ifcjv,VK^,s) = QnkN, 
or VP^ = 0 and then any O is suitable since supp{chkN,W(,s) = 0. Then for all (, 
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{chkN,Wt^,s)^’^'^ £ Fwo (in th® notation of Section [531) • Next write 

m 

{chkN,Wosf’^'’ =J2PiC\,N',W^^\s 

i=l ^ 

with Pi E C[q~^,q^], ki E Kh„, N' < Kh^ is a compact open subgroup, E W{£, ip) 

is right-invariant by N'CiQn for all ( and W^^\b) E The data (m, ki, N') 

(i) 

is independent of C and s, Pi is independent of ( and the functions are independent 
of s. Note that here (as opposed to the above), the double cosets QnkiN ',..., QnkmN' 
need not be disjoint. 

(i) 

Since we can assume that for each i there is some (p such that ^ 0, we get that 
for each i there is 6* E GLn such that W^^\bi) E C[g“‘’, q^] is not the zero polynomial. 
Hence except for a finite set B of values of g W^- ^ ^ 0 for all C and 1 < i < m. Fix 
(p such that q~^ ^ B. We can rewrite 

{chkN,Wc,s)'^’'^~' = '^PiChk[N',iWl.p'l,s 

i=l 


so that if = ... = k[^, ,..., are linearly independent (see after 

the proof of Claim 12.2p . For each ki, 1 < i < m, there is k'i with ki = k[ (also 
each k[ is equal to some ki). Then since {chkN,W(;,s)^’^'^ € Fwq, for each i we get 
^ ^wo (see the proofs of Corollary 15.61 and Proposition 15.Sp . Because 

(VF^)(*) ^ 0, Qnk'iN C QnWoQn-i for all 1 < i < m'. Thus QnhN C QnWoQn-i for all 
1 < i < m whence ch, ... ...u) E FTn for all C £ C. 

“ ~ kiN',W^ ',s 'J ’ 

Now we can proceed as in Proposition 15.81 Let Bi C Qn-i be such that for all s, and 
all C with q~‘> ^ B, the support of X{wf^)ch^ ^ equals Qn^’"Bi. Then for all ( 

and s, supp{\{w'[)^)ch^ C Qn'‘'^Bi. By virtue of Claim ISTTl we conclude that 

there exist rij E Ri^n, nr* > 1 and Cjj E C such that for all C and s. 


Q.{ch 


(i) J = 


kiN',W)\s 


rrii 

E 

j=i 


^k3^^kiN',w)'\ 


Xwi,nri,j, 1 ). 


Next note that 

^^(i)^^{wi^nnj, diag{a, In-i+i)) = Pi,j ■ {hj • W^"^){diag{a, In-i+i)), 

for some polynomials Pij E and bij E GLn. The function = bij ■ 

belongs to W(e, tp) and satisfies the properties stated in the claim (because does). 
Therefore we get for all C and s. 


mi 


H(a • chkN,W(,s) — I det a 


l-,^n+s-^ 


E^Ea 

i=i 




(hi) 


{diag{a,In-i+i)). 


2 = 1 
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The only dependence on s in this expression is in the factors q~^ appearing in Pi,Pij 
and in the exponent of | det a|. The only dependence on is in the Whittaker functions. 

From here we continue as in Proposition 15.91 Regarding the split case, when the 
integration on Gi is over a non-compact subset and we evaluate Q{ax ■ chkN,Wc,s) with 
X E Gi, we need to multiply chkN,w^,s by an element h obtained via Lemma [2^ Then 
h ■ chkN,w^,s can be written as a finite sum as in (|5.27l) . 

In case I > n note that the argument regarding the dr-integration depends only on 
W E (and in particular, not on Q. 

For the justifications of the formal steps we can proceed as in the proof of Proposi¬ 
tion 15.91 or simply take sq large enough (see Remark 15.31) . □ 


5.8. Realization of tt induced from a (S) n' 

When TT is an induced representation, as in Section 15.71 we use an explicit integral for 
the Whittaker functional on vr. Assume tt = Ind^{a ( 8 ) tt'), 0 < k < I, a is realized in 

VV’(iT, and tt' is realized in ^(vr',^”^). Then a Whittaker functional is defined by 

(5.28) T{ip)=f ip{v,Ik,l2{i-k))'^'yiv)dv. 

JVk 

Here (p belongs to the space of tt, = V ’ 7lvfe where V’7 is the character of Ugi (e.g. 
a k < I — 1, = '0(ufc^fc+i)). This integral has a sense as a principal value. The 

corresponding Whittaker function W^p E yV{TT,'ijT~^) is Wp{g) = T{g ■ cp). 

Remark 5.8. Alternatively we can take tt induced from P^ but then T{ip) needs to be 
adapted accordingly, for instance we need to translate pr on the left by a Weyl element 
and consider separately the cases of odd and even k. 

li k = I (which is only possible when Gi is split), we need to consider tt induced 
from either Pi or ^(P/), where k = diag{Ii-i, J 2 , Ii-i) (see Section [TT]1 . Let u be a 
representation of GLi realized in VV(<t, V’”^)- In the former case assume tt = Ind^{a), 

(5.29) T((/?) = / (p{v,d^)'ijj^{v)dv, d-y = diag{Ii-i,A) G GLi, 

Jvi 

where = V’(—7nz-i,z+i). In the latter case tt = Ind^k^,^{a), define 

(5.30) T((/?) = / (p{v,d.y)'ipy{v)dv, dy = diag{Ii-i, —j~^) G GLi. 

J-Vi 

Here Tpy{v) = (note that '^Vi = '^Vj). 

Similarly to Section [5.71 introduce an auxiliary parameter E C in order to ensure 
the absolute convergence of the integral defining T((/?). Again C, can be treated as fixed, 
variable or fixed in some compact subset. The situation here is simpler, since we do 
not need to consider sections in two variables simultaneously. We briefly describe the 
results that will be used. 
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Let P < Gibe either or ^{Pi) according to vr (0 < A; < 1). Consider the representa¬ 
tion Ind!^^{{a ( 8 ) on the space Vp'- , —C+ 5 ), where a~P'^ is the charac¬ 
ter of the Levi part of P defined by ( 6 , g') ( 5 ) for ( 6 , g') G GLk x Gi-k (the Levi 

part of P is isomorphic to GLj. x Gi^k)- The space of standard sections of this represen¬ 
tation is ^(cKSi'Tr', std, —( + 5 ) = ^p‘ {cr^P, std, —( -|- ^). Let cp,^ € ^(cr(g>P, std, —C + ^)- 
The integral fs, s) is just fs, s) with replaced by one of the explicit 

formulas described above. For instance \i k < I < n, 

(5.31) T(y5^,/s,s) = / (/ p>(;^{vg,l,l)'ip^{v)dv) f fs{wpnrgP)'4^^{r)drdg. 

Juai\Gi JVk JRi,„ 

This is a triple integral. We say that it is absolutely convergent if it converges when 
we replace g:>(,fs with |/s| and drop the characters. There is a domain D of the 
form 


3 ?(C) > Co, 5 ft(C) + C2 < 5 ft(s) < (1 + Ci) 5 R(C) + C3, 


such that fs,s) is absolutely convergent. Here Co,...,C 3 are constants and 

Cl > 0. The constants depend only on u, P and r (see |Sou93] Proposition 11.15). 

When we write fs, s) we refer to (I5.3ip as a drdg-integial, i.e., the dv- 

integration is interpreted as principal value. Then for any compact subset C C C 
there is a constant sc depending only on C, a, P and r such that for all C £ C and 
3?(s) > Sc, fs, s) is absolutely convergent. E.g., 



rg,l)drdg < 00. 


Similarly to Claim [5T71 if for a fixed Cj '^{Pc,fs,s) is absolutely convergent at s, 
fs, s) = fs, s) at s. However, the domain of absolute convergence of 

fs,s) does not contain a right half-plane in the parameter s. Therefore an ana¬ 
logue of Corollary 15.181 does not immediately follow. The next claim establishes a 
similar assertion. 


Claim 5.23. Fix C such that 5R(C) > Cq and put 

D' = {sgC: 5R(C) + C 2 < 5R(s) < (1 + Ci)5R(C) + C 3 }. 

There is a finite set B of values of q~^ such that the following holds. For any G 
Vp'- {a (81 P, —C + ^) o.nd fs G ^(r, hoi, s) there is Qi G C(g“®) such that fs, s) = 

Qi{q~‘^) for each s G D' such that q~^ ^ B. Furthermore, let Q 2 G C(g“*) be such that 
^{Wp^,fs,s) = Q 2 (g“®) for 5R(s) >> 0. Then Qi = Q 2 . 

Remark 5.9. The equality T((/?^,/s,s) = fs, s) between integrals holds in D' 

while the “default” domain of definition of fs, s) is a right half-plane. 

Proof of Claim, (5. 2d\. The integral fs, s) is absolutely convergent in both D' 

and some right half-plane depending only on a,P,T and p Let D” be the union of 
these domains. Then by Claim [5T3] (see also Remark l5.7p . T(LF^^, fs, s) = Qi{q~^) for 
some Qi G C{q~^) for each s G D" such that q~^ does not belong to some finite set B. 
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In particular for s £ D' with q ^ ^ B, 

^{q^cJs,s) = ^{W^^,fs,s) = Qi{q-n- 

Hence fs, s) extends to an element of C{q~^). Now taking 3ft(s) >> 0 we get 

Ql{q-^) = ^{W^^,f,,s)=Q2{q-n- □ 

For any W G W( 7 r, V ’7 we can select G ^{cr07r', std, —C+^) such that VF<^q = W. 
This is because we can take (p in the space of tt satisfying VF = W^p and extend it to 
ipc, £ ® std, -( + i). 

In addition, the integral 'I'((/?f, /«, s) for ip(^ G ^{a'Snr', rat, —C+ 5 ) and fs G ^{r, rat, s) 
extends to a rational function in C{q~‘^, q~''^). 
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Chapter 6 
LOCAL FACTORS 


We define the local factors: the 7 -factor, the g.c.d. and the e-factor, and discuss the 
definitions. The study of these factors covers most of the remaining chapters. 

6.1. Definitions of local factors 


6.1.1. The 7 -factor 


Let vr be a representation of Gi and let r be a representation of GLn- The observation 
underlying the definition is that T(LF, fs-, s) and T(1T, M*{t, s)fs, 1 — s) satisfy certain 
equivariance properties, which place them in a single one-dimensional space of bilinear 
forms. 

As explained in Section [R6l for 5R(s) >> 0 the integral ^{W, fs, s) can be regarded 
as a bilinear form on W{7r,ip~^) x V{t,s) satisfying (|5.18p . We show how to extend 
this form to the whole plane except a finite set of values of q~^. 

Let W G >V( 7 r,' 07 ^), sq G C and G l/(r, sq) be given. Take any fs G f,{T,hol,s) 
satisfying fg^ = According to Proposition 15.141 there is Q G C(y“®) such that 
^{W,fs,s) = Q{q~^) for 5R(s) >> 0. Assuming that q~^° is not a pole of Q{q~^), we 
define 'F(LF, y^o, so) = Recall that the set of poles, in q~^, of Q belong to a 

finite set depending only on the representations. 

To show that this is well-defined, assume Qs G f^{T,hol,s) also satisfies Qsq = yso- 
Then 'I'(LF, y*, s) = R{q~^) for R G C(y“®) and we claim Q{q~^°) = R{q~^°). Indeed, 
let hs = fs — Qs- Then hg^ = 0. Write hg as in (12.4p . i.e. hg = with 

0 / Pj G C[y“'^,g'^], = chkiN,vi,s C C{T,std,s) and such that if = ... = ki^, 

Vij^,... ,Vi^ are linearly independent. As in the proof of Corollary 15.61 we see that 
q~^° is a common zero of all polynomials Pi,... ,Pm- In detail, let {ii,... ,ic} be a 
maximal set of indices such that ki^ = ... = ki^ = ki and put Pij{q~^°, q^°) = ctj- Then 
0 = hs^{ki) = aiuq -|- ... -L oicVi^. Since uq,... ,117 are linearly independent, aj = 0 
for each j. It follows that P* = (1 — q~^~^^°)Ai with Ai G for each i, whence 

hg = {1 — with h'g G ^(r, hoi, s). Now 

Q{q-n - R{q-n = ^(IR, hg, s) = il- g-*+*°)4/(W, K, s) 

and since the poles of ^{W, h'g, s) (in q~^) belong to a finite set depending only on the 
representations, we can assume that is not a pole of '^{W, /i', s). Thus Q{q~^°) = 
P(g-*°). 

In this manner we may regard ^{W, fg, s) as a bilinear form on > 7 ( 71 , x V (r, s), 
for all s G C outside finitely many values of q~^, and it still satisfies ()5.18p . The same 
applies to T(LF, M*{t, s)fg, 1 — s), defined first for 5R(s) << 0. 

no 








Thus for all but a finite number of values of g 




s),^{WJs,s) G 


BUgi ) 

((W(tt, • 0 “^))^i-n 1 ,(r, s)) 


I < n, 
I > n. 


By Theorem II.21 these spaces, outside of a finite set of q~^, are at most one-dimensional 
(in fact one dimensional, because the meromorphic continuation of ^{W, fs, s) is non¬ 
trivial, by Proposition 15.111) . 

Therefore 'i/{W,fs,s) and 'I'(1T, M*(r, s)/^, 1 — s), as functions in C(g“®), are pro¬ 
portional and can be related by a functional equation. Namely, there exists a propor¬ 
tionality factor 7(7r x r, V', s) such that for all W G >V(7r,^/;“^) and fs G ^{T,hol,s) = 
f^ol,s), 

(6.1) 7 (7r X T,ip,s)^{W,fs,s) = c{l,T,'y,s)^{W,M*{T,s)fs,l- s). 


Here c{l,T,'y,s) = a;T-( 7 )~^| 7 |~^"'^^~ 2 ) if n < / and c{1,t,'j,s) = 1 otherwise. 

Note that the 7 -factor 7 ( 7 r x is well-defined by Proposition 15.111 We imme¬ 

diately have 7 ( 7 r x T,ijj,s) G C(g“®). Also define 7 ( 7 r x r, ■!/;, s) = 1 if tt is the (trivial) 
representation of Go = {1}. Additionally, once (| 6 .ip was established, it also holds for 
any fs G C(r,rat,s). 

For an irreducible representation r, the 7 -factor does not vanish identically. This 
follows from (12. 7p and Proposition 15.Ill Specifically, take W and G 1 —s) 

such that '^{W, f{_s, 1 — s) = 1 and apply (|6.1I) to W and fs = 1 — s)f{_s G 

C(r, rat,s). 

The factor c{l, r, 7 , s) is included in order to get a compact form for the multiplicativ- 
ity properties of 7 ( 7 r x r, V', s) (see Section [7T2]) • Similarly to the e-factor of [.TPSS83j . 
c{l, r, 7 , s) is related to the character V ’7 in the integrals. 

The central characters in Theorem 01 are introduced by the applications of the 
GLk X GL„-functional equations and ()2.6p . In order to get “clean” multiplicativity 
formulas, similar to those satisfied by Shahidi’s 7 -factors, we define a normalized 7 - 
factor r( 7 r X T,ip,s). This factor is defined only for irreducible representations. 

Let vr and r be irreducible representations of G/ and GL„ (resp.). We define 

r(7r X r,V',s) = (a;^(-l)|p|^“^(-l,/ 9 ) 7 ^(/ 3 ))”a;^(-l)'a;^( 27 ) 7 ( 7 r x r,'!/’,s). 

Here is the central character of vr (the center of G; is finite), (,) is the (quadratic) 
Hilbert symbol of the field F and 7 ,/, is the normalized Weil factor associated to fj, 
77 ( 0 ^ = 1 ( |Wei64| Section 14, 7 ^( 0 ) is ^F{a,'il:) in the notation of |Rao93] ). If / = 0, 
define r(7r x r, V’, s) = 1. 

Note that in the split case we assumed |/3| = 1 (see Section [2T]) , hence \p\ = \fP‘\ = 1. 
Also (—l,x^) = 1 and 7 ^(x^) = 1 for any x G F*. Hence if Gi is split, 

r(7r X r, fj, s) = w^(-l)”u;T-(-l)'u;T-(27)7(7r x r, if, s). 


In order to apply the global arguments and deduce the equality between r( 7 r x r, if, s) 
and the 7 -factor of Shahidi in the quasi-split case (see Section [LH), we must consider 
the following two issues. First, it is necessary to prove Theorem 11.51 also when the split 
Gi is defined with respect to J = diag{Ii-i, (q) , Ii-i) ■ J 21 , when p ^ F"^ and \p\ Q 
(in fact, \p\ > 1 is enough). This is because, as already observed in Section [3Tl this 
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group appears as a local component of the global quasi-split group G;(A). Therefore, 
only in Section 16.1.11 the split Gi can be defined with respect to either J 21 or J. 

Second, it is necessary to show that when I = n = 1 and Gi is quasi-split, r( 7 r x 
Tj'tpjs) is equal to x T,'ijj,s) - the Artin 7 -factor under the local Langlands 

correspondence. As proved in |Kapl3c| (Section 6.1), in this case 

7(7r X T,'ip,s) = w^(p)“^w^(-l)7^(/9)“^(-l,/9)|/9|5"*a;^(-l)7^'’**”(7r x T,'tp,s). 

This explains the appearance of the Hilbert symbol and Weil factor in the definition of 
r( 7 r X T,'ip,s). Indeed, it immediately follows that r( 7 r x T,'ip,s) = x T,'tp,s). 

In the split case such a computation is not required. 

Theorems 01 and 11.41 proved in Chapter [71 readily imply Theorem 11.51 

Proof of Theorem \1.5[ Applying Theorem ll.3l inductivelv shows o'Ittxt. ib. s) = 0^=1 7('^^ 
Ti,ip,s). The multiplicativity in r follows since 

a 

r(7r X r,V',s) = fj(u;^(-l)|/ 9 |®" 5 (_i,p)^^(p))«*a;^.(_l)'t^^.( 27 ) 7 ( 7 r x 

i=l 

a 

= JJr(7r X Ti,f:,s). 
i=l 

Consider the multiplicativity in vr. If /c = I, r( 7 r' x = 1, otherwise 

r(7r' X r,V’,s) = (w^'(-l)l/ 5 |^“^(-l,/ 5 ) 77 (p))''wr(-l)'“''wr( 27 ) 7 ( 7 r' x r,V’,s). 
According to Theorem [Til 

(6.2) 7(7r X T,i;,s) =u;.(-l)-a;.(-l)^[|p|-(«-5)u;.(27)-i] 

m 

X 7(7r' X r, V’, s) 7 ( 0 -* x r, if, s)j{a* x r, if, s). 
i=l 

Here a denotes a representation of GL^ parabolically induced from ui®.. .0am and the 
factors in square brackets appear only if k = I (only possible in the split case). The fac¬ 
tor \p\"' was omitted in the statement of Theorem 11.41 because we assumed |/3| = 1 (see 
Chapter [7] after (I7.60p . the constant Cr,^ actually equals c{l,T,'y, s)ujr{2'y)\l3\‘^^^^ 2 )). 
The computations in Chapter [7[ are performed for Gi defined with respect to J 2 i,p, 
which is equal to J 21 when p ^ They remain valid for Gi defined with re¬ 

spect to J and p G F'^ {J was given before the proof of the theorem), without any 
changes except for one case - the proof of (16.21) for k = I > n ('Section I7.2.4p . where 
only minor modifications to the coordinates are needed. Applying (j6.2l) and because 
a;^(-l) = a;^(-l)a;^/(-l), 

r(vr X r,^,s) =(u;^.(-l)|pr-§(-l,/5)74p))"c^r(-l)^-V(27)[|H“"^^“^^^r(27)-'] 

m 

X 7(7r' X r, if, s) 7 ( 0 -* x r, if, s)'y{a* x r, if, s) 

i=l 

m 

=r(7r' X T, if, s) 7 ( 0 -* X r, if, s)j(a* x r, if, s). 
i=l 
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Here we used the fact that if A: = ^, evidently p ^ whence (—l,p) = 'ypip) = 1. □ 


We also have the following claim, proving that r(7rxr, ip, s) is identical with Shahidi’s 
7 -factor in the unramified case. 


Claim 6.1. Let tt and r be irreducible unramified representations. Assume that all 
data are unramified (see Section V3.2.1\) . Then 

Li-n X r*, 1 — s) 

r(7r X r, s) = 7(7r x r, s) = ——-r—. 

X T, S) 

Proof of Claim [F!7l When tt and r are irreducible and unramified, r(7r x T,'ip,s) = 
7 (7r X r, ijj, s). Let W G >V(7r, fs G .^(r, std, s) and f[_g G ^(t*, std, 1 — s) be the 

normalized unramified elements. That is, W is right-invariant by Kqi, W{1) = 1, fs 
and f[_g are right-invariant by Kh„, /s( 1, 1) = 1) = 1- Then 


M*{T,s)fs = 


L{t*, Symf, 2 — 2s) 
L(t, Sym‘^, 2 s — 1) 


M{T,s)fs 


L{t*, Sym?, 2 — 2s) L(r, Sym?^ 2s — 1) 


f'l-s 


L{t, Sym‘^,2s — 1) L{t, Sym‘^,2s) 

The first equality follows from (12.81) and Shahidi |Sha90] (Theorem 3.5), for the second 
equality see e.g. Gelbart and Piatetski-Shapiro [GPSR87] (Section 13). Now the result 
follows from Theorem 11.11 when we plug W and fs into (16.11) . Note that c{l, r, 7 , s) = 1 
since I 7 I = 1 (7 G O* by our assumption) and cofio* = 1- Also 'jplo* = 1 and 
(, )|o*xC)* = 1- □ 

Remark 6.1. In the split case Claim [6T] follows immediately from Theorem 11.51 (I2.19P 
and the computation of the GL^ x GLn integrals with unramified data in |.TS81j . 


Remark 6.2. One can define r(7r x T,'ip,s) in a different, more cumbersome way. Let 
TT and r be irreducible representations of Gi and GLn (resp.). There is an irreducible 
supercuspidal representation r/i (g) ... (g) r/;, (g) ttq of GLj.^ x ... x GLj^ x Gi-kQ, where 

ko = ji + - ■ ■+jb (0 < fco < 1 ), such that vr is a quotient of a representation parabolically 

GLk 

induced from 771 (g)... (g) r/;, (g) ttq. Put cjo = Indp, ° . (771 (g)... (g) ry,). One can define 
r'( 7 r X r,'0,s) = Wcro(-l)''w.r(-l)*'“[wr( 27 )] 7 (vr x T,fi,s). 


Here ti;r( 27 ) appears only if fco = L In the trivial case of a representation vr of Gq put 
r'(7r X r. Ip, s) = 1. Note that if feo = 0 (i.e. vr = vrg), r'(7r x r, s) = 7(7r x r, 7 /^, s). 

We show that r'( 7 r xr, s) is well-defined. Indeed, the representation r/i®.. .® 776 (g) 7 rQ 
exists and is unique up to conjugation by some Weyl element ([BZ77] Section 2). Let 
01 (g) ... (g) 0 c be an irreducible supercuspidal representation, where each 0 j is a 
representation of GL^^ and 9' is a representation of Gi-j {0 < j < 1). Assume that vr 
is a quotient of a representation parabolically induced from 61 ® ... ® 9c® O'. Denote 
by 77 a representation parabolically induced from 0 i (g)... (g) 0 c such that tt is a quotient 
of a representation parabolically induced from p ® O'. Then j = ko, c = b and up to 
a change of indices, for each i the representation 9i is isomorphic to pi or pi, whence 
a;^(—1) cU(jo(~l)- 

The proof of Theorem 11.51 for r'(7r x r, ip, s) now proceeds as follows. Assume that r 
is an irreducible quotient of a representation, parabolically induced from an irreducible 
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representation ti (S> ■ ■ ■ <Si Ta, as in the statement of the theorem. For brevity, we drop 
"0 and s from the notation of the 7 -factors. Applying Theorem 11.31 inductively shows 
7(7r X r) = n^=i 7('^ ^ '^i) 

a a 

r'(7r X r) = ]Jw(,o(-l)”*w^,(-l)''°[u;.ri(27)]7(7i' x n) = ^ 

i=l i=l 

Now assume that tt is an irreducible quotient of a representation, parabolically in¬ 
duced from an irreducible representation ui ( 8 ) ... ® cTm ® tt', with k < I {n' is an irre¬ 
ducible representation of Gi^k)- We can assume that vr is a quotient of In(fp-^{a ® vr'), 
where a is a representation of GL^ parabolically induced from cti (8 ... ® Um- 

In general denote S[e] = 0 if e is a quotient of a representation parabolically induced 
from an irreducible supercuspidal representation 9. If 5[ej] = 9i for i = 1,2 and e is 
a quotient of a representation parabolically induced from ei ® £ 2 , ^[e] = 9i 0 62 (use 
|BZ77| 1.9 (a), (g) and (c)). 

Assume 

S[cr] = 01 (g)... (g) 6 <c, ^[Tr'] = 9c+i (g)... (g) 9c+d < 8 > 

where each 0j is a representation of GL^m and 9' is a representation of Gi-k-j, 0 < j < 
I — k. Then 

5[7r] = 01 ® ® 9c+d ® O'- 

Since also 5 [ 7 r] = 771 ®.. .®r 7 b® 7 rQ, as above we get k = k^—j (because l — k—j = l — ko), 
c + d = b and up to a change of order, each 0j is isomorphic to r/j or rfj. Hence k < ko 
and if 77 is a representation of GLk^_k parabolically induced from 0 c+i ® ... ® 0 c-i-d, 

(Uctq ( 1 ) — Wct( l)t<.7^( 1 ). 

According to the definition, 

r'( 7 r' X r) = u;^(-l)"u;.(-l)'^°-'=[a;.( 27 )] 7 ( 7 r' x r), 

where u}r{2^) appears only if ko — k = I — k, i.e. if ko = I- Next, since vr is a quotient 
of ® vr'), Theorem 11.41 yields 

7(7r X r) = a;CT(—l)’^ti;r(—l)^7(o' x x x r). 

Thus 

r'( 7 r X r) = a;f^o<g,cr(-l)"'Wr(-l)^“’^^[wr(27)]7(iT x r) 7 ( 7 r' x r) 7 (fT* x r) 

= 7(77 X T)r^(7r^ X r) 7 ((T* x r). 

If A: = /, by looking at S[a] and 5 [ 7 r] we get ko = I and = a;o-(—1), therefore 

7(77 X r) = a;c.(-l)”t^r(-l)^WT(27)“S(o' x x r), 

r'( 7 r X r) = a;o -(—x x r) = 7(77 x T)r'( 7 r^ x T)^{a* x r). 

Since according to |JPSS83] (Theorem 3.1), ^{aXT) = 7 ( 77 * xr) = 

nr=i7« X r), this completes the proof of Theorem 11.51 for r'( 7 r x T,il!,s). 

One minor error in the definition of r'(7r x T,'ijj,s) is that if / = tt = 1 and Gi is 
quasi-split, it is not equal to 7^^*®"-(7r x r, 7 /^, s). Hence in the quasi-split case, the global 
arguments do not give an equality between r'( 7 r x r, V’, s) and the 7 -factor of Shahidi. 
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Also in the split case if one drops the assumption |/3| = 1, the definition of r'(7r x r, V', s) 
is imprecise. The definition of r'(7r x r, "0, s) will not be used here. 


6.1.2. The g.c.d. and e-factor 


In this section we assume that r is irreducible, the g.c.d. is defined only for an irre¬ 
ducible T (see Remark 16.31 below). 

As explained in Section ITHl Jacquet, Piatetski-Shapiro and Shalika [■TPSS83] defined 
the L-factor as a g.c.d. of the integrals. We adapt their approach to our setting, using 
the idea of Piatetski-Shapiro and Rallis [PSR861 IPSR87] (see also [Ike92[ IHKS96j ). 
Namely, we define a g.c.d. for integrals with good sections. Let 

^Qn ^ood, s)=iQl (r, hol,s)yjM*{T*,l- (r*, ho/, 1 - s) 

be the set of good sections, i.e., either holomorphic sections or the images of such under 
the normalized intertwining operator. Set good, s) = ^Q'^{T,good,s). According to 
equality (12. 7p (which is valid for an irreducible r), 

M* (r, s)^(r, good, s) =^{t*, good, 1 - s). 


That is, the intertwining operator M*[t,s) is a bijection of good sections. 

According to Proposition 15.141 the integral '^{W, fs, s) where W G and 

fs € ^{t, good, s), extends to Q G C(g“®). The right half-plane where ^{W, fs, s) = 
Q{q~^) and the finite set of possible poles of Q depend only on the representations (see 
the discussion after the proposition). 

The integrals ^{W, fs, s) where W G and fs G (,{t, good, s), regarded 

by meromorphic continuation as elements of C(g“®), span a fractional ideal Tn-xr('S) 
of which contains the constant 1 (see Proposition I5.1l|) . Hence, it admits 

a unique generator in the form with P G C[A] such that P{0) = 1. This 

generator is what we call the g.c.d. of the integrals '^{W, fs, s). Denote gcd(7r x r, s) = 
P{q~^)~^. Here the character if of the field, used to define the Whittaker models and 
the character of Ri^n, is absent. In Corollary 16.71 below we show that the g.c.d. is 
indeed independent of if. 

In case tt is a representation of Gq we define gcd(7r x r, s) = 1. 

By the one-dimensionality results described in Section [6.1.11 the quotients 


^{W,fs,s) ^{W,M*{T,s)fs,l-s) 

gcd(7r X T, s) ’ gcd(7r x r*, 1 — s) 


{fs G i{T,good,s)) 


which by definition belong to C[g ^,q^] are proportional. There exists a proportionality 
factor e(7r x T,if,s) satisfying for all W G W{T:,if~^) and fs G f,{T, good, s). 




gcd(7r X T*, 1 — s) 

This is our functional equation for tt x r. 

Combining (16. ip and (16.3|] we derive a relation similar to (I2.19|l . 

gcd(7r X T*, 1 — s) 


gcd(7r X r, s) 


(6.4) 


7(7r X r, if, s) = e(7r x r, if, s)- 


gcd(7r X r, s) 
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Equality (j6.4l) resembles the relation between the 7 , L and e-factors of Shahidi |Sha90] . 
where the g.c.d. is replaced by the L-function. By Shahidi’s definitions, when vr and r 
are standard modules, the 7 -factor and L-function are multiplicative in their inducing 
data, hence so is the e-factor. Here 7 ( 7 r x r, V', s) is multiplicative, but in order to 
deduce this for e( 7 r x r, tp, s) we still need to establish proper multiplicative properties 
for the g.c.d. Currently this task seems difficult. 

Another fundamental property of the e-factor, is that it is invertible. 


Claim 6.2. e(7r x T,‘ip,s) G C[q 


Proof of Claim, [KR A priori e( 7 r x T,'ip,s) G C{q ^). Take Wi and G f,{T, good, s), 
i = 1,..., k, such that 

k 

gcd(7r X T,s) = ^4'(Wi,/W,s). 
i=l 

Plugging lTi,/i*^ into (16.31) and summing, we get e( 7 r x T,ip,s) G C[g“^,g^]. According 
to the definition of e( 7 r x t*, if, 1 — s), 

^{W,M*{T*,l-s)M*{T,s)fs,s) 


gcd(7r X r, s) 


= c{l, T*, 7, 1 — s) ^e(7r x t*, 1^,1 — s) 


T(lT,M*(r,s)/„l-s) 


gcd(7r X r*, 1 — s) 

Using (EZD and ()6.3p on the left-hand side, and since c(Z,r, 7 , s)c(/, r*, 7 ,1 — s) = 1, 

gcd(7r X r*, 1 — s) gcd(7r x r*, 1 — s) 

Since the left-hand side is not identically zero (because r is irreducible), e( 7 rxr, ip, s)e( 7 rx 
r*, V', 1 — s) = 1 , whence e( 7 r x r, pj, s) is a unit. □ 


As we have seen in this section, the g.c.d. definition using good sections is natural in 
the sense that it immediately implies three expected fundamental results: a standard 
functional equation ()6.3p . a standard identity for the 7 -factor (16.41) and an invertible 
e-factor. In Section [ 6 ~il we discuss a preliminary (unsuccessful) attempt to define the 
g.c.d. using only holomorphic sections and provide the background for the method of 
good sections. 

Remark 6.3. The fact that r is irreducible is needed for (12.7p . In the absence of (|2.7p 
the left-hand side of (|6.3p might not be a polynomial. In turn, the e-factor might not 
be invertible. 


6.2. The integral for a good section 

When describing the integral ^{W, fs, s) for a good section fg, it is often convenient to 
assume that fs is holomorphic or even standard. 
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Proposition 6.3. For any fs G good, s) there exist Pi G C[g fs^'^ G ^{T,std,s) 

such that 

k 

fs, s) = ir^ (1 - s) ^ n^{W, /« , s). 
i=l 

U fs G f^{T,hol,s), the factor ^t*(1 — •§) may be dropped. This is an equality of inte¬ 
grals defined for 3?(s) >> 0, hence also an equality in C{q~^) between meromorphic 
continuations. 

Proof of Provosition \6.jt[ Let Q G C(g“®). Taking s with $R(s) large enough, depending 
only on the representations and the poles of Q, the integral defined at s is a bilinear 
form and also ^{W,Qfs,s) = Q'^{W, fg, s). Now the proposition follows from the 
rationality of the intertwining operator (see Section I2.7.ip . □ 

6.3. The g.c.d. for supercuspidal representations 


Assume that vr and r are supercuspidal representations. In Corollary 15.101 we proved 
that T(IT, fs, s) is holomorphic for fs G ^(r, hoi, s). This corollary together with Propo¬ 
sition 16.31 immediately imply the following result for the g.c.d. 

Corollary 6.4. Let tt be a supercuspidal representation and r be an irreducible super¬ 
cuspidal representation. Assume that if I = n = 1, Gi is quasi-split. Then gcd(7r x 
T,s) G 4‘(1 - 

If TT and T are irreducible unitary supercuspidal representations (in particular, tem¬ 
pered), Theorem 11.61 will imply gcd(7r x t,s) = L{'k x t,s), then Corollary 16.41 shows 
that L(7r x r, divides L{t, Sym?,2s)~^, since ^^‘(l — s) = L{t, Syw?,2s) (see 
Section [2.7. ip . 

6.4. The motivation underlying good sections 

One of the basic properties required of the integrals is meromorphic continuation to 
functions in C{q~^). Therefore the largest reasonable set of sections to consider would 
be rational sections, i.e., elements of ^(r, rat, s). We are looking for poles of the integrals 
rather than superfluous poles introduced by sections, hence we try to be conservative 
in our usage of rational sections. Indeed, it will have been best to use just standard 
sections. However, the space of standard sections is not closed for right-translations by 
Hn, so a minimal set of sections to start with would be holomorphic sections. 

The first attempt to define a g.c.d. in our setting is to consider the fractional 
ideal spanned by ^{W, fs, s) with fs G f^{T,hol,s). This definition does not fit well 
in the functional equation. If only holomorphic sections were used, the ratio gcd(7r x 
T*, 1 —s)“^\I'(H7, M*{t, s)fs, 1 —s) might not be a polynomial, because M*{t, s)fs is not 
necessarily a holomorphic section. In turn the e-factor might not be an exponential. 

Moreover, there is an intrinsic problem with considering only holomorphic sections. 
Recall that one of our goals is to relate the g.c.d. to the L-function (see Chapter [T]). 
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Assume that vr and r are irreducible supercuspidal. Then as we have seen in Corol¬ 
lary [5T0] (granted that either Z > 1, re > 1 or G; is quasi-split), for fg G hoi, s), 
^{W, fs,s) is holomorphic so the g.c.d. of the integrals is 1. However, the Langlands 
L-function L( 7 r x r, s) may have a pole. To see this consider the local functorial lift 
of TT to GL 21 (see e.g. |Cog03| ). This gives an irreducible self-dual representation H of 
GL 21 such that L['k x r, s) = Lili x t,s). If H is also supercuspidal, taking n = 21 and 
T = n we get L{tt x t,s) = Lili x H, s), which has a pole at s = 0. 

Piatetski-Shapiro and Rallis [PSR861 IPSR87| studied a (global) Rankin-Selberg con¬ 
struction for an automorphic cuspidal representation vr of GL 2 {L.^° = {ff € GL 2 {L.^ : 
det(( 7 ) G K*'\, where K is a semi-simple commutative algebra of degree 3 over a number 
field K and Ak is the Adele ring of K. Their global integral represented the Langlands 
global L-function L{'K,a,s), where cr is a certain representation of the Langlands L- 
group of GL 2 (Ak)° in C 2 (81 C 2 (81 C 2 . Let S^o be the set of infinite primes and let 
S D Soo be a finite set of primes such that for re ^ S' all data are unramified. They de¬ 
fined the partial L-function L^{'k, a, s) = s). Each factor Ly{'Ky, a^, s) 

(re ^ S) was defined using the Satake Isomorphism Theorem. Piatetski-Shapiro and 
Rallis proved that ['K,a,s) has a meromorphic continuation with a finite number of 
poles and found the possible locations of the poles. In order to extend their results to 
LS^ 

(vr, a, s), a definition of Ly{'Ky, s) at the ramified primes was needed. To accom¬ 
plish this they introduced the notion of good sections mentioned above, and defined 
Lu{'^u,cru, s) as the unique (normalized) generator of the fractional ideal spanned by 
the local integrals with good sections (i.e., the g.c.d.). This led to a functional equation 
in the form (j6.3l) . with an e-factor. They also concluded a global functional equation 
for L'^°° (tt, a, s). 

Ikeda |Ike92| extended the work of Piatetski-Shapiro and Rallis |PSB,87j and analyzed 
the poles of the global L-function L{'K,a,s). He also studied the poles of the local L- 
functions. For the finite unramified case he showed that the g.c.d. definition coincides 
with the definition based on the Satake parameterization. We note that the definition 
of good sections used by Ikeda is somewhat different from [PSR.87] . In |Ike99| . Ikeda 
studied the g.c.d. for the Archimedean case and, for a specific class of representations, 
related it to the standard L-function. 

The method of good sections has also been applied by Harris, Kudla and Sweet 
[HKS96] . in the context of the local theta correspondence between unitary groups, in 
order to define e-factors using the doubling method. 

Although the actual definition of good sections varies to some extent among the 
studies mentioned above, there are essential properties of such a set that are common 
to all. Firstly, it is stable under the normalized intertwining operator, i.e., the operator 
is a bijection of good sections. Secondly, it contains the holomorphic sections, required 
in order for the integrals to span a fractional ideal. 

The idea of using good sections instead of just holomorphic sections addresses the 
lack of symmetry in the functional equation. Since M*(t, s)^{t, good, s) = ,good, 1— 
s), both sides of the equation are polynomials. The g.c.d. may contain poles originating 
from the intertwining operator. Then e( 7 rXT, "0, s) is seen to be invertible. We are also in 
a better position to confront the scenario of supercuspidal representations tt and r = H 
illustrated above, since now T(IT, fs, s) for a good section fg may not be holomorphic, so 
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gcd(7r X n, s) may contain poles. In fact as explained in Section [631 (see Corollary 16.41) . 
gcd(7r X n, divides L(I1, Sym?, 2s)“^. Also L(n x H, s) = A(n, Sym?, s)L(n, A^, s) 
(A^ - the antisymmetric square representation) and the pole at s = 0 of L{Ii x IT, s) is 
expected to appear in L(n, Sym?, s), so gcd(7r x H, s) and L{'k x H, s) = L(n x H, s) 
may coincide. Of course, Corollary 11.31 will imply gcd(7r x 11, s) = L(7r x 11, s) in this 
setting. 

6.5. The g.c.d. is independent of ^ 


We discuss the dependence of on the character used to define the Whittaker 

model >V( 7 r, character of Ugi was given in Section (ATI Any character ijj' of 

Ugi in the Tgj- orbit of is in the form *'^7 for some t € Tqi , where 

Replacing with entails replacing the character in W{T,ip), the embedding of Gi 
in Hn for I < n (or the embedding Hn < Gi when I > n) and the character of Ri^n 
(for I < n). The following propositions detail the invariancy of X-j^yris) under such a 
change. 

We start with the case I < n. Write t = ax G Tg^ for a G A;_i, x gGi. Decompose 
the image of x in Hi, x = diag{mx, l,m~^)zx where Zx G UhiKhi- Also let b G A^-i 
(if I < n). Set d = diag{a,mx,b),d' = diag{b*,a,mx) G An. We have, 

Proposition 6.5. Fori < n, letXT^yx{sY’^^’^ be the fractional ideal spanned by fs, s) 
with W G >V( 7 r, r realized in yV{T,'^'ip) and 

MsHn = diag{In-i, ZxM-^[gy^^Mzf^, In-i), 

where M is defined in Section [2.1. A If I < n, the character of Ri^n is given by '^^ 7 - 
Then Xj^-yxisfi’^^’^ = XT^yx{s). 


Proof of Proposition \6.5[ The proof follows the arguments of Soudry |Sou93j (Sec¬ 
tion 10). If VT G >V(7r,'0“^), the function g i-)- W{tg) belongs to W {t:. Similarly 
for r realized in W(r, fi) and fsGV (r, s), the mapping y fs{h, dy) lies in W(r, 
Then Xf^^{s) is spanned by integrals of the form 



W(tg)fs(wi^nrC^ g),df''ifj(r)drdg, 


with W G >V(7r, V’-), ^) and fg G f,{T, good, s). Note that as input to /*, g is written 
according to our usual embedding (i.e., g = diag{In-i, M~^[g]£i M,In-i)). We may 

move d to the first argument of fg and conjugate it by wi^n, it normalizes Ri^n and the 
integral becomes 


G{d) [ [ W{tg)fg{wi^nrr‘’"d)fi'^ g),l)fi^{r)drdg. 

JUcfiGl JRl,n 

Here G{d) G is a function of d. Changing g 1 —>• t~^gt in the integral yields, 

for some C"(t) G C*, 


G{d)G'{t) [ [ t ■W{g)r‘’"d) ■ fg{wi^nrg,l)'ilJ^{r)drdg, 

JuafiGi JRi^n 
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□ 


which is just C{d)C'{t)^{t ■ ■ fs, s) E Ij^xTis)- 

Now consider the case I > n. Write t = diag{b,a,x,a*,b*) E Tqi where b E An, 
a E Ai-n-i and x & Gi. Then we show, 

Proposition 6 . 6 . For I > n, letlT^xrisY'^'^ be the fractional ideal spanned by '^{W, fs, s) 
with W E T realized in yV{T,^ip) and 

[h]£G, = diag{Ii_n-i,x~^M~^[hy Mx,Ii_n-i)- 

I Mn 

Here M is the matrix defined in Section Y2.1.S\. Then It^xt{sY’^’’^ = dT^xris)- 

Proof of Provosition WfR Let W E 'W{'k,YY^), fs £ good, s). As in the case I < n, 
for suitable C{t),C'{t) E 

[ [ W{trw^’^Y'h))fs{h,b)drdh 

JuHn\Hn Jr‘’^ 

= C{t) f f W{rw^’^r'’"t){^h))fs{bh,l)drdh 
JUhAHu Jr'-^ 

= C'{t) f f ■W{rw^'^h)b ■ fs{h,l)drdh. 

JuHn\Hn JR‘'” 

Here as input to W, h = M, Ii_n-i)- The result follows from 

fin 

this. □ 

Recall that we have a fixed nontrivial unitary additive character if of the field, 
used to define the characters of the Whittaker models and R^n- As a corollary to 
the propositions above, we show that the g.c.d. is independent of Y- Any other such 
character Y' takes the form Y'{x) = Y{cx) for some c 7 ^ 0. Changing Y effectively 
changes >V( 7 r,V^“^), W{t,Y) and the character Y'y of Ri^n (for I < n). 

Corollary 6.7. LetZ!^y^^{s) be the fractional ideal spanned by the integrals 'I'(1T,/s,s) 
with the character Y in the construction replaced by Y'■ Then I'^^^(s) = It^xt{s)- 

Proof of Corollary \6.'}\ Assume Y'ix) = Y{ox). If /< re we apply Proposition 16.51 
with a = diag{Y~^,..., c^, c), t = diag{a, l 2 ,a*), b = diag{c~^ ,c~‘^,... ,c~^'^~^Yi d = 
diag{a,l,b) and d' = diag{b*, a, 1 ). 

In the case I > re, use Proposition 16.61 with a = diag{Y~'^~^,...,(?,c), 
b = diag{Y~^, ..., Y~^) and t = diag{b, a, l 2 ,a*, b*). □ 
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Chapter 7 

MULTIPLICATIVITY OF THE 7 -FACTOR 

In this chapter we prove that the 7 -factor ip, s) is multiplicative in both variables 

TT and r. 

7.1. Multiplicativity in the second variable 


7.1.1. Outline of the proof 


Let TT be a representation of G;. We prove Theorem 11.31 namely if r is a quotient of 
Indp^^ ('ri<8)r2), 

(7.1) 7(7r X T,ip,s) = 7(7r x Ti,p,s)7(7r x T 2 ,ip,s). 

We prove the theorem for r = (ti ( 8 > T 2 ). The case where r is a quotient of 

this representation follows immediately, because we can replace the Whittaker model 
of r with the Whittaker model of Indp^" (ri 0 T 2 ). 

■^ni ,772 ^ ^ 

The proof is divided into five cases, in each we apply three functional equations: for 
TT X T2, Ti X T2 and vr X Ti, in this order. The form of the first equation depends on 
whether I < n 2 or I > n 2 , since this determines the form of the integral for tt x T 2 - 
Then we apply Shahidi’s functional equation (12.9p . Next we have two cases again, 
according to the form of the integral for vr x ri. Altogether these are four cases which 
we handle when I < n, the last case is when I > n. The final step is to use (12.10^ in 
order to combine the applications of three intertwining operators, each emerging from 
the respective equation, into one operator M*(r, s). 

The arguments involve two essentially different types of passages between integrals. 
One occurs between integrals which have a common domain of absolute convergence, 
the other when the integrals converge in possibly disjoint domains. 


7.1.2. Twisting the embedding and the mysterious c(/, r, 7, s) 


Throughout the proof we will obtain integrals fs, s) where the embedding Gi < 

Hn (or Hn < Gi) is “twisted” by some element. The twisted embedding still preserves 
the character ip^ of Nn-i (or when I > n) used to define the original embedding 

but the actual basis changes. We describe these twists here for later reference. 

In general let A be a group and B < A a subgroup. For a function / defined on B 
and a G A which normalizes B, define /“ by /“( 6 ) = i.e. f°' = a - A(a)/. 

For /ci, A ;2 > 1 set 

bki,k2 dicigi^Iki, ( 1) Tfci) ^ GL2ki+i‘ 
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Let r be a representation of GL^ and let k > 1 . Let fs G std, s). Since bn,k 
commutes with the elements of Mn and normalizes Un and Kh„, G ^{t, std, s). 

It follows that the mapping fs takes holomorphic sections to holomorphic 

sections. If 5 G G; is regarded as an element of Hn (assuming I < n), still 

stabilizes and in fact this conjugation corresponds to multiplying the matrix M of 
Section [ 2 . 1.11 on the right by bi^k- Because = Ri,n and bn,k stabilizes 

(7.2) ^{WJs^’\s)= [ Wig) [ fsiwi,nri<'^g),l)M^)drdg. 

JUgi\Gi JRi,^ 

In addition M*{t, = (M*(r, 

Let e = (—1)"^“^ For k>l put 

tk = diag{ej~^Ik, 1, ey/fc) G Hk- 

Then for fs G f{T,hol,s), /*" = g ^{T,hol,s). If I7I ^ 1, 

it is possible that for a standard section /*, /*" is not a standard section. For fs G 
^(r, hol,s), 

T(IT, /i~, s) = o;,(e 7 )| 7 r^^"+*-^^^(B^, • fs, s). 

Using the definition of M*{t,s) (see Section (2. 7. Iji . 

M*{t, s)Xitn)fs = a;,(7)'|7p"^""^^A(t„)M*(r, s)/,. 

Therefore 

(7.3) M*iT,s)fl- = UJrh)‘^h\‘^^^^-'^HM%T,s)fsY-. 

Note that when n < I, the normalization factor on the right-hand side is just c{l, r, 7, s)“^ . 

In the course of the proof whenever rii < I < n and we form a Gi x GLn. integral for 
TT X Ti, the argument h G UH„.\Hni of the section corresponding to the representation 
induced from Ti will be twisted by t„., introducing the factor c{l, Tj, 7, s) (see the proof 
of Claim 173]) . 

7.1.3. The basic identity 

We use the realization of r described in Section (5.7.11 i.e., replace r with e, fix ( with 
3ft(C) >> 0 and realize the space ^(ei 0 82, std, (s, s)) by extending functions of the 

space of (si ® (ea))- 

For IT G >V(7r, ?/iy^) and g)s G ^(ei <Si e2,hol,is,s)), by Corollary 15.181 we have 
'k(IT, ips,s) = 'L(IT, fip^,s) in C(g“'^). Additionally, Claim lhTTi implies that for 3ft(s) << 

0, 'ifiW,M*ie,s)(fs,'^ - s) = ^(VT,/m‘(£,s)<^,T - s). Since by Claim [231 lM*(e,s)^s = 

M*{e, s)U^, T(IT, M*ie, s)ips,l-s) = ^(IT, M*ie, s)f^^, Is). Therefore T(IT, M*(e, s)</^s, 1- 
s) also extends to a function in C(g“^) and the last equality holds in C(q“^). 

In Sections 17.1.4117.1.81 we prove that for all IT G >V(7r, V^y^) and (ps G ^(ei ® 
e2,hol,{s,s)), in C(g“h> 

(7.4) 7 ( 7 r X ei,'p,s)'y{7r x £ 2 , b, ■s)4'(IT, 9 ?*, s) = c(/, e, 7 , s)T(IT, M* (e, s)(^s, 1 - s). 
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Let fs = G ^{yV{£,ijj),hol,s) be defined by (j5.19j) . It follows that 

7(7r X ei,V',s)7(7r x e 2 ,^p, s)'^{W, fs, s) = c{l,£,-f,s)'^{W,M*{s,s)fs, 1 - s) 
and according to the definitions, 

7(7r X Ti,'ll;,S + Ch{7r x T2,'lp,S- Q^{W,fs,s) = c{l,£,J,s)'^{W,M*(£,s)fs, 1 - s). 

Hence for all 3f?(C) >> 0, 

(7.5) 7(7r X Ti,^p, s + C)7(7r x T 2 , ^p,s -() = 7(^ x e, ijj, s). 

Finally we claim, 

Claim 7.1. 7(7r x £,fj,s) G C{q~‘^,q~^). 

This means that (17.51) holds for all ( and (|7.ip follows immediately by putting C = 0. 

Proof of Claim [7!7| Let W G yV{'K,'ip~^) and G ^(ti ® T2,hol, {s + C,,s — C)). For 
any fixed C, P(,s G ^(ei ® £2, hoi, (s, s)). Since M*(e, s) is the composition of 

M*{£2,s)=M*{t2,S-0, 

M *{£1 ® £* 2 , (s, l-s)) = M*{n ® {s + C,l-S + 0), 

M*{£i,s) = M*{n,s + C) 

(see (l2.1Up ). we have M*{£,s)(pQ^s € ® — s + C,1 — s — ()). In partic¬ 

ular, M*{£,s)(p(^^s is defined for any C, and if we fix C,, M*{£,s)f^p^^ = fM*{s,s)ip(^ ^ ^ 
f,{yV{£*,'ijj),rat, 1 — s) is also defined. Now from (16.11) . for any fixed C, 

7(7r X e,'0,s)T(iy,^^_^,s) = c(/, e, 7, s)T(iy, M*(e, , 1 - s). 

Take IT and (pc^^s according to ProDosition l5.21l Then for all ( and s, T(IT, f^p^ ~ 

1. Hence for any fixed C; 

7 ( 7 r X £, 11 ^, 3 ) = c{l,£,'y,s)^{W,M*{£,s)f^^^^,l - s). 

Let C C C be a compact set. We will show that there is Qc G C{q~‘’,q~^) such 
that M*{£, s)fip^ 1 — s) = Qc{q~^,Q~^) for all C G C and s in a left half-plane 

depending on C. Since C is arbitrary, it follows that there is Q G C{q~‘’, q~^) such that 
for all complex and s in a left half-plane depending on <^, T(IT, M* (e, s)fp^ ^, 1 — s) = 

Q{q~^, q~^)- Thus for all C £ C, 7(7r x e, -0, s) = c{l, £, 7, s)Q. In addition c{l, e, 7, s) G 
C[g^‘’, because if / > n, c{l,£,'j,s) = s). Therefore 7(7r x 

r, s) G C(g-‘i, g-*). . 

As explained in Section 15.7.31 there is a constant sc depending only on C, vr and r, 
such that in a domain Di = {C,s : C G C, < S'c}) 'L(IT, 0i_s, 1 — s) is absolutely 
convergent for any IT and Ois G {W{£*,'if), 1 — s). 

Write M*{£,s)ip(^^s = ^eis)YliLi where Pi G C[g'f‘^, g'f''] and G C(t| ® 

T*, std, (1 — s-|-C)l“'S — C)). For any fixed C ^ C the meromorphic continuation of 
T(IT, M*(e, s)fp^ ^, 1—s) is equal to the meromorphic continuation of ^£{s)Pi^{W, f (o , 1— 

s). 
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According to Claim [5221 we can write (VF, / (i), 1 — s) as a sum of integrals Ii2g 

in the form prescribed by Proposition 15.91 where W E yV{T*,'ip) is replaced by E 
yV{e* with the properties stated in the claim. Taking the constant sc small enough, 
the integrals are also absolutely convergent in Di. Therefore we should prove that 


there is Qj E C{q '^,q ®) such that = Qj{q in Di. 

We can use the asymptotic expansion of the Whittaker functions E >V( 7 r, 

and (see Section 12.511 in order to write in Di, as a sum of products of Tate-type 

integrals, as in the proof of Claim [5T2j 

In the notation of Section (231 let Ar* (resp. be the finite set of functions 

for T* (resp. e*). The twist of r| (g) by | det < 8 ) | det has the effect of twisting 
the exponents of r* by | det These exponents are related to As*. When we write 
an expansion for W^, we can use the explicit formula for Whittaker functions given 
by Lapid and Mao |LM09] . detailed in the proof of Claim 19.21 The expansion takes 
the same form described in Section 12.51 (it is a refinement), but the characters from 
Ae* are exponents. Then each character rj E A^* appearing in the expansion of is 
equal to | det for some character E Ar*- The other terms in the expansion are 
independent of Q. Therefore each of the Tate-type integrals belongs to C{q~‘*, q~^). □ 


For any pair of representations x ^2 of GLk-^ x GLk^ and si,S2 E C, denote by 
I^'(Ci< 8 )^ 2 , (si, 'S 2 )) the space of the representation ((,^1 (g) (.^ 2 W 2 ))q:^i). 

Let W E W’(7r, and (ps E ^(ei (g) £ 2 , hoi, (s, s)). 


7.1.4. The case ni < I < n 2 


Recall that '^(W,ips,s) equals 


(7.6) 



ni,n2 zwi^nrg,!,!,!)^^ ^{z)^j{r)dzdrdg. 


As proved in Claim 15.201 this integral is absolutely convergent in some domain in C 
and s depending only on vr, ri and T 2 , and we can take C with 1R(C) >> 0. The 
domains of convergence will change in the course of the proof, from {lR(s) >> 3ft(C)} 
to {Ai < 3?(s) << 31(C)}) then {—31(C) << 31(s) << 31(C), 31(s) < ^ 2 } (^ 1,^2 are 
constants) and finally {31(1 — s) » 31(C)}- The specific parameters, which depend 
only on the representations, are similar to the ones computed by Soudry [SouOO] . The 
important thing to note is, that there is a constant C > 0 depending only on the 
representations, such that any C with 31(C) > C is simultaneously suitable for all the 
domains. Thus a change of domains effectively changes just s. 

In the domain of absolute convergence of ()7.6p . the forthcoming manipulations are 
justified. If we write 


*n2,ni 


= { 


h 0 zi 
hn2—l ^2 

Ifii 


}, 
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/ 


'^1,71 2, 


n 2 ,ni 


= { 


ni 


^2 

^n2—l 


h 


7-^4 


h 


7 


In2—l ^2 


\ 


}• 


*ni 




We see that is a subgroup of Nn-i which normalizes Ri^n- Therefore after 

conjugating z by wi^n-, we may change the order of and r to get 

/ W{9) / ips{oJnun2Wi,nrr''’"z)g,l,l,l)'ip~^{z)'il;^{r)dzdrdg. 

JUa,\Gl JRl,nJZn2,ni 


If I < n2, 4 = —Jni Z2Jn2-h whence 

= V’"H 42 )n 2 -M) = V’((4)ni,l) = ' 07 r'’" 4 - 

When I = n2 also 

Decompose Ri^n = Ri,n2 ^ Rni > where i?/,n2 < Rn2 and 




Rni — Rl,n D Ujii — { 


The integral equals 

[ W{g) 
JUnAGi 


ni yi 

In2—l 

h 

1 


mi m2 

m'l 


h 


^n2—l 


y[ I). 


Ini ) 




(Ps{(^ni,n 2 Wi,nrrir'"'^z)g, 1,1, l)'4!^{rri)'4!^{^'^’^z)dzdridrdg. 

Note that if I < n 2 , V' 7 li?„, = 1- Now Rm xi ^‘’"Zn 2 m = Um and we define du = dzdri. 


Therefore we have 


/ ^(g) / V?s(Wr^l,n2^^^^,nr^t5, 1, 1, l)V’7(?’)V'7('w)(i^'wdr'(i5(. 


Since Gi < M^i, Gi normalizes Um, the measure du and the character ■07 remain 
unchanged and we get 

/ Wia) / / V?4^ni,n2'w^«,nr5it, 1,1, l)V’7(r)07(w)(iti(ir(i5(. 

■If/cAGi ■I«i,„2 

Observe that 0Jni,n2Wi,n = wi,n2w' with 


^ni 


W = 


-^712,711 


eHm 


iTll 
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The element w' normalizes Ri^n 2 preserving dr and ^' 7 - Since 9 ^ Hn 2 ^ 

may shift these elements to the third argument of ips- After changing integration order 
we arrive at 

(7.7) / / W{g) / ips{w'u,l,wi^n 2 r{''"^’"^ 9 )A)i^'y{r)'ipy{u)drdgdu. 

JUr,^ JUgi\Gi JRl,r,^ 

The inner drdgi-integration in (17.71) is a Rankin-Selberg integral for Gi x and tt x £2 
(regarding the conjugation by bn 2 ,ni, see Section [7.1.2p . Integral (17.7p is absolutely 
convergent if it is convergent when we replace W,(ps with |iy|, |(/ 9 s| and remove ip.y. If 
we repeat the manipulations (I7.6p - (|7.7I) with W,ips replaced with |IT|, and without 
we reach (17.7p with |iy|, |(/ 9 s| and without This shows that (17.61) and (|7.7p 
are absolutely convergent in the same domain. Let 

V9s,i-s = M*{e 2 , s)(ps G ?(ei ® el, rat, {s, 1 - s)) 

be defined as in Section 12.7.31 Formally, after applying the functional equation (| 6 .ip 
we expect to have 

(7.8) / / W{g) ips,i-siw'u,l,wi^n 2 r{’'"^’"^ g), l)ijj^{r)il>^{u)drdgdu. 

JUni JUg,\Gi 

Integral (17.8p converges absolutely in some domain in ( and s depending only on the 
representations, see Soudry |Sou00j (Lemma 3.3). 

As observed in |Sou93] (p.70), there is a problem with the passage from integral (|7.7p 
to integral (17.81) . namely that they might have disjoint domains of absolute convergence. 
Following the reasoning of [Sou931 [SquODI . this passage is justified by considering each 
integral as a meromorphic function in C(g“*). 

Integral (|7.8p extends to a function in To see this, note that we can repeat 

the steps (|7.6I) - (I7.7I) with (ps,i-s replacing ips and obtain (17.8p . This proves that in 
its domain of absolute convergence (|7.8p satisfies the same equivariance properties as 
T(W, (/ 9 s, s). Also analogously to Proposition 15.211 (for a fixed C), we can select data 
W,6sp-s {Gs,i-s G C(^i <81 £ 2 ; (®) 7 — s))) such that (|7.6I) and (17.8p (with 9sp-s) 

equal 1 for all s. Now the meromorphic continuation follows as explained in the proof 
of Claim IF. 131 

Therefore except for finitely many values of both integrals (17.7p and (17.81) can 
be considered by meromorphic continuation as bilinear forms on x V'{ei (8) 

e 2 ,(s,s)) satisfying ()5.18p . hence they are proportional (see Section fO-l-ip . The pro¬ 
portionality factor is calculated using specific substitutions of W and ps, as we show 
in the next claim. 

Claim 7.2. Integral (j7.7p multiplied by '){'k x £ 2 ,'ipis) equals integral (j7.8p . as mero¬ 
morphic functions. 

The proofs of this and forthcoming claims are postponed to Section 17.1.91 
In fact, one does not need to prove meromorphic continuation for (17.8p independently, 
repeating the arguments of Claim [5T^ If D* = {Ai < 3ft(s) << )R(C)} is the domain of 
absolute convergence of (17.8p . we can consider the integral (17.8p and the meromorphic 
continuation of (j7.7l) as bilinear forms on >V( 7 r, x V'{£i®£ 2 , (s, s)) only for s E D*. 
Then the above claim shows that they are proportional by a function in C(q~^) and 
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the meromorphic continuation of (|7.8p follows from that of (17.7p . A similar argument 
was used in Remark Ml 

Hereby we consider (17.8p in its domain of absolute convergence, where our forthcom¬ 
ing manipulations are allowed. Apply the steps from (17.6p to (I7.7p in reverse order to 
integral (17.811 and arrive at 


(7.9) 




(ps,i-siuJni,n 2 ZWi^nrg, 1,1,1)'0 ^ {z)'4}y{r)dzdrdg. 


Denote 


(p'i-s,s = M*{ei (g) e* 2 , (s, 1 - G 0 ei, rat, (1 - s, s)) 


(see Section r2.7.3p . Formally apply Shahidi’s functional equation (12.911 to (17.911 and 
reach 


(7.10) 



ip'i_s^si‘^n 2 ,nimwi^rirg, 1,1, !)'(/> ^ {m)'tp^{r)dmdrdg. 


There is a domain in ( and s at which integral (j7.10p converges absolutely (see [SouOOj 
Lemma 3.6). This domain and the domain of (j7.9p might be disjoint. We tackle this 
as above, considering (17.911 and (|7.10p by meromorphic continuation as bilinear forms 
on >V(7r, X V'{£i ® (s, 1 — s)) and using a specific substitution. 


Claim 7.3. Integral (|7.9I1 equals integral (|7.10p . as meromorphic functions. 


We continue with integral (I7.10p in its domain of absolute convergence. Next we 
show how a part of the dm-integration may be absorbed into t/c,. Write 

/ Ini "^1 m2 0 \ 

ni—1 

1 

V ) 


In 


m = 


h- 


ni 


ms 


In-l 


= gc,. 


Then the dm-integration in (j7.10p equals 

/ / I>'i-s,s{^n2,niV^wi^nrg,l,l,l)'ip~^{s)dqdg. 

I ^niXn — l I ^nixl — ni 

Let Qm < Hni be the standard parabolic subgroup whose Levi part is isomorphic 
to GLni and let Um < Qm be its unipotent radical. We can regard Um as a subgroup 
of Vni < Gi- The subgroup < GLi^i, embedded in Gi through L;_i, is also 

a subgroup of Ki (if I = ni + l, = {!})• Put 

/ \ 

ni —1 

h G GL21. 

ni —1 


// 

w = 


V 




m 
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Now let = Uni ■ (& direct product). Then is a normal subgroup 

of Vni and we fix a set of representatives for In the split case, 

/ Ini 0 V3 U4 U 5 ^ 

Il—ni — 1 

1 


Ki = {^' G Vni : [v]£^^ = 


v'a 

v's 


< ={vG Vni : [v]ea, = 


V 

/ Ini Vl 0 V 2 
1 


}, 


Ini ) 

0 0 \ 

0 


1 


In the quasi-split case, 


Ki ={v^ Vni ■ [v]Sgi = 


V 


^2 

0 

Il—ni — l 


}■ 


/I 


ni 0 

h- 


l—ni—1 


V 3 0 U 4 
1 


Ini J 

V 5 \ 


1 


h- 


l—ni — 1 


\ 

/ Ini Ui 0 U2 0 


< = {u G Ki : [v]£a, = 






'Il—ni — l V4.Jni 
V^Jni 
0 
0 

Ini J 

A{v2) \ 

0 
0 

yV2)Jni 






^ni 


J 


where A{v 2 ) = ^U 2 (*U 2 )Jni. For v G the 


■R t’c'F 




f Ini Vl - 7 U 2 On-l (-1)"^ ^^V2 On-l 1^V2 Oi_i ) Split 

[( Jni Ui Iv2 02{n-i)+i -\lV2 A(v2) ) quasi-split 

Here 0^ denotes the zero matrix of Mmxk- Note that while in the split case we in fact 
have Vni — V^i x Vhi-, in the quasi-split case is not a subgroup of Vm, but the 
quotient topology on is homeomorphic to the natural topology V^i inherits from 
IHni xl—ni ■ 

We see that ? is a general element from the projection of into Mn and rj 

commutes with any element from the projection of into Un- Since ^'i_s ^ G 

^(^2 ® si,rat, (1 — s,s)) and uJn 2 ,ni normalizes Un, the function on Hn given by h i—)■ 
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^'i-s si^n 2 ,nih, 1,1,1) is left C/n-invariant. Therefore integral (|7.10l) equals 



(p'i_s^s{<^n 2 ,niVWi,nv''rg, 1,1, 1 ) 11 ;^^ {v'')'il;^{r)dv'' drjdrdg. 

Here the measure dv" on is normalized according to and refers to the 

character of Ugi- Note that the ^^''-integration makes sense, i.e. for v' G V|^^, 

(p'l_s^si^n2,niVWl,nV'v'', 1, 1, = ip[_^^^{(jJn2,niVWl,nV'', 1, 1, 1)'07 H^")- 

Hence we may also change the order of integration, dv"dr]dr i—?■ drjdrdv". 

In general for v € Vn^ and r G Ri^n^ is a member of N^-i not necessarily in Ri^n- 
However, we may write "r = riyr^ for G N^-i such that ^ Ri^n and G Ri^n- By 
a direct verification, 


/ / 

J Rl ■n J M 


(p[_s,si^n2,niV'Wl,nnvrv, 1, 1, 1)V’7 

^l,n ^n-^Xn — l 

= / V’l-s,si^n2,niVWi,nr,lAA)'ip'rir)dT]dr. 

'' ^ 1,71 ^ 71 -^xn — l 

In fact, Uy contributes a value of the form ■ ■) that is canceled by a change of 
variables r which affects ' 07 (^)- Therefore it is allowed to change the order of v” 
and r. The integral becomes 

/ W{v"g) / / / si‘^n 2 ,niVWi,nrv''g,l,l,l)'ilj.^{r)dgdrdv''dg. 

Jug,\Gi 

Since Ugi = (^m x KJ x and is normalized by Ugi_„^, we get 

(7.11) 

[ W{g) 

Jz, 


\Gi 


/ / ^'i-s,si^n2,niV'Wi,nrg,l,l,'^)i^-f{r)dgdrdg. 

^l,n ^n^Xn — l 

Observe that R^’"'^{V^_^Ugi_„_^) = {VI^JJgi_^^)R!''^~^ ■, whence it is a subgroup. In 
coordinates, for split Gi, 

( Ini 0 ^3 Vi V5 \ 


Rl,niY^ 


uUG,.y^ = { 


X Z Ul U2 Vi 


1 0 u'o 


2 ^'''3 


1 u[ v'^ 
z* 0 
X Ini } 


■ ^ Gi — i 


(in the quasi-split case instead of we have 0, see the form of above). Then we 
see that RI^^V^JJgi_^^ i® normalized by Zm- Therefore integral (17.111) factors through 
Furthermore, the function on Gi defined by 

9^ / -s,si‘^n 2 ,nir]VJi,nrg, 1,1,1)0.^ (r)dr/dr 

^l,n ^7i\Xn — l 
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is -invariant on the left. To see this, first note that normalizes Ri^n keeping 
dr and V ’7 unchanged. Second, if r' G is the image of 

/ \ 


\ 


G Z, 


ni,n2 


1—1 J 


-1 

in Mn and ^ = vr] where v is the image in of 


/ 


ni 


\ 




V 


-xms 


In-l ) 


G Z. 


ni,n2 • 


Now for any h G Hn, <p[_^ g{ujn 2 ,nir''’"r')h, 1,1,1) = ip[_^^^{u}n 2 ,nih, 1,1,1) and 

‘fl—s,si^n2,ni'>jh, 1 , 1 , 1 ) = 'lp{ "^’^'Lv)ipi_gg{uJn2,nih, 1 , 1 , 1 ) = ip^_g^g{uJn2,nih, 1 , 1 , 1 ). 


Thus we obtain 


[ 

jR^ni 


\G, 


( [ Wir'g)dr') f f 
JR, ^ J\ 


^t,n ^n^xn — l 


ip[_s,s{<^n 2 ,niVWi,nrg, 1 , 1 , l)'ip^{r)dgdrdg. 

Next (inspecting the coordinates above) we see that 

where is embedded in Gi through Gm+i- Hence Zn^Vl^JJGi_„^) is 

a subgroup of Gi {11^ < < G/) and we may factor the integral through Hn^ to 

get 

(7.12) f [if W{r'w^’^^h'g)dr') 

Jh„^Zi_„^_iVi_„^_i\Gi JuHr,^\Hn^ JR^’"l 

/ / (f'i_s^s{<^n2,ni'nwi,nrw^’"'^h'g,l,l,l)tp^{r)dgdrdh'dg. 

'^^1,71 ^71^X71 —I 

Note that here Hn^ is considered as a subgroup of Gi, so as input to IT, h' is written 
relative to 8gi- In the first argument of ^'i_g g we write h' by passing from £gi to Eun- 
Now the following technical claim reveals the inner integral we seek. 


Claim 7.4. In its domain of absolute convergence, integral (17.121) equals 
(7.13) f III 

( f W{r'w^’'^^h'g)dr')ip'i_g^g{u}n 2 ,niVWi,nrw^’''^g, l,*"ih', l)il)^{r)dh'dgdrdg. 
Here as input to ^p'i_g g, h' is written in coordinates relative to £h„^ ■ 
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Integral (|7.13p is absolutely convergent if it is convergent when W, ‘p'i_g g are replaced 
with \W\, and is dropped. The manipulations (|7.10p - (j7.13D remain valid if 

we take |ITl, and drop the characters, then we reach (|7.13p with 

and without This shows that both (17.101) and (17.131) are absolutely convergent in 
the same domain. 

One recognizes the inner dr'dh'-integration in ()7.13p as a Rankin-Selberg integral for 
Gi X GLni and vr x ei (see Section 17.1.21 for the conjugation by Let 

ipl_g = M*{ei,s)ip'^_g^g G i{e* 2 ®£\,rat, (1 - s, 1 - s)). 

After (formally) applying the functional equation (|6.1I) we should get 


(7.14) f 
Jh 


J Rl^ri ^71^X71 —I ''^Hn^\R7ii 

( f h'g)dr')ipl_^{u}n 2 ,m'nwi,nrw^’'^^9, l)ip-^{r)dh'dgdrdg. 

J Rl,ni 


Integral (j7.14p converges absolutely in a domain in Q and s (see [Sou00| Lemma 3.10) 
and can be regarded by meromorphic continuation as a bilinear form on yV{'K,'ip~^) x 
17 '(e2 (8) El, (1 — s, s)). The passage is justified by the next claim. 


Claim 7.5. Integral p7.13p multiplied by 'y{TT x eijip, s) equals integral ^7.141) . as mero¬ 
morphic functions. 


Reversing the passage (|7.10p - (l7.13p and using the fact that by ()2.10p . g:’i_g = M*(e, s)tpg, 
yields 'k(lT, M*(e, s)(^s, 1 — s), i.e. 



M*{£, s)ipg{u}n 2 ,nirnwi^nrg, 1,1, l)ip ^{m)'ip^{r)dmdrdg. 


This also shows that the domain of absolute convergence of (I7.14p is of the form pre¬ 
scribed by Claim [52Q] with s replaced by 1 — s, i.e. {5R(1 — s) >> 5R(C)}. 

Altogether collecting Claims 17.2117.31 and 17.51 gives (I7.4p (note that I < n and when¬ 
ever I < n, c{l,£,'y,s) = 1). 


Remark 7.1. In Sections I7.1.5II7TT81 justifications to integral manipulations are im¬ 
plicit. Passages involving the application of a functional equation are always between 
meromorphic continuations. Other manipulations take place in the same domain of 
absolute convergence. 


7.1.5. The case I < ni,n 2 

We may repeat the steps in Section 17.1.41 from integral (|7.6I) to integral (|7.10l) . Our 
starting point is thus 

(7.15) [ Wig) [ [ ^',_g^giu;n 2 ,mmwi,nrgAAA)ip-\m)iP^ir)dmdrdg. 

IUCj\Gl I Rl,n I ^ni,7i2 

We continue by repeating the steps from (|7.6p to (|7.7I) . with the roles of ni and n 2 
exchanged. We look at < N^-i and decompose Ri^n = ^ Rn 2 J with 

Ri^m < Hni- Here Rn 2 xi = Un 2 and = V’ 7 ("'*’"m')- 
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Now the integral takes the form 

(7.16) f I W{g) I 

JUn2 JUgi\Gi 

The inner Girds'-integration in (17.161) comprises an integral for Gi x GLn^ and vr x ei. 
Let 

(7.17) / f W{g) I ifl_g{w'u,l,wi^nir{’’^i'^2g),l)'tlj^{r)'tlj^{u)drdgdu. 

JUn2 JUgi\Gi 

Then integral (I7.16P multiplied by 7 ( 7 r x ei, V’, s) equals integral (|7.17l) . as meromorphic 
functions. Reproducing the steps from (I7.15P to (I7.16P in an opposite direction one 
arrives at T(1T, M*(e, s)(/p<j, 1 — s). As in Section 17. 1.41 this establishes (|7.4p . 


7.1.6. The case n 2 < I < ni 


Essentially, this case is obtained by exchanging Si,ni -H- £ 3 _i,n 3 _j in Section 17.1.41 
However we still start with constructing an integral for vr x 62 . Begin with (ps-, s) 

and argue as in the passage ()7.10l) - ()7.13p . with the roles of ni and n 2 reversed. There 
we showed how to collapse a part of the dm-integration into Ugi- Here this is done 
with the dz-integration over Z„ 2 ,ni- Then TpW,(/ 7 s,s) equals 


(7.18) [ 

Jz 




W{g) [ [ 

J Rl T5 A 


, n Afy^ 2 X n — Z 


Ps{oJni,n2dWi,nrg, 1,1,1)^7 (?’)clr/drdfl'. 


This integral resembles integral ()7.11l) . Similarly to the passage ()7.1ip - (j7.12l) . the dgdr- 
integration is dZ*’’^ 2 -invariant on the left (as a function of g) and we may also factor 
through Hn 2 ■ Analogously to Claim 17.41 

Claim 7.6. In its domain of absolute convergence, integral ()7.18l) equals 


(7.19) [ 

Jh 


^nn .^Z_n,9 — 1 —71 


/ / / 

-l\Gl J Rl,n I JR 




( / W{r'w^’'^^h'g)dr')ps{<^m,71211^1,nrw^’"^^g, l,*"2/i', l)ijj^{r)dh'dgdrdg. 


! Rt,n2 


Here as input to ps, h' is written in coordinates relative to £Hn^- 

The proof of this claim is omitted. Applying the functional equation (16.ip for Gi x 
GLn 2 and vr x £2 to the dr'd/i'-integration in (17.191) gives 


(7.20) [ 

Jh 


Hn2Zi 

—712 ~ ^ “ 




/ / / 

l\Gi J Rl^n dM„2Xn-i JUi 

( [ W{r'w’-'‘^^h'g)dr')ips^i_siu}ni,n2'n'Wi,nrw'-’"-^g, 1, *"2 h', l)ip^{r)dh'dgdrdg. 


Integral (j7.19l) multiplied by 7 ( 7 r x £ 2 , 1 /^, s) equals integral (I7.20p . as meromorphic 
functions. 
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Reversing the passage leading from ips, s) to (17.191) we obtain 

/ wia) / i-s{uJni,n 2 ZWi^nrg, 1,1,1)V’ ^{z)ip^{r)dzdrdg, 

^1,71 Zn2-,n^ 

which is exactly integral (j7.9p . Applying f|2.9p we get 
(7.21) f W{g) j f 

Uq^\Gi Rl,n ^ 71^,712 

which is actually integral (17.151) from Section [7.1.51 where also I <ni. Repeating the 
argument there yields (|7.4I) . 

7.1.7. The case n\^n 2 < I < n 


We start by repeating the steps of Section 17.1.61 from ^(W,(ps,s) to integral (j7.21l) . 
which is the same as integral (j7.10p of Section 17.1.41 where also ni < I and we proceed 
as prescribed there. 

7.1.8. The case n < I 


Now ips, s) takes the form 

(7.22) / (/ W{ru}’'^h)dr) I ps{^ni,n 2 zh,l,l,l)i^~^ {z)dzdh. 

JUh„\H71 J j Zn2,7ii 

Recall that in the Jacquet integral for ps, ■^n 2 ,ni is a subgroup of Hn embedded through 
7)12 


M„. For 2 ; = 




ni 


G Z, 




712,ni ’ 

/ In, 

V 


L 


2{l—n) 


•■ni 


In2 ) 


SO T normalizes Because n 2 < n — 1 < Z —2, ^z)g) = ip ^{z)W{g) 

for any g £ Gi- It follows that integral (I7.22|) equals 

/ / / W{rwl^zh)ps{u}ni,n2zh,l,l,l)drdzdh. 

JUhAHt^ JZr72,77i JR}’^ 

Write Uh„ = ((ZVni • x x Un with 

Nn,={i^"^ ^^]:Zi£Zn,}, Nr^2={( j )-.Z2£Zn2}. 


Zi 


Here ((A^m • 77^2) ^ Zn 2 ,nx) < GLn is considered as a subgroup of M^- We readily 
collapse the integration over Zn 2 ,nx to obtain 

f [ W{rwl'^h)ps{ujni,n2h-,l,l-,l)drdh. 
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Decompose ■ -R2”) ^ direct product where 



^ dn2 

\ 



^ ^n2 

\ 

r'’" = { 


In\ 

}, 

4’” = { 

X2 

Ifll 

Il-n-1 


\ 

1 y 



\ 

1 / 


The mapping h 1 -^ 1,1,1) is "invariant on the left, whence h 1 —>■ (ps{ujni,n 2 ^-, !> 1) 1) 

is left Zn 2 ,ni = ‘^" 1 ’" 2 -invariant. Let A^m.na = ^na.niiVnii Vnz- It is a subgroup of 
Mn and thus normalizes Un- Therefore we may integrate over Zn 2 ,ni and our integral 
equals 


[ f f f ^z)w’'’'^h)(ps{uJm,n2h,l,'^,'^)dr2dridzdh. 

JN„i,„2Un\H„ Jr‘{" 


For ri E Fif^ and E Zn 2 ,nn ^z satisfies 

Also, as a direct product ^Z„ 2 ,ni • = 


Ti = r 2 ^zfi for some r2,z E K2 ■ 
i?*’” 2 . Thus we have 


For /i 2 E Hn 2 i where Lf,i 2 is regarded as a subgroup of Hn, denote h '2 = ^"i’" 2 /i 2 and 
'" 2 Hn 2 - We factor the integration through Explicitly writing [L 2 ]£q , 

and /i' = 


K 2 = 


we find that ’"i ^ h '2 commutes with any element of 
Hence the integral is equal to 


n2- 

l,n 


(7.23) 


f f f 

JH!^^Nni,n2Un\H„ JR'{" 





W{r'tJ'^'^h2{v}'^'^) ^riw^'‘''h)ifs{^ni,n2h, 1, /i2) l)drdh'2dridh. 


Note that A'nnnst^ = a nd H ^UHn < ^n, whence H'^^Nn^^n 2 Un < Hn- 

The inner drd/i^-integration in (I7.23|) is an integral for Gi x GL „2 ^^^d vr x £ 2 - Let 


(7.24) 


L 




UrAHn 



\Hi, 



W{rw^’'^^h2{w^’'^^] 


^rivJ'’''h)^ps,i-s{'^ni,n2^^ 1 ) ^ 2 ) l)drdh'2dridh. 


By (16.11) . integral (I7.23P multiplied by c{l, € 2 ,^, 3 ) ^7(7r x e 2 ,'il^,s) equals (I7.24F 
Reversing the steps from (17.221) to ()7.23p . integral (17.241) becomes 

(7.25) [ {[ W{rw'-’"-h)dr) f ips,i-sicnnun 2 zh,l,l,l)'ilj~^ iz)dzdh. 

JUHr,\Hn JR'"^ 

Applying ^2.91) to ^7.251) we get 

(7.26) / (/ W{rw^’''h)dr) I g{u}n 2 ,ni'iRh,l,l,l)ip~^ {m)dmdh. 

JuHn\Hn JR'’^ Jz„^.n2 

Repeat the steps from (|7.22l) to (|7.23l) . with the roles of ei, rii and 62 , n 2 reversed. 
The first step is to collapse the dm-integration. The relevant modifications of the 
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definitions are 




In2 


G Z-n, }) 


IIn2 


( In, 






4’” = { 

Xl 

In2 

Il-n-1 


j^l,n 

K 2 


\ 



1 y 



N — 

I '^772,711 

^n\^n2^n\ 

Hn2 ) 



H'n, 


{ 

{ 


( In, 

V 


] : Z2 ^ Zn2}, 

\ 

In2 

^2 Il—n—1 

1 / 


‘^n2,niff 


ni ■ 


}, 


Remark 7.2. Note that Nn^ and are obtained from the previous definitions by 
conjugating with ujn 2 ,ni- 


Also use the fact that the function h g{uJn 2 ,nih, 1 , 1 , 1 ) is left Z„^^„ 2 "iiivariant. 

We reach the following integral 


(7.27) 


f f f f 

J H'Nn2,n,Un\Hn J R‘o'^ JU„, \HL J 




W^r2wl'^h)ip'i_g g{ix}n2,n,h, 1 , hi, l)drh'idr2dh. 

The inner drd/i'^-integration in (j7.27l) is an integral for Gi x GLn, and vr x ei. Inte¬ 
gral (j7.27p multiplied by c(Z, ei, 7 , s)“^ 7 ( 7 r x equals 


(7.28) 


/ f f f 


W{rwl^^hi{wl‘^^) ^r2wl"'h)(pl_g{ujn2,nih, 1 , hi, l)drh'idr2dh. 


Now (j7.28p resembles ^7.230 . Reversing the transitions (I7.22p - p7.23p (with the new 
definitions of N^, R[’"' etc.) leads to '^{W, M*{e, s)ifs, 1 — s). Finally note that when 
n < I, in particular ni, n 2 < I hence c{l, ei, 7 , s)c{l, 62 , 7 , s) = c{l, e, 7 , s). 


7.1.9. Proofs of claims 


The following lemma is used to justify all passages between integrals with disjoint 
domains of absolute convergence. 


Lemma 7.7. Let tt be a representation of Gi and let p he a representation of GLn 
realized in W{p,ijj). Let W G fg G f,{p,hol,s) = f,Qf{p,hol,s). Assume 

that there is a constant G (independent s) such that for all s G C, 


'UhAR 


f I W| {rwl^h)\fs\{h, l)drdh < G I 
[ \W\{g)\fs\{wi^nrg,l)drdg < G I 

Jr, ^ 


> n, 

< n. 


{JUgi\Gi Jr,. 

Then for all s, ^(VF, fs,s) = G' where G' is a constant independent of s. 
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Proof of Lemma \ 7. 7\ First assume I < n. According to the Iwasawa decomposition of 
Gi there are elements ki E Kqi, i = 1,... ,m, such that for all s E C, 


C > y, / / ■ W\{ax) / \ki ■ fsKwi^nfax, l)6{a)drdxda 

> V' / / \ki-W\{ax) / ki ■ fs{wi^nrax,l)ipz^{r)dr S{a)dxda 

^JAi_:,JGi JRi„ 


{5 = 6^^ ). Assume that Gi is split. The next step is to plug in the formula of Propo¬ 
sition [521 This entails writing the integration over Gi using the subsets 
(defined in Section EH]) and {x E Gi : [x] < q^}, where fe is a constant independent of 
s. We get a finite sum bounded by G, 

[ [ \Wi,j\{ax)\'^Pa{q~^,q'')Wa{diag{a,[x\,In-i)) 

i,j « 

(I deto|[x]“^)^''“*^^^5(o)drE(ia. 


Here Aj varies over the aforementioned subsets. The elements VFq,, Pq,(A, A“^) depend 
on i and j but not on s. The summation over a is finite. Also M is some real constant 
independent of s. In particular, the only dependence on s is in the factor q~^ replacing 
X and in the exponent of | deta|[x]“^. 

Each dxda-integral can be written as a series of the form 


(7.29) 



|IFjj|(ax)| '^Paiq "",q^)Wa{diag{a, [x\,In-i)) 5{a)dxda 


q-t(M+U(s)) 


Here the double integration is over all a and x such that | deta|[x] ^ = q The fact 
that Wa vanishes away from zero (see Section 1221) implies that the coordinates of a 
are all bounded from above. Hence the integration is over a compact set independent 
of s, and A" E Z is also independent of s. 

The same manipulations apply without the absolute value: 

^{W,fs,s)='^f f Wij{ax)'^Pa{q~^,q^)Wa{diag{a,[x\,In-i)) 

i,j X-l X a 

(I deta|[x]“^)^’''®5(o)dx(ia 


and each dxda-integral takes the form where 


(7.30) 

Btis) 



q^)Wa{diag{a, [x\, In-i))d{a)dxda 


q-tiM+s)_ 


Observe that Bt{s) E C[g“®,g®]. This follows because Wij and Wa are smooth and 
the integration in (j7.30|) is over a compact set independent of s. Hence Bf is an entire 
function of s. Moreover because (j7.29p is bounded by C, in particular |Ht(s)| < C 
for all s. Hence Bt{s) = c* is a constant. The series c* is absolutely convergent 
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because it is majorized by (|7.29p . We conclude that ^ constant, whence 

'^{W, fs, s) is a constant, independent of s. 

The proof in the quasi-split case is almost identical. There is no need to partition 
Gi and we replace diag{a, [x\,In-i) with diag{a, In-i+i)- 

The case I > n is similar, we describe it briefly. Put Wi = • W. Using the 

Iwasawa decomposition of and the argument regarding the support of W{ar) for 
r E i?*’” (see Proposition [521), we have for some ri,...,E and ki,... ,km £ 

C>'^ [ Irjfcj • ^a)\ki ■ fs\{a,l)6{a)da 


6 ach i, ki- fs = YaP»{q where /i"^ E ^{p,std,s) 

depend on i). Then we get 



Vjki ■ Wi 





Here M' is some real constant. In addition 

\ — 1 


T(1U, /„ s) = ^ rjh • g*)W,(a)<5(a)| det a\^'+^da. 

i,j CK 

The proof follows from this, using the fact that r,/cj • VUi vanishes away from zero. □ 


Proof of Claim [7.4 Recall that (j7.7p and p7.8p are 



(Ps{w'u, l,wpn 2 r{^"^’"^g), l)'tp^{r)'ilj^{u)drdgdu, 
ips,i-s{w'u, l,wpn2r{'’"^’"^g), l)if^{r)ijjry{u)drdgdu. 


We use the idea of |Sou93j (p.68) and prove that integrals (17.7D and (17.8p are pro¬ 
portional using a specific substitution. Let D (resp. D*) be the domain of absolute 
convergence of dZZI) ( resp. m)- These domains do not depend on the actual func¬ 
tions VL, (/3s and (/3s,i-s- We recall that D* takes the form {Ai < 5?(s) << )P(C)} (see 
Section 17.1.40 . 

Replace W^^ps with W, (/?( given by Proposition 15.211 Ifor a fixed Cf). The manipula¬ 
tions (j7.6l) - (l7.7p still apply and since integral ^7.611 is absolutely convergent and equals 
1 for all s, the same holds for (I7.7p . 

Denote the inner drdg-integration in p7.7p (resp. (17.81) 1. defined for each u E 11^, 
by luis) (resp. /^(s)). Integral /^(s) is actually T(IT, ip{w'u, 1, •, •)^" 2 ."i ^ ^ where 
ip{w'u, 1, •, •) E (t' 2 , hoi, s — C) (defined in Section 12.7.31) and 


p{w'u, 1, /l2, = ip[w'u, 1, h2, 62). 


Integral Iu{s) is 

^(W, (M*(e2, s)piw'u, 1, •, , 1 - s + C) 

= ^(lU, M*(e2, s)piw'u, 1, •, , 1 - s + C), 
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where the equality follows from Section !?. 1.21 These are double integrals over G; x Ri^n 2 
and since ( is fixed, (t 2 , hoi, s — () = (8) (t 2 , std, s — Q. The integral 

Iu{s) is absolutely convergent for all s G C and Iu{s) is absolutely convergent in D*, 
because ips,^s,i-s and ijj^ are smooth. 

Denote by Qu G C{q~^) the meromorphic continuation of luis), obtained as described 
in Section 15.61 It satisfies Iu{s) = Qu{q~^) whenever 5R(s) > sq, for some sq > 0. 
Similarly let G C{q~^) be the meromorphic continuation of luis)- Then luis) = 

Qui<l~^) for all s G D = {s G C : 3ft(s —(") < si}, for some si < 0. We may assume (by a 
priori taking Q large enough so that C) << 0) that D* C D, hence luis) = Qui<l~^) 
in D*. 

Next we claim luis) = QuiQ~^) also in D*. Indeed, luis) satisfies the condition 
of Lemma Ea because the constant C of Proposition 15.211 is independent of s and 
moreover, the functions and are smooth. Then the lemma implies that 

luis) equals a constant C' independent of s. Hence also QuiQ~^) = C and luis) = 
Qui(l~^) for all complex s. 

According to () 6 .ip . in we have 7 ( 7 r x £ 2 ,i’-,s)Qu = Qu (here cil,£ 2 ,'y, s) = 1 

because I < 77 , 2 ). Since the poles of 7(77 x £ 2 ,'ip,s) (in q~^) belong to a finite set, we 
can further assume that 7(77 x £ 2 ,i^, s) does not have a pole in D*. 

Thus for all s G D*, 

(7.31) 7(77 X £ 2 , V', s)Iuis) = 7(77 X £ 2 , V', s)Quiq~'') = Quiq~^) = luis). 

As a meromorphic function dza equals 1 also for s G D* hence we can consider 
integral (j7.7p in D* (instead of D). For s G D*, by Fubini’s Theorem and (|7.3ip we 
can replace the inner drdg-mtegration in (17.71) . multiplied by 7(77 x £ 2 ,ip,s), with the 
inner drintegration of (|7.8I) and obtain (again using Fubini’s Theorem) (|7.8p . We 
conclude that the proportionality factor between (17.71) and (j7.8p is 7(77 x £ 2 ,'ll), s). □ 


Proof of Claim \7-3[ Recall that (j7.9p and (I7.10h are 


[ Wig) f f 

JUo,\G, JR,r,-/Z 

I 

JUr 


Lps,i-sioJni,n 2 ZWi^nrg, 1,1,1)7/’ ^ iz)'tp^ir)dzdrdg, 

\^l '' ^H,n '' ^n2,ni 

Wig) [ f ^[_,^,iu;u 2 ,n,niwi,urg, 1,1, l)^/--^ im)^P-yir)dmdrdg. 
Wq^\Gi d J Zni,n2 

In order to find the proportionality factor we may replace which depends on 

M*(£ 2 , s), in (17.91) with an arbitrary element ds,i-s G ^(£i (8* £ 2 , rat, (s, 1 — s)) and then 
Pi-s s replaced with M*(£i (8) £ 2 , (s, 1 — s))dsq_s- This is because both integrals are 
considered (by meromorphic continuation) as bilinear forms on VV(7r,-0“^) x W(£i ® 
£ 2 ,( 5 ,1 — s)), hence the proportionality factor can be calculated using any element 
of >V(7r, ?/)“^) X W(£i (8* £2,(s,1 — s)). We can also apply Proposition 15.211 to the 




representation Ludg" ((£1 (8*/ndg"’^ (£ 20 ^ *))®^) rmd obtain W and 0s,i-s € ?(ei ® 
£ 2 , hoi, is, 1 — s)) for which (j7.9p is absolutely convergent and equals 1, for all s. 

Now proceed as in the proof of Claim[721 Note that the inner dz and dm-integrations 
above form both sides of Shahidi’s functional equation (j2.9l) and the proportionality 
factor between them is 1. The smoothness of W, 9s,i-s and M*(£i 0 £ 2 , is, 1 — s))dsq_s 
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implies that these inner integrations are absolutely convergent for all a & Gt such that 
W{g) / 0 and r E Ri^n- □ 


Proof of Claim Let R' = Mn^^xn-i x Ri,n- It is the subgroup of Un-i of elements 
whose hrst n — I rows take the form 


( In-i X y Oi_ni rn z ) , 

where x £ Mn-ixl, U G Mn-ixi, Ol-m is the zero matrix of M(n-l)x{l-ni) and m € 
Mn-ixni- Dehne dr' = drjdr. First we show that i"' normalizes R' and fixes 

dr' and by using the Bruhat decomposition = QmWQn^, where W = is 


Since is considered 


a subgroup of the Weyl group of ■ Let x £ = M„j. 

as a subgroup of Gi, to write x' = i x as an element of we pass through the 
embedding < Gi. If 




[xUg, = 


h 


X 


I/—ni —1 / 


/ In-l 




h- 


l—n\ 


h- 


l—ni 


X‘ 


\ 


In—I j 


(See Sections l2.1.2l and l2.1. in Evidently x' normalizes R', fixes dr' and For u £ Um 
the computation varies if Gi is split or quasi-split, but the coordinates relative to Snn 
are the same. Set u' = ^u. If 



1 


'ni 


= 


J-ni 

Ui 

U2 


h- 


ni 


h- 




ni 


‘■ni 


In- 


I / 
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Hence u' preserves R', dr' and ^^7 as claimed. Regarding w G W, note that tc is a 
product of transpositions Wi G W satisfying 


In- 




n—l-\-ri 


\ 


0 


1 


^r2+l—ni 


-1 


I 


r2+l—ni 


1 


0 


V 


d^n—l+ri j 

with ri, r 2 >0 such that ri + r 2 = ni — 1. Such elements have the required properties. 
These computations show that integral (17.121) equals 

[ [if W{r'w^’'^^h'g)dr') 

f f y^i-s,si^n 2 ,niWi^nw''’''^h'C r]r))g, 1,1, {r)d'ndrdh'dg. 

In order to get the required form of the integral we need to slide h' to the third argument 
of Set w = Since we can write the d/i'-integration over Bh^^, 

we can assume h' G ■ Then it is left to show that for all h G Hn, X G H-fi^ 

and u E Um < Hm , 

^p'i_s^s{wxh, 1,1,1) = l,x, 1), 

^p[_s,s{wuh, 1, X, 1) = 1, x(*"i m), 1). 

Since tm commutes with x, x(*"iu) = Writing h’ = xu yields the requested 

form of the integral. 

We compute x. With the same notation as above, 

( In2 \ 

X 




1 


V 


^712 




We see that x belongs to directly embedded in Hn (without going through 
Gi), i.e., embedded in the middle block of Qn 2 - the standard parabolic subgroup 
of Hn whose Levi part is isomorphic to ^ ^dm ■ Hence si'^xh, 1,1,1) = 

For u, 

( In2 \ 




h 


Ini 

7 “^( —1 


V 


7 


ni 


In2 / 


Again G Hn^ < Hn, tf'i_s g{wuh, 1, x, 1) = 1, x{W u), 1). 
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Proof of Claim [TTJt As in Claim [71^ we can replace g, which depends on M*{s 2 , s) 
and M*{si ® £%, (s, 1 — s)), with an arbitrary element of ®£i,rat, (1 — s,s)). The 
arguments of Claim 17.21 apply here as well. Proposition 15.211 is used to obtain W and 
G C(e 2 ® £i,hol, (1 - s, s)). 

The inner dr'dh'-integrations will be absolutely convergent for all g, r and g. The 
proportionality factor between these integrations needs to be recalculated, because of 
the conjugation by tm- In general for W E and /' E f,{£i,rat, s), according 

to (16. ip and (17.,ip . 

7(7r X £i,'ip,s)^{W, (/')*"!, s) = c{l,£i,j,s)^{W,M*{£i,s){fgY"pl - s) 

= T(IT,(Ar(ei,s)/'^i,l-s). 

Thus the inner dr'dh'-integrations are proportional by 7 ( 7 r x £i,f;,s). □ 

7.2. Multiplicativity in the first variable 

7.2.1. Reduction of the proof 

Let r be a representation of GLn- In this section we prove Theorem 11.41 if a is a 
representation of GL^, 0 < k < I, and vr is a quotient of Ind!p^{a ® tt') or Ind^p^ {a), 

(7.32) 

7(7r X T, p, s) = X r, p, s)7(7r' x r, p, 5 ) 7 ( 0 -* x r, if, s). 

As in Section o we may assume that tt is equal to the induced representation. 

The proof is reduced to two particular cases: k < I < n and k = I > n. First we 
explain how these cases together with Theorem 11.31 imply the general case. 

Assume k < I and I > n. Let ri be a representation of GLm for m > I such that 
7(7r X Ti,if, s) ^ 0 (e.g. take an irreducible ri) and consider p = Indp^ ® "^i)- 

brevity, we drop if and s from the notation of the 7 -factors. According to Theorem ll.3l 

(7.33) 7(7r X p) = 7(7r x T)g{'K x ri). 

Since k < I < m + n, 7 ( 7 r x p) is multiplicative in the first variable. In addition the 
7 -factors of GLk X GLn+m are multiplicative f lJPSSSl] Theorem 3.1). Hence 

(7.34) 7(7r X p) =u;R-l)"+™u;R-l)'^u;,, (-1)"^ 

7 ( 0 - X t) 7 ((T X ri)7(7r' x p)g{(7* x T)g{a* x ri). 

Also 7 ( 7 r' X p) is multiplicative in p and because k < I < m, 7 ( 7 r x ri) is multiplicative 
in TT. Therefore 

7(7r^ X p) = 7(7r' x T)'y{Tr' x ri), 

7(7r X n) = a;^(-l)”"wT-d-l)^7(<7 x Ti)7(7r' x ri)7(fj* x n). 

Applying these equalities to (I7.34p we get 

(7.35) 7(7r X p) = u;o-(—l)"'a;T-(—1)^7((T x T)g{'K' x T)g{TT x Ti)g{a* x r). 


141 








Comparing (|7.33p and (I7.35p . 

7(7r X r) = x x T)^{a* x r). 

The last case is when k = I < n and vr is induced from either Pi or Since 

the argument is identical for either parabolic, assume vr = Ind^\a). Let ai be a 

G GL ^ 

representation of GLm with m > n. Define p = IndP^*\Indp ^a)). Since 

m + l ^ ^m,l ^ ' ' 

p = (fJi (8* tt) and m < m + I, 

(7.36) 7(/9 X r) = 0 ;^^(-l)”'a;r(-l)™-7(fTi x r)7(7r x T)7(fT* x r). 

Because m + I > n, 

7(p X r) =a;.,(-l)"a;.(-l)"u;.(-l)”*+'u;.( 27 )-' 

7(/ndp^'(‘+* ((Ti (g) a) X T)j((Indp^’^'''‘ (ai (g) a))* x r). 

Combining this with (I7.36p yields 

7(7r X r) = UJa(-irUJr(-iyUJr(27)~^j((T X t)j(o-* X t). 


7.2.2. The basic identity 

Let W G W{'k,'4)~^) and /* G ^{T,hol, s). We use the realization of vr described in 
Section [213 assume vr = IndTp {a iSm') where P is either Pj. or '^{Pi), a is realized 
in WPcr, and vr' (if k < 1) is realized in and select G ^p'(cT(8) 

vr', std, —C + \) for W (i.e., W^g = W). 

According to Claim fs, s) = fs, s) in C{q~^). This claim can 

be easily adapted to showing T((/?^, M*(r, s)/s, 1 — s) = 'I'(tF(^^, M*(t, s)/s, 1 — s), in 
C{q-^). 

In Sections f7.2.3ti7.2.^ we prove for a fixed C with 5R(C) >> 0 that in C{q ^), 

(7.37) a;,^(-l)''w^(-l)^7(£7 xt,'iI;,s - C)7(T x r, h, s)7(cr* x r, h, s + C) 

c{l,T,J,s)~^[uJr{2'y)~^]^{(P(:Js,s) = ^{(p(^,M*{T,s)fs,l - s), 

where the factor appears only if A: = /. Analogously to Claim ITTl 

^{Indyj'{{a (8) vr')Q;“^’'' 2 ) x r, ijj, s) G C(q~y q~^) 

(the proof is actually simpler, since the twist by ( does not involve the intertwining 
operator and the sections related to r). Arguing as in Section [7.1.31 equality p7.32p 
follows by letting ^ 0. 

7.2.3. The case k < I < n 

The proof follows the arguments of Soudry [Sou93| (Theorem 11.4). We apply the 
functional equations for a x t, vr' x r and a x t* . Manipulations of integrals with 
possibly disjoint domains of absolute convergence are explained using meromorphic 
continuations and uniqueness properties as in Section 17. 1.41 Proofs of convergence can 
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be derived using the techniques of |Sou93] (Section 11). The domains of convergence 
change from {3f?(C) << << (1 + C'i)3ft(C)}, where Ci > 0, to {(1 — C2)3ft(C) << 

3?(s) << 3?(C)} with 1 > C 2 > 0, then {(1 — C'2)5R(C) << 3^(1 — s) « 3?(C)} and 
finally {3f?(C) << 3f?(l — s) « (1 + C'i)5?(C)}. The constants Ci and C 2 depend only 
on the representations. 

Our starting point is 

(7.38) '^i(Pc,fs,s)= (/ (p^{vg,l,l)^l;^{v)dv) l)V'^(r)fird5f. 

Jun.AG, JVk Jr,„ 


Here we used (I5.28P for Since Ugi = (14 x -^fc) ^ Ugi_,,, the integral becomes 




ZkUajAGi 


/ fs{wi^nr9,l)^p^{r)drdg. 


Ri,-. 


We have the following integration formula, derived using G; = KgiP* where P* = 
{GLk X Bgi_^) X 14 is a parabolic subgroup. 


(7.39) [ 

Jz 


ZkUa.AGi 


where 


F{g)dg = / /_ / /_ F{amvtk)dmdadvdtdk, 

JKn, Jv” Jz^\GLk Jv^ 

\ 


( Ik 

m k-i-k 


yi = { 


h 


h-l-k 

m' h y 


= { 


V 

/ h 

0 ii-i-k 

Vl 0 1 

V2 0 0 1 

V 0 0 0 Ii-i-k 


\ 


y z v' * * 0 Ik J 

Using this formula, the integral equals 


( 7 . 40 ) 


/ / /-/ /- 

JKg, JTg,_. Jv" JZk\GLk Jv! 


I _ ip(^{amvtk, 1 , 1 ) 


/ fs{wi,n'i^a'mvtk, l)'ipj{r)drdmdadvdtdk. 


For a G GLk, dpi^{a) = \ detap^ ^ hence 


(/3(^(a, 1,1) = I det a| 2 ‘’(^^(1, a, 1). 

Also according to (15.31) . 

/ fs{wi,nram,l)'il;^{r)dr = / fs{wi^nr,am)'il;^{r)dr. 

Rl Ri 'n 
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Remark 7.3. The main obstacle in addressing the case k = I < n here is that is 

not contained in so (15.3p is not applicable. 


Combining these observations (I7.40p becomes 

(7.41) f f [_ [ f f ip(ivtk,a,l) 

JKgi JTgi_^ Jv” JRi,„ JZt,\GLu 

fs{'Wi,n'i^vtk, am) \ deta|^“‘’ ~'il}^{r)dmdadrdvdtdk. 

Here we identified with The inner dmda-integration is a Rankin-Selberg 

integral for GLk x GLn and a x t. By (I2.18h with j = I — 1 — k we (formally) obtain 

(7.42) [ [ [_ [ [ [ ip^{vtk,a,l) 

JKgi JTG^_^: Jv” JRi^„ JZk\GLk JMky.^_i 

( ^ ^ \ n+fc 

fsiwi^ni^vtk, \ 0 0 In-i a)|deta|®“^ 2 ^’‘~^'ilj^{r)dmdadrdvdtdk. 

\ 4 0 m J 

This integral is absolutely convergent in the sense that it is convergent if we replace 
‘T’C’ 4 with |(^^|, |/s| and drop ^'7- In its domain of absolute convergence (j7.42p satisfies 
the same equivariance properties (I5.18p as 'I'((^^, 4, s). This is evident from (j7.43p 
below, which is equal as an integral to (j7.42p . It is also possible to show that there 
are functions and 4 for which (j7.42p is absolutely convergent and equals 1, for all 
s (see the proof of Claim 17.111) . Then from Section 15.61 it follows that (I7.42p has a 
meromorphic continuation to a function in C{q~^). Thus for all but a finite set of q~^, 
it is a bilinear form on V-^{a (8 * tt',—C + 4 x V{t,s) satisfying (|5.18p (recall that C 
is fixed). This also holds for (j7.41l) . since it is equal as an integral to 4; s) and 

because of Claim 15.231 Thus (j7.4ip and (j7.42p are proportional. In Section 17.2.51 we 
prove, 


Claim 7.8. Integral (|7.41l) multiplied by a;o-(—1)" ^7(0" x — C) equals inte¬ 

gral (I7.42|) . as meromorphic functions. 


As in Section 17.1.41 (see the paragraph after Claim 17.2p , we can skip the independent 
proof of meromorphic continuation for (I7.42p and regard the integral (17.421) and the 
meromorphic continuation of (|7.4ip as bilinear forms on (cr(8)7 r',—^+i) xV{t,s) 

only for s in the domain of absolute convergence of ()7.42p . 

Reverse the steps (I7.40I) - (I7.41I) to get that (I7.42p equals 





ipc_{avtk, 1 , 1 ) 


/ 0 Ii-k 0 \ 

fs{wi,nT'CLvtkA 0 0 In-i \)\(ieia\^~^~^'il)ry{r)drdmdadvdtdk. 

\ 4 0 m ) 
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Changing the order am i—)• ma in (|7.39l) multiplies dm by | deta|^ ^ then equal¬ 
ity (j7.39l) implies the formula 


F{9)dg = 


F{avtk)\deta\^ ^ ^dadvdtdk. 


Jviz,Ug^_,\Gi JKg, JTg^_, Jv- Jz^\gl^ 

Here V^ZkUGi_k < Gi because Vl{ZkUGi_^) = {ZkUGi_^)Vl. 

Let 

0 Ii-k ^ \ ^ 0 \ / Ifc 0 m 

0 0 In—I 1 ~ I ^ ^ In—I 11 0 Il—k 0 I ~ ^n—k,k'n^- 

Ik 0 m ) \ Ik 0 0/\0 0 In-i 

Since the function on Gi given by 

gi-^ / (ft:;{g,l,l)fsiwi^nrg,u}n-k,km)'ip^{r)drdm 

Xn — l , n 

is V'^'ZfcC/G,_j.-invariant on the left (invariancy by VI,Ugi_^, holds even for each fixed m), 
we may apply the latter formula to the integral and derive 

( 7 . 43 ) /_ / / (p({g,l,l)fsiwi^nrg,u}n-k,km)'tjjy{r)drdmdg. 

JVl,ZkUGi_f.\Gl ^Mfexn-i J Rl,n 

Now our task is to prepare an inner integration for tt' x r. Essentially it is shown 
how to mix V^' and Ri^n to form Ri-k,n- Start with factoring the integral through 
noting that x V)(' = 14 and (p({vg, 1,1) = (p({g, 1,1) for v G I 4 . This leads to 

( 7 . 44 ) 

/_ 7^<(5,1,1) /_ / / fs{wi^nrvg,ujn-k,km)'ilj^{r)drdmdvdg. 

JVkZ^UGi_^\Gl Jv'' JMky.r,-l JRl,n 

By the following claim it is possible to change the order of m and rv. 


Claim 7.9. 


' V 7 ' J Mkxn-l J Rl 


'Vl' J Mkxn-l •> Rlx 


/ fsi(^n-k,kmwi,nrvg, l)ii^{r)drdmdv 

J Rl ■r, 

fsiu}n-k,k'wi,nrv{'"‘'”m)g, l)'il>^{r)drdmdv. 


Write u)n-k,k'^i,n = wi-k,nW with 

/ 0 0 0 7-14 0 \ 

In-l 0 0 0 0 

w = 0 0 bi_k,k 0 0 

0 0 0 0 In-l 

\ 0 74 0 0 0 y 

The next claim shows how to combine the coordinates of I 4 " and 7?/^; 


€ Hmbi-kjk — diag(^Ii—k^ ( 1) ^Ii-k)' 
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Claim 7.10. 


/ fs{'~^n-k,k^i,nrv{^'-'^m)g, l)'ip^{r)drdmdv 

JR, r, 


JV^! JJRi 

= f f fs{wi-k,nr'w{^^’^rn)g,l)'tp^{r')dr'dm. 

J^kxn — l Rl — k^n 

On the right-hand side ■07 denotes the character of N^-g-k) restricted to Ri-k,n- 


Using Claims 17.91 and 17.101 integral (17.4411 becomes 


[_ f [ ^({9AA)fs{wi-k,nr'wr^’^m)g,l)if^{r')dr'dmdg. 

JVkZ^;UG,_f.\Gi JJRi_,^ „ 


This integral may be factored through Gi-k- For g' G Gi-k, commutes with g' 

and ^ g' = (where g' is considered as an element of Hn, if we consider g' as an 

element of Hi-k we get ^‘-'^^^g'). The integral equals 


(7.45) 


IVkZkGi_k\Gi 



^,9')fs{wi-k,nr'd”-'^g')wd^-"m)g, l)'ipd^’)dr'dg'dmdg. 


The manipulations (I7.42h - (l7.45h still hold when we replace (p(,fs with |(/?(^|,|/s| and 
drop the character. This means that (17.421) and (17.451) are absolutely convergent in 
the same domain. The inner dr'dg'-integration may be regarded as an integral for 
Gi-k X GLn and tt' x t (see Section [7.1.21 for the conjugation ^^•'‘g'). Applying the 
functional equation to integral (17.451) we arrive at 


(7.46) 


/- / / 

JVkZkGi-k\Gi JMkxn-i J UGi_,\Gi-k 



^da, s)fs{wi-k,nr'd”-'^g')wd'-"m)g, l)ip-^{r')dr'dg'dmdg. 


We have already shown that ()7.45p (as a meromorphic function) is proportional to 
fs, s). Below we show that ()7.46p resembles (17.420 and it will follow that it has 
a meromorphic continuation which is proportional to M* (t, s)fs,l — s). The 

integrals 'h((^^, fg, s) and 'h((^^, M*{t, s)fs,l — s) are proportional, since they are equal 
as rational functions to fg, s) and M* (t, s)fg,l — s) (resp.), see Sec¬ 

tion 17.2.21 Therefore (I7.45P and (j7.46l) are also proportional and it remains to use a 
specific substitution to find the proportionality factor. 


Claim 7.11. Integral ^7.450 multiplied by 'y{7r' XT,'tp, s) equals integral (17.461) . as mero¬ 
morphic functions. 


Reproduce the steps (17.42l) - (l7.45p backwards to land at 
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(7.47) 



/ 0 Ii_k 0 \ 

M*{T,s)fs{wi^nrvtk, { 0 0 In-i a)| 

\ 4 0 m / 

dmdadrdvdtdk. 

This is just (17.421) with s 1 — s and 4 M*{t, s)fs- Apply the functional equation 

for GLk X GLn and a x r* to get (compare to (|7.41l) l 


(7.48) f f [_ [ f f (p^{vtk,a,l) 

JKg, Jv'' JRk„ JZk\GLk JMi_i_ky,k 

M*{t, s)fs{wi^ri'fvtk^ am)\ det ^ 'ip.y{r)dmdadrdvdtdk. 

Observe that by Claim 17.81 it immediately follows that integral (I7.47D multiplied by 
a;CT(—l)^~"^7(c’' X — s — C)~^ equals integral (j7.48p . as meromorphic functions. 

This is because we established the proportionality factor between (|7.4ip and (17.421) for 
arbitrary (er, r, s). 

We return from (I7.48|) reversing the passage (I7.38|) - (I7.41I) and reach 

[ if ^ci'^9AA)iJ'ri'u)dv) [ M*{T,s)fs{wi^nrg,l)'ilJ'rir)drdg 
JUgi\Gi JVk JRi,^ 

= ^(<7>C>^*(A'S)4,1 - s). 

Altogether it was shown that 

7(cr X 4,-0, 1 - s - C)"V(7r' X r,V', 5 ) 7 ( 0 - C)4'((/?^, 4, s) 

= ^(<7>C’^*(as)44 - s). 

Since 7 ( 0 - x 1 — s — C)~^ = Wct(— l)"'Wr(—l)^ 7 (o-* x T,ip,s + C), equality (|7.37p 
follows. 


7 . 2 . 4 . The case k = I > n 


Here Gi is necessarily split. Assume first that vr is induced from 4 . Start with 

(7.49) ^{(p(;,fs,s)=[ f if ip(;ivrw''’^h,d^)'il;^iv)dv)fsih,l)drdh, 

J UH„\Hn J R'-'" JVl 
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where W^p^ was replaced by (15.291) {d^ = diag{Ii-i,A)). Decompose Vi = V/ ■ V” with 

(In 0 0 ^Vi 0 V 2 \ 

0 


yi = { 


Il-n-l 0 0 


/ In 


VC = { 


1 0 
1 


0 0 0 


0 

0 0 

Il-n-l 0 

In ) 
0 \ 




Vi 


Il-n-l 0 Vz V5 

0 
0 


1 0 
1 0 


0 


Il-n-l 0 


}• 


In / 


Here if ^ = n + 1, = {!}. We write the integral as 

(7.50) f Iff 'f(iv"v'r'wl^h,d^)'ilj^{v"v')fs{h,l)dv"dv'drdh. 

Juh„\h„ Jr^-" Jv/ Jvr 


'UH^Hn 

It is first shown how to replace the dn'-integration with a dwo-integration over Un- 


Let 


Mo = 


In Vi V2 + ^Mim( 
1 v[ 


with ^V 2 Jn + JnV 2 = 0 and v[ = —*miJ^. If we put Mq = 
r]{v') is the image in L; of 

In Pvi 


£ Un, 

* _ («)*■")-! 


Mo, Mq = r]{v')v' where 


Il-n-l 


&GLi 


I 


and 


(In 0 0 ^Vi 0 V2 \ 

0 0 


v' = 


0 


2/3 ' 

Il-n-l 0 0 

1 0 

1 0 0 
Il-n-l 0 

V In J 

Assume I > n + 1. In this case is left-invariant by r][v'), ip^{v''v') = and 

r](v') normalizes Vj" without changing ipj. Hence ()7.50p equals 


[ f f [ V^<;iv"ri{v')v'rw^'"‘h,d^)'ijj^{v")fs{h,l)dv"dv'drdh 

JUhAHu JR^'^ Jv{ Jv{' 

= f [ f f ^(^iv"uQrw^'^h,d^)'ip^{v")fs{h,l)dv"duodrdh. 
Ju„AHn Jr‘’" JUn Jv,” 
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Here the measure duo is normalized according to dv'. For a fixed 

/In \ 

® Il—n—1 

h 


r = 


h 


\ 


—n—l 

/ 




X' In / 

(“o) V = br^uoZr,uoX where br^uo is the image in L/ of 


Il-n-i -(Ixvi I G GLi 


and 


/ In 


0 0 
0 
1 


Il—n—1 0 2/3 

0 
1 


* 0 \ 

* * 

^v[x' 0 

0 0 

Il-n-1 0 

In / 


G V/'. 


Then the integral is 

/ / / / <^(:{v"br,uoZr,uorw''’'^uoh,d^)'ili^{v'')fs{h,l)dv"duodrdh. 

Ju-a Jv," 


Jn •' Vi 

rli 


Now br^uo normalizes V" with no change to '07 and the change v' x Zr,uo changes 
0^(u") i-G 0^('(;")0“0i/3(xui)/_„_i). Since (p(^{br,uo9,d^) = 0(|/3(xui)/_„_i)(^^(5f, d^) 
we get 


(7.51) 




[ [ [ <f(iv"rwI'^uoh,d^)'ijj^{v")fs{h,l)dv"duQdrdh. 

JR}’^ JUn Jv," 


If / = n + 1, r]{v') satisfies if(^{l,d.y)ijj^{v') = ip(^{r]{v'),d.y) (note that ^^(u') = 
0(-i/3(ui)n)) whence 

/ ip(^{v'h,d,y)'4>,y{v')dv' = / (p^{r]{v')v'h,d,y)dv' = / ip^{uoh,d,y)duo, 

Jv{ Jv{ JUr, 

where duo is normalized as above, and (|7.50l) still equals ()7.51l) . In this case ijjy{v") = 1 
since V)" = {!}. 

We proceed with ()7.5ip . for any I > n. Utilize the integration formula 


L 


UH„\Hn 


F{h)dh = 


'Un Zn\GLr\ 


F(au)|deta| ^dadu. 


The subgroup Un < Hn is normalized by a G GLn < Mn with a change of measure 
duQ e-)• Ideta^duo- The element a G Li normalizes and V", multiplies dr 

by I deta|”“^"*“^ and dv" by | detap“”“^, preserves ip^y and its image in GLi commutes 
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with d^. Also (p({a, 1) = | deta| 2 The integral becomes 

(7.52) [ [ Iff ^Q{v"'riJ''^UQU^ad-^) 

JU^ JZr^\GLn JUr, JV” 

fs{u, a)| det 2 “ 'tjj^(v")dv"duodrdadu. 


The do-integration defines an integral for GLn x GLi. However, applying (I2.18|) now 
(with j = 0) introduces a unipotent integration which interferes one step ahead (see 
Remark 17.41 below). This problem is overcome by using the coordinates of r. Since 
]^,n normalizes V” without affecting and its projection on GLi commutes 

with dj, we get 

(7.53) [ [ f [ [ (pc^{v"w^'‘^uou,ard^) 

Ju^ Jur, Jv/' Jz„\GLr, 

fs{u,a)\ deta|'^“^“' ~'il:^{v")drdadv''du^du. 


Now the drdo-integration forms an integral for GL^ x GLi and t x a. Using (I2.18P 
with j = I — n — 1 we obtain 

0 Il-n 


(7.54) 


'C/n JUn 


[ [ lpq{v''w'-''^uou, 

JV{' JZr,\GLn 


a 0 


\GL 

n 

fs{u, a) I det o|^“^ 2 ^il;^[v'')dadv''du^du. 


d^ 


As in Section 17.2.31 1 (17.4ip - (l7.421) 1 integrals (|7.53l) and (17.541) have proportional mero- 
morphic continuations. Note that (|7.54p is equal as an integral to (I7.55P below and by 
a direct verification, integral (17.551) satisfies ()5.18p . 


Claim 7.12. Integral (|7.53p multiplied by iOr{—iy ^ 7(17 x ^,s — Q equals inte¬ 
gral ()7.54l) . as meromorphic functions. 


Reversing steps (I7.5ip - (j7.52p (without dr) we get 

(7.55) [ [ [ ip^{v"w’‘’"'uoh,uJi_n,nd-j)i>^{v")fs{h,l)dv''duodh. 

JUnAHn JUr, Jvf 

Since /^(uo/i, 1) = fs{h,l) for uq E Un and Uh^ = ZnUn-, the duodd-integration col¬ 
lapses into an integral over Zn\Hn. Factoring through Un leads to 


/ / / I’({v"w''’'^uh,uji-n,nd-y)'if'y{v")fs{uh,l)dv''dudh. 

JuIZr,\Hr, JTU Jvf 

Recall that in Section 17.2.31 the next step was to apply a functional equation for 
Gi-k X GLn- Here we construct the left-hand side of Shahidi’s functional equation 
(j2.6p . Define a function F{h) on Hn by 


F{h) = [ (pQ{v"w’-'‘^h,uii_n,nd.y)'ip-fiv'')dt 

Jv,” 


Claim 7.13. Let u E Un- For any h E Hn, F{uh) = ip ^{^Un+i,i)F{h), where u is 
written relative to £h„ ■ 
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Remark 7.4. If we applied the functional equation for t x a with j = 0, a similar claim 
would fail. 


Then the integral eqnals 


[_ F{h) [_fs{uh,l)'ip ^{^Un+i,i)dudh. 

JU„Zr,\Hr, JU„ P 


Remark 7.5. This resembles the Rankin-Selberg integral for S02n+i x GLi studied by 
Soudry [Sou93| . The mapping fg jjj- fs{u,l)'ilj~^{^Un+i,i)du defines a Whittaker 
functional on V(t,s). 


Rewriting the dn-integration over we obtain 


(7.56) [_ F{h){ [ fsiWnUWn^h,!)^! ^{^{-l)'^~^^Un,n+i)du)dh. 

JUr,Z„\Hr, Ju„ P 

According to eqnality (j2.6l) . as meromorphic continuations integral (I7.56P equals 

(7.57) Cr,p F{h){ f M*{T,s)fs{WnUW~^h,l)'ll;~^{^{-l)^+^Un,n+l)du)dh. 

JU„Zr,\H„ JUr, P 


’Ur,Zr,\H, 

Here Cr^p = )~^ is calculated by substituting y ■ fg for fg in (12.6p where 

y = diag{{-l)'^‘^In, 1 , {-lY^In)diag{{dD~^, 1 , d-^)w~^h. 

The justification to the last passage is the same as in Section 17.2.31 (Claim 17.111) . 
Now we backtrack the transitions ()7.54p - (l7.56p and arrive at 

0 h-n 

a 0 


(7.58) 


'■"Iirlu IvJzxGL ( I! V)p> 


C/„ JUr, JV{' JZn\GLr, 

M*{T,s)fg{u,a)\ deta|“^“^ ^ 'ip^{v'')dadv''duQdu. 

This is just (I7.54P with s 1 — s and fg i—)• M*{t, s)fs. The functional equation 
for GLn X GLi and t* x a implies that integral (|7.58p multiplied by ujr{—iy~^'y{cr x 
1 — s — C)~^ equals (compare to (j7.53l) i 


(7.59) 


-/-/ / 

JUn JUn JV 


’V^i" J Zn\GLn J\^l — n — lxn 


(Pq{v"w^''^uou, ard^) 


M*{T,s)fg{u,a)\del a^ ® 2 'il;^{y")drdadv''duodu. 


As in Section [7231 (see (I7.47jl - (j7.48p i the last passage, which is between meromorphic 
continnations, is already jnstified by Claim 17.121 Finally, reversing the steps (|7.49p - 
(j7.53p yields 

(7.60) Ct^p I / (/ ‘pQ{vrw^''^h,dGi)fr^{v)dv)M*{T,s)fg{h,l)drdh. 

JVl 
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Since 


7((T X r, -0 \ S - C) = W,7(-l)”Wr(-l)'7(o' XT,'ll>,S- C), 

7 ((T X 1 - S - C)“^ = licr* X r,V’,s + C), 

Cr,/3 = c(/,r, 7 ,s)w^(/ 3 )^|/ 3 p’"(®" 5 ) = c(/, r, 7 , s)a;^( 27 ) 

(recall that we assume |/3| = 1), we conclude 

c{l,T,'y,s)~^uJa{-iru;T{-iyuJr{2j)~^-f{cr xt,'iI),s- Ch{a* x r,'!/’,s + C)^'(<y?c> /*> «) 
= - 'S)- 


This completes the proof for vr induced from Pi. 


We explain the necessary adjustments in case vr = Indy^^.^{a). We use the Whittaker 

functional for vr given by (|5.30p . Decompose and write Uq = r}{v')v', 

where now r](v') equals the matrix denoted above by v' (without the coordinates of 
V 2 ) and normalizes In the decomposition br^uoZr,uof’ we exchange the matrices of 
br,uo and Zr,uo, whence Zr,uo ^ '"Vj" and Lpc_{br,uo9,d^) = i^~^{\ld{xvi)i_ri-i)9^c.{9,d^)- 
Since I > n, the passage to the integration over Zn\GLn is the same as above. Also 
Rbn = gQ ^j^jg subgroup normalizes The function F{h) is defined in the same 
way but now satisfies F{uh) = 'il){‘^Un+i,i)F{h), which does not change the constant 
Ct,i 3 in (17.57p . There are no further differences. 


7.2.5. Proofs of claims 


Proof of claim [TTSI Recall that integral ()7.4ip is 




(pi^{vtk, a, 1) 


fs i'Wi,nrvtk, am) \ det a 


s-c-^ 


■ ipry {r)dmdadrdvdtdk. 


Let Wa E >V(cr, V’ and Wr E be arbitrary. Let fci > 0 be such that ITV is 

right-invariant by AfcLr^M- 

If k < I — 1, select Wn-/ E W{7r' by Lemma [5l3] with j = 0 and k 2 » ki, for 
some VLo E W{Tr', 1 /;^^) such that ITg(l) / 0. In case A; = / — 1, vr' is a character of Gi 
and we put = vr'. 

Choose fs E (,{T,hol,s) according to Lemma 15.21 with Wr and k^ » /c 2 . Finally 
we take with support in Pkd^CiM such that for all a E GL^, h E Gi^k-, u E I 4 and 
u E ip{ahvu,l,l) = | det a|“*'''^““‘’ITo-(a)iy 7 r'(/i). Taking k^ » k^ we may 

assume that fs is right-invariant on the image of N'ciM in Hn- 

With the above selection p7.4ip becomes 


[ L[ [ [ W^{a)Wr 

JUGi_^\Gi-k Jv” JRi,r, JZu\GLu 


(h) 


fsiwi,nrvh, am)\det a\^ ^ 2 xlj^(r)dmdadrdvdh. 


152 











Here c > 0 is a volume constant depending on /C 4 . Let V = Vi-k-i x Gi < Gi-k- Using 
the formula 

[ F{h)dh= [ [ F{bv')5{b)dv'db, 

where <5 is a suitable modulus character, we get 

(7.61) c [_ _ [ [_[ [ [ W^ia)W^^{bv') 

JBgli_^_^ Jv Jv'' JRi^^ JZk\GLk JMi_i_ky,k 

fs{wi,nf'vv', amb)\ det ~ V’ 7 (^)l det 5{b)dmdadrdvdv'db. 


For fixed a, m and b, since vF G V/_i x Gi, we deduce that the dr-integration vanishes 
unless V, v' G MGi,k3-ko (with ko - the constant of Lemma[52]). Thereby since >> k 2 , 
H4-'(6r') = W-„-i{b). It follows that up to a measure constant, 


/ /_ / W.n-'{bv')fs{wi^nfvv',amb)'ip'y{r)drdvdv' = Ps{'y)WTr'{b)Wr{ambt^), 

Jv Jv” Jri^^ 

where Ps{"i) = | 7 |d 2 ’^+®“ 2 ) and try is given by Lemma 15.21 

Now WT^i{b) = 0 unless b G MGi_t,,k 2 because /c 2 >> ki, Wr{ambtry) = Wr{amtry) 
(if /c = Z — 1, there is no ^^-integration at all). Hence ()7.6ip equals 


(7.62) c'Ps{j) j j IFo-(o)ILV(fl™'^ 7 )| det a|* ^ 2 dmda. 

JZk\GLk JMi_i_kxk 

The constant c' > 0 equals a product of volumes depending on /cj, 1 < z < 4 (but not 
on s). 

Integral (j7.62l) forms the left-hand side of the GLk x GLn functional equation (12.181) , 
with the following exception: on the one hand, our computation is valid in the domain 
D of absolute convergence of (17.411) . which takes the form {3f?(C) << 3f?(s) << (1 -|- 
Gi)3?(C)}. On the other hand, the integral on the left-hand side of (j2.18p is defined in 
a right half-plane 3ft(s — (") > sqj where sq is a constant depending only on a and r. 
However since Gi > 0, lim^(^Q^aoGi^{C) = cc hence we can take 3f?(C) >> 0 such that 
D contains a non-empty domain Dq of the form {s G C : sq << 3f?(s — C) << C'i3f?(C)}. 
Then in Dq integral (17.62^ is equal to the integral on the left-hand side of (j2.18p . 
When we apply the same substitution to integral (I7.42h we obtain 


(7.63) 


r r i 

( 0 

h-k 

0 \ 

/ / IU.(a)IU.( 

0 

0 

In-l 

t Zk\GLk J M^xn-l ' 

( h 

0 

m ) 


In-i 1 at7)|deta|^ ^ 2 ^dmda. 


This integral comprises the right-hand side of (I2.18P , but it is defined in a domain D* of 
the form {(1—G 2 ) 5 R(C) << 5R(s) << 3?(C)}) while the right-hand side of (I2.18P is defined 
in a left half-plane 5R(s —C) < si. Because C 2 > 0, we have — G2^{C) = “Oo 

whence D* contains a non-empty domain Hi of the form {s G C : — G 25 R(C) << 
3?(s — C) << si}. In Di integral (I7.63P is equal to the integral on the right-hand side 
of ([2T8]). 
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Now it follows from (|2.18p that as functions in C{q ^), ()7.62p multiplied by 1)*^ ^ 7 (crx 
T,'ip,s — C) equals (I7.63p . □ 


Proof of Claim [TTPP We start with 

I / fs{u]n-k,k'mwi^nrvg,l)'if^{r)drdrndv. 


V” JRl, 

Let r G i?; „ be with the first n — I rows 


/ In-l 


V = = 


Also let 




V 


n—l 

xi X 2 

xs 

Xi 

Oi 

Z ), 


-Ixl- 

Xs,Xi G Mn- 

-lx^ 

. Let 


Ik 







0 

Il-l-k 






Vi 

0 

1 





V2 

0 

0 

1 




Vs 

0 

0 

0 

1 



Vi 

0 

0 

0 

0 

h-i- 

-k 

V5 

v'i 

^3 

^2 

v[ 

0 

Ik 

^n—l 



7 

^m! 

\ 


Ik 




7 



hg- 

-fc)+i 








Ik 








In-l J 



= 


V, 

where 

u G 


In—I j 


is the image in M„ of 

/ Il-l-k \ 

1 —Vim 


In—l 


V 


£ Zn, 


h j 


Tm £ Ri,n and its first n — I rows are 

( In-l Xi + . . . X2 + ■ ■ ■ X3 + 7 “^m'u 3 X 4 + . . . 0; Z + ... ) . 

By a change of variables Vm f- This changes the character = ijj{{x 3 )n-i) to 

'ip^{r)'ip{—{'y~^m'v'^)n-i). However, as we show next this change to V ’7 is canceled by 

u. Indeed, 1) = V'P—(uim)i)/s(l, 1) and 

V’(-(uim)i)V'(-(7“^m'u3)„_i) = 1. 
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To see this one needs to inspect the coordinates vi,v'^ which correspond to certain 
coordinates of y. Let 

( h \ 

0 Il-l-k 

2/1 0 1 

2/2 0 0 1 

2/4 0 0 0 Ii-i-k 

V 2/5 2/4 * * 0 h ) 


2 / = 


Then 


{vi,V2,Vz) = 


(2/1 - ^y2,Pyi + ^2/2, -72/1 +12/2) split Gi, 


2/32 

( 2 / 2 , 2 / 1 ,- 72 / 2 ) 


quasi-split Gi 


and n' = —JkVi for 1 < i < 3 . In the split case, 


-7 = -7 ^(-Jn-/‘mJfc)( 7 Jfc* 2 /i - ^4*2/2) = Jn-i\yim) - -^Jn-i\y2m), 


so 


-(7 rn V3)n-1 = {yim)i - 7^(2/2111)1 = (nim)i. 


1 

2(52 


In the quasi-split case, 

-{'y~^rn'v'^)n-i = {m'{-Jk^y2))n-i = ( 2 / 2111)1 = {vim)i. 

Combining the above manifests the requested form of the integral 

/_/ / fs{u;n-k,kWi^nrv{'^^’"m)g,l)'ijj^{r)drdmdv. □ 

^kxn — l Rl.n 


Proof of Claim 7 . 10 \ Begin with 

_ / fs{uJn-k,kWi,nrv{'^‘’"m)g,l)'tp^{r)drdmdv. 

Jv,” Jr, „ 


We use the forms of r and v from the proof of Claim 17.91 Recall that u}n-k,k'Wi^n = 
wi-k,nW- We see that ^ ^(rv) = ur!^^, where u E Uk, is the image in of 


/ Ii-i-k 


\ 

1 Vl 

In—l 

h ) 


£ Zn: 


E Ri-k,n and its first n — I + k rows are 

f Ik 0 7-in^ 7-^1;^ (-l)^7-^n^ 0i_k l~^{x'i-v[x'^) 7 “^(ii 5 - ii'iiia) \ 

\ 0 In-l X 2 X 3 (-1)*'X4 0i_k Z 7“^Xi-F... J 


Using a variables change in xi and 115 (which does not change 'ip^{r)), i->- r', i.e., the 

dependence on v'^ is removed. In addition, by inspecting the coordinates of v as in the 
proof of Claim 17 ^ one sees that for general r and v, r' so obtained is a general element 
of Ri-k,n- The measure dv is given by dv = dyidy2dyidy3. We define the measure 
dr' = drdv. 
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In addition, if / < n, 1) = /s(l, 1) and where 

'i /’7 on the right-hand side designates the character of N^-^i-k) (restricted to Ri-k,n)- 

For I = n, in which case the dr-integration is missing {Ri^n = {!})) fsC’‘~*'’'^u,l) = 
V’(('i'i)i)/s(l, 1) and one sees that 'ip{ivi)i) = 'ip{i'y~^v'^)k) = tpyir'). 

Therefore the integral equals 


/ / fs{wi_k,nr'wC^^-"m)g,l)ip^{r')dr'dm. 

^kxn — l ^l — k,n 


□ 


Proof of Claim [7!TZ| The argument used for proving Claim 17.21 applies here as well, 
except that Proposition 15.211 needs to be replaced and the domains of convergence are 
different. 

Exactly as in [Son93] (p.68) we let € >V(cr, ITV G yV(r, V') be such that 

the GLk X GLn integral on the right hand side of (12.161) converges absolutely for all 
s and equals 1. Such functions exist by [.1PSS83| (Section 2.7), in fact one simply 
takes Wr such that the support of {diag{Ik, Jn-k) ' '^t)\y„ belongs to a small compact 
neighborhood of the identity. We may use and IhV to construct (pc, and fs (resp.), 
as in the proof of Claim 17.81 The resulting integral (j7.42j) converges absolutely and 
equals 1, for all s (we need to multiply fg by (c')“^Ps(7)~^ to get 1, recall that c' is 
independent of s and Ps{r) = so fg is still a holomorphic section). In 

addition if we replace (p(,fg with |/s| and remove the integral is bounded by 
a constant G independent of s. The same properties hold for (I7.45h . 

Regarding the domains of convergence, let D* be the domain of absolute convergence 
of (j7.46p . It takes the form {(1 — C'2)3?(C) << 3^(1 — s) « 3f?(C)}- As in the proof 
of Claim YT72\. let Im,g{s) denote the inner dr'dg'-integration of (I7.46P (m G 
g G VkZkGi-k\Gi). Its meromorphic continuation Qm,g £ C(g“®) satisfies Im,g{s) = 
Qm,g{Q~'') for all s G n = {s G C : 3?(s) < si}. Taking 3f?(C) large enough, we may 
assume D* C 11 and also that 7 (vr' x r, ifj, s) does not have a pole in D*. 

Now we continue as in Claim 7L2[ □ 


Proof of Claim 1 7.1 4 Recall that integral (|7.53p is 


/-/ / / / 

i{/„ JUr, JV," JZn\GL„ Jh 


pc,{v"vJ‘''''uou^ ard-^)fg{u, a) 


\GLn 


deta|^ 2 'ij;Rv")drdadv"du^du. 


Let Wfj G >V(cr,V’~^), TTr £ ^^(t," 0) be arbitrary. Define ip(^ using as in the 
proof of Claim [TiH] with supp{ip(f) = Piw^''''.N'giM^ Similarly define fg = 

fcjWr.si ^2 > ^1- Then fg{u,a) = 0 unless u G the du-integration can 

be disregarded. Now p(^{v"w^''''uQ,ard-f) = 0 unless ^uq G PiJ^GiM- Write 

/ In Cl C2 \ 

Mo = I 1 c'l 1 G ?7n- 
V ) 
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Then v"^'^ uq = biy where bi G L; and y G V; is of the form 
(In 0 0 ^Ci * C2 - ^Cic'i \ 


V 


* 

zp - 

h-n -1 0 * * 

1 0 * 

1 0 

^l—n—l 


2 / 3^1 

0 

0 


/ 


Hence ^ PiJ\fGi,ki if and only if uq,v'' G ■AfGi,ki- Also for uo,v'' G ■AfGi,ki, 

ip(^{v"w'''^uo,ard^) = Wn{ard^). Thus the dr>"drto-integration can be ignored. The 
integral becomes 

c[ [ Wniard^)Wria)\deta(-‘^^'^drda. 

Here c > 0 depends on ki and k 2 - Applying the same arguments to integral (|7.54l) we 
find that it equals 

cf Wn{( ^ d^)Wr{a)\deta(-^-'^-^da. 

JZr,\GL„ V “ ^ / 

By (12.181) the integrals are proportional by Wt-( —l)^“^ 7 (cr x r, — C)- HI 


Proof of Claim \7.13\ Recall the definition 

F{h) = f (p(^{v"w'-’'^h,uji_n,nd.y)i^j{v")dv". 
Jvf 

For u £ Un with 

/ In 

1 

\ U2 u[ In 

( In 

0 h-n-l 


Let 




^Ul 0 


1 


(3ui d 0 1 

0 0 0 0 Il-n -1 

\ U2 0 (3u[ 0 In J 


(in 0 0 0 Vi 0 \ 

Il-n -1 0 U3 U5 U4 


v'' = 


10 v'. 


0 


10 0 
h-n-l 0 

In 


G Vj". 
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Then ^ '^'v" = where is the image in Li of 


fiv^ui + n^tt2 h-n-i /3v'^u[ | G GLi 

1 


and 


/ In 


Vu = 


0 

0 

1 


U V4 

h-n-i 0 ns + 4^4n'l ns + ... 


0 \ 


2/3' 

0 


v'a 


4 - ^^1^4 0 


0 

h-n-l 


0 
0 

In } 


G v!'. 


It follows that 


F{uh) = / u)buVuw’''^h,U}i-n,nd-y)ip'yiv”)dv''. 


'V/‘ 


Now on the one hand, changing variables in removes the dependence on u and 
changes = V’(—7(t’3)z-n-i) to On the other hand, 

11 l3 

^ ^l—Ujud'y) = 'Ip —{'V^'lli)i—n—l)'^((.^7^l—n,nd'y)- 


We conclude F{uh) = xp ^{^{ui)i)F{h), or when considering u in coordinates relative 
to Sh^} F{uh) = 'ip~^{‘^Un+i,i)F{h) as claimed. □ 
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Chapter 8 

ARCHIMEDEAN PLACES 


In this chapter the field F is either M or C. 

8.1. The Archimedean integrals 

The groups and embeddings are defined as described in Section 12.11 If F = C, Gi is 
always split. 

Let TT and r be a pair of continuous representations of Gi and GLn (resp.), on 
Frechet spaces, which are smooth, of moderate growth, admissible, finitely generated 
and generic. Assume that vr is realized in yV{^T,^p~^), where is defined as in Sec¬ 
tion [5Tl and r is realized in 

For s G C form the representation Indg^ira^) on the space V{t,s) = VqJ^{t,s), 

consisting of the smooth functions fs ■ Hn x GL^ —t C such that for q = au & Qn 

1 1 

(a G GLn = Mn, U G Un), he Hn and b G GLn, fs{qh,b) = det a|^ ^fs{h,ba), 

and the mapping b i—>■ /s(/i, b) lies in W(r, V’)- 

Fix s G C and let W G ^(vr ,fg G V{t,s). The Rankin-Selberg integral 
'h(VF, /s,s) is given by Definition 15.11 It is absolutely convergent for 5R(s) >> 0. 

8.2. The functional equation and 7 -factor 


Until the end of this chapter, assume that Gi is split. Let vr and r be irreducible rep¬ 
resentations. We have the following proposition, essentially proved by Soudry |Sou95] . 

Proposition 8.1. (1) The integrals fg, s) admit a meromorphic continuation to 
C and this continuation defines a continuous bilinear form on x V{t,s) 

satisfying (|5.18p . 

(2) There is a meromorphic function 'y{Tr x r, fit, s) satisfying for all W and fg, 

7(7r X T,fi,s)^{W,fg,s) = c{l,T,-f,s)^{W,M*{T,s)fg,l - s). 

Here c{1,t,'j,s) = if n < I and c(/,r, 7 ,s) = 1 otherwise (this 

is dsi]) with the same factor c{l, r, 7 , s)). 

(3) Write vr = Ind^fia) with a realized in where P is either Pi or '^Pi. 

Then 

7(7r X T, fj, s) = a;c.(-l)"'w.r(-l)^a;r(27)“S(o' x r, 5 ) 7 ( 0 -* x r, s). 


Write TT = Ind^‘{a) as in the proposition and define 

r(7r X r, s) = Wo-(-l)”wT-(-l)'u;T-(27)7(7r x r, if, s). 

Then 

r( 7 r X T, V’, s) = j(a X T, if, 5)7(0-* X r, if, 5 ). 


159 






We conclude that in the Archimedean places (where Gi is split), r(7rxr, s) is identical 
with the corresponding 7 -factor of Shahidi on SO 21 x GLn defined in |Sha90| . 

As stated above, the proposition was proved in [Sou95| . but the integrals are not 
exactly the ones we use. We provide a short sketch of the proof, focusing on the 
modifications to the integrals and formal identities. 


Proof of Provosition \ 8 . 1 \ Let vr = Ind^{a) (the proof for tt = Ind^-L-{a) is similar 
and skipped). We introduce an auxiliary complex parameter ^ and consider the space 
V^*(iT, —C -|- ^). A Whittaker functional on this space is given by (I5.29[l . i.e., for 

Pc, £ ~C + 5 )) 

JVi 

The Whittaker function G W{Ind^{aa~'^~^^),ip~^) is defined by Wtp^{g) = T{g ■ 

Pc)- 

Let s G C. For any g £ F*, define a generic character of Uun by 'ipfj,{u) = 
+ pun,n+i)- A Whittaker functional on V{t,s) with respect to ■0^ is 

given by 

^ ifs) — / fIn)'4^ iP'^n,n+l)du, 

JUr, 

where fs G V{t,s). Then Wf^{h) = T'(/i • fg). Our normalization of M*{t,s) was 
defined by the functional equation (12. 6 p . where the Whittaker functional on V{t,s) 
corresponded to the character u Keeping the same normalization 

we have 

( 8 . 1 ) Wf^ = 

This is obtained from (j2.6ll by substituting y ■ fg for fg where 

y = diag{d*^, 1, dn)diag{g{-iy‘In, 1, ^“^(-l)”/n). 

First assume I < n. The following equality is a minor modification of equality ( 7 . 8 ) 
of |Sou95| (Section 7 ). 

(8.2) ^{w ■ fg,s) = Cj(o-* XT*,ip,l + C- s}A(Wf^, ipt;, ()■ 

Here 


g = (-iy/3, 

\wi I is even. 


w = 


I 21 I is odd, 

M = diag{l, —/3,1)M G Hi (M - the matrix defined in Section 12.l.ip . 
m = M~^ ■ diag{-J~^In-l, l2l+l,lIn-l)Wn-l,n, 
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A{Wf^,(P(^X) is the Rankin-Selberg integral for S02n+i x GLi and IndQ^ira^) x 
( 7 a “^+2 of [Son93t ISon95] defined by 







(l,n) 


w{xji^n{g) )<^c i'^19^ Ii)dxdg 


I _ / Wf^{xji^nr‘g))(pt;{g,Ii)dxdg 


Ugi\Gi 


even /, 


odd I, 



Equality (j8.2p holds for 3?(C),5R(s) >> 0, where • fs,s) is absolutely 

convergent, and A{Wf^,(p,^,C) is defined by meromorphic continuation. 

Let B{C, s) denote the space of continuous bilinear forms on >V(/n(i^((TQ !“^^2 x 

E(t, s) satisfying (15.181) . Soudry |Sou95| (Section 3) proved that except for a discrete 
set of C and s, this space is at most one dimensional. 

Soudry |Sou95] (Section 5) proved that A{Wf^,ip,^,C)^ as a function of C and s, has 
a meromorphic continuation to and this continuation, in its domain of definition, 
defines a continuous bilinear form in i?(C, s)- In addition, the integral s) 

in its domain of absolute convergence, i.e., for 5R(C), 3ft(s) >> 0, also belongs to B{(, s). 
The continuity of the integral is proved similarly to the proof of Lemma 1 of [Sou95] 
(Section 6). Hence for $R((C), $R(s) >> 0, the meromorphic continuation of A{Wf ^, C) 
and the integral T {w ■ ,m- fs,s) belong to B{C, s), thus they are proportional. The 

proportionality factor is C' 7 (it* x 1 + “ s)- 

Now it immediately follows that 'I'(rc • ■ fs,s) has a meromorphic continu¬ 

ation to which, when defined, belongs to B{(^,s). Then the first assertion of the 
proposition follows by substituting 0 for (. 

When we replace /* with M*{t, s)fs in (|8.2p we obtain 


(8.3) T(u;-lT^^,m-M*(r,s)/„l-s) 

= C' 7 (cr* X r,V’, 1 + C - (1 - s))A{WM*(T,s)fs,g^cX)- 

This implies that 'I'(r(; • Wp,^,m ■ M*{t, s)fs,l — s) also extends to a meromorphic 
function on C^, belonging to B{(!^,s) for all C, and s where it is defined. Now the 
uniqueness properties of B{C, s) imply the existence of the functional equation ()6.ip in 
the Archimedean case. 

The function W'm*(t,s)/s appearing in A(WM*{T,s)fs > 0 is defined by meromorphic 

continuation. Therefore we can use (j8.ip and obtain, noting that ujr{l3)‘^ = and 
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by our assumptions |/?| = 1, 

Now dividing (|8.3p by (18.21) and letting ^ ^ 0 we conclude 

7(7r X T, -0, s) = a;c.(-l)"'w.r(-l)^a;r(27)“S(o' x r, i/j, s)'y{a* x r, i/j, s). 


Assume Z > n. In this case we can use the formal manipulations from (I7.49P to (|7.56p 
(in Section 17.2.41 see Remark 17.5p and deduce the following identity, which is a minor 
modification of identity (6.10) of |Sou95] (Section 6). 

(8.4) = w^(-l)^"S(o- X 

Here A{Wf^,ip^,C) is the Rankin-Selberg integral for S'02n+i x GLi and IndQ^{Ta^) x 
cra “^+2 of |Sou93l ISou95] defined by 


Wf^{wn^h) f ip(;{v''w’-’'^h,uji-n,n-diag{Ii-i,4:))'il;^{v'')dv''dh, 
JUr^ZrAHr, J V," 


where g = ■|(—1)*^+^, 


Vl' = { 


(in 0 0 0 U4 0 \ 

k-n-l 0 U 3 U 5 V'^ 

1 0 u(, 0 

1 0 0 

Il-n-l 0 

In J 


]<Gi 


and = V’(-7(^3)«-n-i)- 

Equality (|8.4I1 holds for 5?(C),5?(s) >> 0, where A(IRj^, C) is absolutely conver¬ 
gent and fs, s) is dehned by meromorphic continuation. In fact, the arguments 

of Soudry [Sou95| (Section 5) show that 'k(IEp^,/s, s), which resembles A{W, () 
in the case I < n, has a meromorphic continuation to which belongs (when defined) 
to When I > n, A{W was proved to be continuous in its domain of 

absolute convergence {loc. cit. Section 6, Lemma 1), hence in this domain it belongs 
to B{C,s). 

As above the result follows by substituting M*{T,s)fs for fs in ()8.4p . □ 
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Chapter 9 
THE G.C.D. 


In this chapter we relate the g.c.d. to Shahidi’s L-function in the tempered case and 
provide a lower bound for the more general case, where vr is an arbitrary irreducible 
representation and r is tempered (as always, tt and r are smooth, admissible and 
generic). This bound is sharp in the sense that it coincides with the upper bound 
(Theorem II. 9p up to the poles of Mt{s). Several other properties proved here, for 
example the results of Section 19.41 concerning highly ramified representations, will be 
used in Chanter [TOl 

Throughout this chapter r is always irreducible. 

9.1. Computation of the g.c.d. for tempered 
representations 


Assume that vr and r are tempered representations (in particular, irreducible). The 
following proposition is the key ingredient in the proof of Theorem 11.61 

Proposition 9.1. The integral 'I'(W, /s, s) with fs G ^(r, std, s) has no poles for^{s) > 

0 . 


We derive the theorem first. Namely, we prove that L( 7 r x r, s)“^ divides gcd( 7 r x 
r, s)“^, gcd( 7 r x r, s) G L( 7 r x r, s)MT-(s)C[g'“^, o'®] and under a certain assumption on 
the intertwining operators, gcd(7r x r, s) = L(7r x r, s). 

Recall that by Corollarv ll.il 7 ( 7 r x r, i/j, s) given by (16.111 equals (up to an invertible 
factor in C[( 7 “®,g®]) the corresponding 7 -factor of Shahidi. By Shahidi’s definition of 
the 7 -factor |Sha90| and (16.41) . 

gcd( 7 r X r*, 1 — s) L{irXT*,l — s) 


(9.1) 


gcd(7r X r, s) 


7(7r X r, if;, s) 


L{tt X r, s) 


(Recall that ~ means up to invertible factors in C[g“®,g®].) Here the L-functions 
on the right-hand side are the ones defined by Shahidi. Casselman and Shahidi [CS98j 
(Section 4) proved that when vr and r are (generic) tempered, the L-function L{'k x r, s) 
is holomorphic for l?(s) > 0. Similarly, L(7r x t*,1 — s) is holomorphic for 5R(s) < 1 
(since r is tempered, r is also tempered so r* = r is tempered). Therefore the quotient 
on the right-hand side is reduced. It follows immediately that L{tt x r, s)“^ divides 
gcd(7r X r, s)“^. 

The integrals 'k(lT,/s,s) with fs G f,{T,hol,s) span a fractional ideal of C[q“®,g®] 
which contains 1, according to Proposition 15.Ill Thus there is a polynomial Pq G C[X] 
with Po{0) = 1, of minimal degree such that Po{q~^)^{W, fs, s) G C[g“®,g®] for all W 
and fs G (,{t, hoi, s). Put gcdo(vr x r, s) = Po{q~^)~^. Then gcdg( 7 r x r, s)“^ divides 
gcd( 7 r X r, s)“^ and according to Proposition 16.31 we can write 


gcd( 7 r XT,s) = gcdo( 7 r x r, s)£^. (1 - s)P{q ®, g®). 
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where P G C[g' divides ^r*(l — s) Similarly 

gcd( 7 r X r*, 1 - s) = gcdo( 7 r x r*, 1 - s)4(s)-P(9“^ 
here P G €[( 7 “^,^®] divides ir{s)~^- Consider the quotient 

gcd( 7 r X r*, 1 - s) _ gcdo(7r x r*, 1 - s)4(s)P(g~®, g®) 
gcd( 7 r X r, s) gcdo( 7 r x r, s)^r* (1 - s)P{q-^, q^)' 

Proposition 19.11 implies that gcdQ( 7 r x r*,l — s)“^ and gcdg( 7 r x r, are relatively 
prime. However, gcdg( 7 r x t,s) and £ris)P{q~^ , q^) may have common factors and 
factors of £t*(1 ~ s)P{q~^,q^) may also appear in the numerator. Canceling common 
factors and using (19.ip we see that there are Qi,Q 2 G C[g“®,g®] satisfying 

L{-k xt,s) = Qi(g"®,g®)gcdo(vr x T,s)ir*{l - g*)- 

Here Qi consists of the common factors of gcdg( 7 r x r, and {ir{s)P)~^ . The poly¬ 
nomial (52 divides (t'r*(1 — (note that {iris)P)~^,{£T*{^ —s)P)~^ G C[q“®,g®]). 

Hence 

gcdo( 7 r X r, s) G (5i(g“®, g®)“^L( 7 r x r, s)C[g“®, g®] C 4 (s)L( 7 r x r, s)C[g“®, g®]. 
Therefore 


gcd( 7 r X r, s) G ^(vr x T,s)Mr{s)C[q~^,q^]. 

Now assume that the intertwining operators 

L{t, Sym^, 2s — s), L{t*, Sym^, 1 — 2s)~^M {t* , 1 — s) 


are holomorphic. According to equality (|2.8p . there is some e{q ®,g®) G C[g ®,g®]* 
such that 


1 — s) = 7 (r*, Sym‘^,i/j, 1 — 2s)M{t* , 1 — s) 


= e(g 




L{t, Sym?^ 2s) 
L(r*, Sym?, 1 — 2s) 


M(r*, 1-s). 


Since we assume that L{t*, Sym?, 1 — 2 s)“^M(r*, 1 — s) is holomorphic, the poles of 
1 — s) are contained in the poles of L{t, Sym?, 2s), which by Theorem l2.1l lie in 
3?(s) < 0. Thus by Propositions l6.3l and l9.1l the poles of ^(IT, fg, s) for fg G ^(r, good, s) 
are in 5?(s) < 0 and the same is true for gcd( 7 r x r, s). Similarly we see that the poles of 
gcd( 7 r X r*, 1 — s) are in iR(s) > 1. Thus the quotient gcd( 7 r x r*, 1 — s) gcd( 7 r x r, s)“^ 
is reduced and then (j9.1ll implies 


gcd(7r X r, s) = L{'k x r, s). 


This is an exact equality (i.e., not just up to invertible factors) since the normalization 
of these factors is identical. 


Proof of Provosition \y. 1[ Consider first the case I < n and split Gi. By Proposition 15.91 
and Corollary 15.151 as meromorphic continuations fg, s) = with of 

the form ()5.8I) . Hence showing that the meromorphic continuation of any integral of 
the form (15.811 is holomorphic for 3ft(s) > 0 implies this also for ^{W, fg,s). 
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The meromorphic continuation of integral (I5.8p is a function Q G C(g“^) such that 
for 5?(s) >> 0, Q{q~^) equals the value of the integral at s. We will prove that the 
integral (see ()5.8ll l 

f f chAix)\W^\{ax)\W'\{diag{a,[x\,In-i)){\deta\[x]~^y~^'^~^^^''^~^6]^^ {a)dxda 
JAi_i JGi 

is convergent for 3ft(s) > 0 and this convergence is uniform for 3ft(s) in a compact set. 
This shows that integral (15.8p is defined for all s with 3ft(s) > 0 and is a holomorphic 
function of s in this domain. Since it coincides with Q{q~^) for 3ft(s) >> 0, it follows 
that Q{q~^) (as a function of s) is holomorphic for 3ft(s) > 0. 


Because on Ai_i, 5 bq^ = | det ^ 




We may already take s G 
also 

w,/„_,)) = I wr"'+”+‘ = ([1]-')-'='+"+', 

this integral is bounded from above by 

(9.2) [ [ chA{x)\W'^\{ax)S^^ ■ Idetl"" ■ \W'\){diag{a, [x\, In-i))dxda. 

JAi_i Jgi * " 

Since | [xj | <1 and W vanishes away from zero (see Section 12.51) , the coordinates of a 
are all bounded from above. Hence we may simply replace chA(x) in the last integral 
with a non-negative Schwartz function <1> G S{F^), which is a function of a and [xj. 
By the Cauchy-Schwarz Inequality integral (19.2p is bounded by the product of square 
roots of the following two integrals: 


(9.3) 


' Ai_i JGi 


I (ax)| det a|^[x] {a)dxda, 


(9.4) f f ^^{a, [x\){6g^^^^ ■\det\''■\W'\‘^){diag{a,[x\,In-i))dxda. 

J Ai_i J Gi 


We can replace the dx-integration in (19.4h with an integration over ai G F*. Then 
(j9.4h is a sum of two integrals - the first with |a/| < 1, the second with |a;| > 1, both 
bounded by an integral of the form 


(9.5) 


lT'p(o)$^(a)| deta|*(i^^^Jo)da. 


s x —1 


’Ai 


Integrals (j9.3ll and ()9.5p converge for s > 0, uniformly for s in a compact set, since 
TT and r are tempered. This is proved using the asymptotic expansion of Whittaker 
functions f |CS80] Section 6, see also |LM09] 1 and the fact that the exponents of a 
tempered representation are non-negative i [Wal03] Proposition III.2.2). 

Note that the convergence of integral ()9.5p was proved by Jacquet, Piatetski-Shapiro 
and Shalika |JPSS83| (Section 8) for a square-integrable r, this implies the convergence 
in the tempered case, see Jacquet and Shalika [JS83| . 

Below, we provide a proof for the convergence of (19.31) . 

Claim 9.2. Integral (|9.3I) converges for s > 0, uniformly for s in a compact set. 

For I < n and quasi-split Gi one just repeats the above arguments, ignoring the 
integration over Gi. 
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(i) 

Assume I > n. As above, it is enough to show that an integral Is ^ now of the form 
dSJl), is absolutely convergent for s > 0 and this convergence is uniform for s in a 
compact set (taking s G M). Thus we need to bound 



I W^\{a) I W' I (a) I det a| (a}da. 


Since vanishes away from zero and I > n, there is a constant c (depending on W^) 
such that |aj| < c for all 1 < i < n. Therefore we can find a non-negative <1> G S{F^) 
such that the last integral is bounded by 


|fT^|(a)|lT'|(a)$(a)|deto| 


|n—Z+s+i e—1 




Using 6b„^ = SqJbgl„ this becomes 

|M^1(a)5"Jja)|lT'|(a)cl>(a)| det Ja)da. 

As above the Cauchy-Schwarz Inequality implies that we should bound 


L. 



|IT^P(a)| det {a)da, 


which is bounded by (|9.,'Ijl multiplied by a measure constant (the integrand of (jQ-Hp is 
smooth), and an integral of the form 



Vk'12(a)$2(a)I det ia)da, 


bounded in a similar manner as (19.51) . 


□ 


Proof of Claim If Z = 1, we may assume = vr, then the fact that vr is tempered 
implies |IT^| = 1 and the assertion of the claim clearly holds. Now assume I > 1. We 
need some notation. Recall that denotes the set of simple roots of Gi and let 
be the set of positive roots. Any A C Ag; determines a parabolic subgroup Pa, e.g. 
P0 = Bqi, Pagi — Gi- For a parabolic subgroup P = Pa let Rp be the set of positive 
roots which belong to the Levi part of P, for instance R^ = Rq^ Also put T = Tgi- 
With this notation 5p{t) = nrgij+\i?+ k(^)l t ^T. 

We formulate the results of Lap id and Mao |LM09] for G >V(7r, ^) (here Gi is 
split). For t £ T define the valuation vector of t, H{t) G by H{t)a = 'd{a{t)) 

where a G Ag; (recall that |x| = for x G F*). For P = Pa let Mp C be 

given by 


Mp= H 

oGAg, 



a G A, 

a ^ A. 


Let 6 belong to S{Mp) - the space of Schwartz functions on Mp. Then 9 defines a 
function on T by 6{t) = 0{r]{t)), where r/(t) G (P*)!'^®*! is given by 'q{t)a = a{t) for 
a G Ag;. For x G P, if there is some constant c > 0 such that \x\ < c, write x -< 0. If 
moreover c~^ < |x| < c, write x -< 1. If t G supp{9), for all a G Ag; we have a{t) -< 0, 
and if a G A, also a{t) -< 1. 
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Let Zm be the center of the Levi part M of P. To a character x of Zm and an integer 
m > 1, let Px,^ space of functions 1x{t)Q{H{t)) where Q is a polynomial in 

the coordinates of H{t) of degree less than m. Then define 


Pp,x,fn = Spanc{i{t)0{t) : ^ G Px,m,0 G S{Mp)]. 

Also let Tp(vr) denote the set of cuspidal exponents of vr with respect to P. We are 
ready to state the asymptotic expansion. According to [LM09] (Theorem 3.1) there 
exists m > 1 such that for any W G W(7r,'0“^) there are functions G PpA,x,m 

satisfying 

E E ‘^^A,xW (VtGT). 

AcAgj x&£p^P) 

Putting this formula into (19.3p we see that the integral equals 

f T. Y. T. n i‘.i)‘[‘r**. 

Ai,A2CAgj xi&Sp^i'’^) X2^£p2{P 

Here Pi = PAi, [ti] = max(|ti|, and recall that s is real. In order to bound this 

it is enough to show that for any Aj and y*, i = 1,2, 

[ i^Bl;,^K^K\^Pl,Xl^P2,X2\)it){ n < OO. 


We may assume ^Pi,xi{t) = Xiit)QiiH{t))9i{t) with 6i G S{Mp^). 

Let t ^ T. First we show that the modulus characters may be ignored in the 
computation. Let r G R'^ and write r = XlaGAo with integer coefficients Ua > 0 
(then r{t) = OogAg If G AiU A 2 , without loss of generality a' G Ai. Since 

we may assume t G supp{9i) (otherwise Oi{t) = 0), a'{t) -< 1. If a' ^ Ai U A 2 and 
Pa' / 0) we get r ^ i?p^ U i?p^ (because i?p, is spanned by Aj, see |Spr98| Section 8.4). 

Hence r{t) appears in both products Sp^{t) and Sp^{t) and contributes a'(t) 2 "“' to each, 

canceling the factor appearing in (t) due to r{t). This shows that any 

1 1 

factor a'{t) appearing in the product ((5p^ 6p^6p^){t) (in the expression of any r G R'^) 

1 1 

is bounded from above and below. Thus we can ignore 'Ipi'^Pj altogether (if the 

1 1 * 

exponent of a'{t) in ^p^^P 2 ){^) positive, we use the upper bound, otherwise we 
use the lower bound). 

Second, assuming t G supp{6i), we get a{t) -< 0 for all a G Ac,. In particular 
-< 0 and ti-iti -< 0, hence ti^i -< 0. Then 0 implies ti _2 -< 0 and 

it follows that f* -< 0 for all 1 < z < / — 1. Since the functions Qi are polynomials in 
the valuations of the simple roots of t, the convergence of the integral depends only 
on the factor |xi|(t)IX2|(t)(ni<i<«-i Because xi and X 2 are non-negative 

exponents (tt is tempered), whenever s > 0 the integral converges and it is clear that 
this convergence is uniform, when s belongs to a compact set. □ 
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Proof of Corollary \1.^ Let vr be tempered and let r be essentially tempered. Take 
r; E C such that = | det \‘^t is tempered. According to the definitions, 

L{'k X r.y, s) = L{7t X t,s + v), gcd(7r x r^, s) = gcd(7r x r, s + v), 

s) = M(r, s + v) 1 - s) = M{t*, 1 — (s + v)) 

and Mr^{s) = Mt{s + v). Applying Theorem 11.61 to vr and yields 

L{'k X t, s + r;) E gcd(7r x r, s + q^], 

gcd(7r X r, s + r;) E L{7t x t,s + v)Mt{s + r;)C[( 7 “^, g^]. 

Also L{tv, Sym^, 2s —1) = L{t, Sym?, 2(s+r;) —1), hence if L(r, Sym?, — s) 

is holomorphic, so is 

L{Ty, Sym?, 2s — s) = L(t, Sym?, 2(s + v) — s + v). 

Thus if L(t, Sym?, 2s — s) and L{t* , Sym?, 1 — 2s)~^M{t* , 1 — s) are holo¬ 

morphic, 

gcd(7r X r, s + u) = gcd(7r x r^, s) = L{tt x r„, s) = L{tt x r, s + v). 

Changing s s — v, Theorem 11.61 also holds when r is essentially tempered. □ 

9.2. Weak lower bound on the g.c.d. 

Let vr be parabolically induced from a representation cj (8) vr' of L^, where a is a repre¬ 
sentation of GLk, and let r be an irreducible representation of GL^- We consider cases 
where the poles of the Rankin-Selberg GLj. x GLn integrals for a x t are contained 
in gcd(vr x r, s). This provides a weak lower bound on gcd(vr x r, s), which will be 
strengthened in the process of proving Theorem 11.71 

Lemma 9.3. Let vr = Ind!^{a (8 vr') with 0 < k < I, where a is a representation of 
GLk and vr' is a representation of Gi-k- If k = I, assume I > n and that vr is induced 
from either Pi or '^{Pi). Then L{a x t,s) € gcd(vr x r, s)C[g“*, g*]. 

Proof of LemmalEM Let E >V(<t, and WV E >V(r, v/i) be arbitrary. Assume 
that Wo- (resp. WV) is right-invariant by (resp. MGL„,ko)- Select (p in the 

space of vr with support in Pk-UciM^ which is right-invariant by MGi,ki and 

such that (/?(a, 1,1) = 6p^ {a)Wo{a) for a E GLk ((5p^(a) = | det Then ip 

defines a Whittaker function W^, E >V(vr, v/;"^) by virtue of (|5.28p . Let Wi be as in 
Lemma [531 with j to be specified below, defined for W^p, with k 2 » ki (i.e., W^p is 
VTo of the lemma). The additional option in the lemma for Wi concerning the last row 
of a E GLj is not used yet. If n < /, set W = -Wi and otherwise W = Wi. 

Finally let fs = chpf^^ ^^^w-r,s E (,{t, std, s), /cs >> /c 2 . The proof varies according to 
the relative sizes of k, I and n. 

{!) n < k < 1. In the selection of W above. Lemma 15.31 is applied with j = n. The 
starting point is 

^{WJs,s)= [ {[ W{rwI^h)dr)Mh,l)dh. 

JuhAHu Jr‘’" 
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Using the formula 

f F{h)dh = f f F{au)\deta\~"'duda, 

JUh„ \Hn JZr,\GLr, Ju^ 


'Uh„\F 
the integral becomes 

f [—([ W{rw’'’'^au)dr)fs{u,a)\deta\~2'^~^^~2duda. 

JZr,\GLr, JTF 

By our choice of fs, fsiu, a) = 0 unless u G in which case /s(rt, a) = /s(l, a). 

Taking fca large enough, W is right-invariant for such elements u. Therefore the 
dn-integration can be ignored. Also conjugating by i"' a changes dr by 
I detal"’”^^^. Thus we get, up to some constant depending on k^, 

(a \ 

r Il-n-l 

h 


[ if W{ 

JZn\GLn 


V 


n-n-l 


w^'"')dr)Wr{a)\det a\2^ 




According to the selection of W and PUi the dr-integration is ignored and (up to a 
constant depending on ^2) we have 


(9.6) 


L 


W^{diag{a, l 2 {i-n),a*))Wria) \ det a\ 2 

ZnXGLji 

Now substitute (j5.28|l for W^. Integral (j9.6p equals 


In-l+s+^da. 


{I (p{v ■ diag{aj 2 {i-n),a*),Ikj 2 {i-k))' 4 ’'y{v)dv)Wria)\ detaja’^ '+^+2^0. 


/ 

Jz„\GLr, JVk 

Since n < k, diag{a, l 2 g-n),CL*) stabilizes V’7 (and normalizes I4) whence the last 
integral equals 

f {f (p{v,diag{a,Ik-n) A)'4’'yiv)dv)Wria)\det da. 

JZr,\GLn JVk 

By our choice of ip the du-integration is discarded (up to a constant depending on 
ki) whence we have 

f Waidiag{a, Ik-n))Wria)\ det a|^“2(^“"-)da. 

J Zn\GLn 

Our domain of absolute convergence of 'k(IT, fs,s), where this computation is jus¬ 
tified, is a right half-plane. Hence for iR(s) >> 0, the last integral is equal to 
'I'(HV, VUo-, 0, s) defined in Section [T8l Because and Wr are arbitrary and 
according to the definition of L{a x r, s) (see Section [221) , this shows 

L{a X T,s) & gcd(7r x T,s)C[q~^,q^]. 
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(2) k < n < 1. In choosing Wi we take j = k. The starting form of the integral is the 
same as in case ([ll) but now we utilize the formula 

f F{h)dh= f f f f F{azbu)\del a\~‘^"'~^^6{b)dudbdzda. 

J Zt,\GLl. J Zi.„_i,J ,JUn 


Here GLk < Mk < Hn, 


^k,n—k — { 


/ 4 

2 


V 


4 - 


n—k 


In—k 

J 


4 / 


/ [_ _ [_ _ (/ 

J Zk\GLk J Zk,„-k J Bql^ 


V 


w^nd{rur2)) 


(9.7) 


BGLri-k < ^n-k < Hn-k and <5 is a modulus character. Note that fs{azbu, 1) = 
I detail azb). As above it follows that u can be ignored. This leads to 

fa \ 

z b 

n r 2 Il-n-1 

1 y 

Wr{azb)6{b)\ det6|i"-'+"+^| detar^^+^-'+*+^d64da, 

where the matrix in GLi in the argument of W is regarded as an element of Li. 
By our choice of W and because k 2 > ko, the d{ri,r 2 )dbdz-mtegration reduces to 
a constant and we have 

/ (/ (p{v ■ diag{a,I 2 {l-k),a*),l,l)^p^{v)dv) 

JZk\GLk JVk 

Wr{diag{a, 4-fc))| det a|“ 2 ’*+^“^+^+ 2 (ia. 

Note that a G GLk does not stabilize '07 ■ Write a = XaVaba with Xa G F* in the 
center of GLk, Ua G Yfc (Yfc - the mirabolic subgroup) and ba G Kciki— GLkiO)). 
Since Wr vanishes away from zero and k < n, Wr{diag{a, In-k)) vanishes unless 
|xa| < c where c is some positive constant depending on Wr- If G F^ is 

the column containing the first k rows of the {k + l)-th column of v, 0-y(u) = 
^((^(fc+i))^) (^k < I — 1) and 


'Vk 


ip{v ■ diag{a, hg-k)^*), 1, l)'4j^{v)dv 


= <^Pfc(«) / '^{v,a,l)ll){{{Xayaba)vd'"^^'^)k)dv. 

According to our choice of (/?, the integrand vanishes unless v G and if we 

choose ki large enough, depending on the constant c, '4>{{{xayaba)v^^^^'^)k) will be 
identically 1 for all Xa, ya and ba with \xa\ < c. Hence as above we get 

f ip{v, a, l)'ip{{{xayaba)v^^~^^^)k)dv = Wa{a). 

JVk 


170 












Therefore the integral equals 


[ W^{a)Wridiag{a,In-k))\deta\^-^^^-^^da = T(iy^, IT^, 0, s). 
JZk\GLk 


(3) n < k = 1. Assume that vr is induced from Pi. The same substitutions and 
arguments of case ([I]) apply here as well, except that we plug (I5.29h instead of 
(j5.28l) into (19.6p . Now if n < Z — 1, diag{a, l 2 g_n), a*) with a E stabilizes 
tp-yiv) = '0(~7'^’z-i,z+i) and the result follows. Otherwise n = Z — 1, continue as 
in case ([2]) using the fact that vanishes away from zero (instead of ITV). We 
obtain 


/ 

JVi 


(p{v 


diag{a,l2(i-n),a*),d.y)'tp^{v)dv = d},^{a)Wa{diag{a, h-n))- 


The result follows when this is put into (19.6p . When tt is induced from ^{Pi) we 
utilize (j5.30p . 

{4) n = k < 1. Contrary to case ([I]), a does not stabilize while the method 
of case m falls short because the properties of ITV do not allow to bound Xa- 
Following Cogdell and Piatetski-Shapiro [CPS] (Section 3), it is enough to obtain 
two types of integrals: 'I'(lTo-, Wr, <h, s) where d* E S{F’^) satisfies <1>(0) / 0 (any 
such <1> is sufficient) and 

(9.8) [ W^{y)Wr{y)\dety\^~^dry. 

JZk\Yk 

In fact, assume that L{crXT, s) has a pole at sq- Then the residue of Wr, sq) 

defines a nontrivial trilinear form on yV{a,'ip~^) x yV{T,il}) x S{F^). If this form 
vanishes identically on the subspace 5o = {$ E S{F^) : <h(0) = 0}, it represents 
a nontrivial trilinear form on VV((T, V’”^) x yV{T,ip) x So\S{F^). Then the pole is 
obtained by 'I'(ITo-, WV, d>, s) with any such that <h(0) / 0. Otherwise, sq is a 
pole of some T(Wo-, VFr, $, s) with $ E 5o, in which case using the Iwasawa de¬ 
composition the integral is seen to be equal to a sum of integrals, each of the form 

dlSl). 

We show that both types of integrals can be obtained. As in case © starting 
from T(IT, fs,s), where ITi is selected with j = k {= n) we reach (19.61) . In general 
our selection of ip implies 

I (p{va,l,l)'ip.y{v)dv = 6p {a)Wa{a) I v)dv. 

JVk JVkfWa^^ki 

Writing a = XayJ^a with the above notation we see that there is a constant c > 0 

depending on and on fci, such that for \xa\ > c the integral on the right-hand 

1 

side vanishes and for |xa| < c, we get 5p^ {a)Wa{a) multiplied by a measure constant 
depending on ki. Note that here (as opposed to case ([2])) it is possible that k = Z —1, 
then ipjiv) = -|- a 2 Vi-i^ipi) where ai,a 2 E F depend on whether Gi is 

split or not. 
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Let Ac = {a G GL^ : \xa\ < c}. The integral becomes 

Wcr{a)Wr{a)ch\^{a)\ deta|®do. 


L 


' Zk\GLk 

We can replace ch\^{a) with % = (0,... ,0,1), for some $ G S{F^) such 

that <h( 0 ) / 0 . Hence we have Wt, s) for arbitrary Wa and Wr- 

Now we turn to integrals of the form (19.8p . where we can assume A: > 1. Here 
Wi is chosen using Lemma [AS] with j = k, defined for W^p with k 2 » ki, and so 
that Wi vanishes on a G GL^ unless lies in qk + The constant k 2 

is large enough so that is right-invariant on MgiM- ™ ©> ^iW, fs, s) 

becomes 


JZk\GLk J 


(/ W{{ r Ii_k-i 


w’‘’’^)dr)Wr{a)\ det a| 2 


ik-i+s+^^a. 


1 


As above the dr-integration may be ignored. We use the following formula, derived 
using GLk = Pk-iqKcLk- 


[ F{g)dg= [ [ f F{yxb)\det y\ ^d*xd, 

Zk\GLk ^kX'^k ^ F* 


Here x = 


h-i 


x 


'Rgl^. J 
The integral is now 


ydb. 


[ [ / 

JKgl. JZk\Yu Jf* 


Wi{diag{yxb, hq-k ), {yxby))Wr{yxb) 


det y\\^-^+^-h\x\^^-^+^-U*xdrydh. 


Denote 


b = 


bi 62 


G ATcLfe, G Mfc_ixfc-i. 


The condition imposed by Wi on qkyxb = qkxb is that xbs G Mixk-i{F^^) and 
xb 4 G 1 -|- When this is fulfilled, |x| = 1, Wi{yxb) = Wip{yxb) and we have a 
decomposition of xb as 

bi 62 
X 63 X 64 

_ f bi-b2b4^b3 b2{xb4)~^ \ f h-i ^ \ ^ (v n K wr 

- V 0 1 )[ Xb 3 Xb 4 {YknKGL.WcL.M- 

Since W^, (as well as Wr) is right-invariant on Ngl^M and the measure dry is 
invariant for translations on the right, we get that up to a constant the integral 
equals 


L 


Zk\Yk 


Wp{diag{yj2(i-k),y*))Wr{y)\ dety|2 


Ik l+s 2d^y. 
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Here the hidden constant equals the volume of the subsets of Kgl^ and F* for 
which rjkxb lies in rjk + We plug in (|5.28l) and get 

[ if viu ■ diag{y,l2ii-k),y*)AA)'^^iv)dv)Wriy)\dety\^'"~^"^^~^dry. 

JZk\Yk JVk 

Since stabilizes we can shift y to the second argument of (p and obtain 

(insi). 

(5) n > I > k. Again Wi is chosen with j = k. Here, as opposed to the previous 


cases 


, the section fg is selected according to Lemma [52] for ■ HA, with k^» k 2 
large so that W is right-invariant by MGi,k 3 -co [t-y - given in Lemma (521 cq is the 
constant ko of Lemma 15.2p . We use the formula 


'Ug,\Gi 


Fig)dg 


' Bgl, 


iGi JVi.i Jzp^GLk 


where BgLi_^_j^ is a subgroup of GL^ < and 

/ Ik 

m Ii-i-k 


Zk,l-i-k — { 


/ F{ambvx)6p^{a)6ib)dmdadvdxdb, 

I Zk,l-l-k 

\ 


h 


V 


Il-l-k 

Ik 


m 


}• 


Note that a, m and b belong to GLi_i < L;_i and using (|5.3I) we obtain 

'd>iW,fs,s) = f _ [ [_ _ [ f _ W{ambvx) [ 

IBGLi_^_f. JGi JVi-i Jzp\GLj. JZky-i-k JRl,n 

fsiwi^nrvx, diag{amb, In-i+i))i’yir)\ det a|“ 2"'+^-'+^+2 

I det bY^^drdmdadvdxdb. 

Here M is some constant. By our choice of fs this equals a constant in C[g“'^, q^]* 
times 

/_ / /_ Wiamb)Wridiagiamb, In- i+i)) 

I BGLi_^_f. JZk\GLk J Zky-i-k 

I det I det bY+^dmdadb. 

Using the properties of W, the dmdb-integration may be ignored and after plugging 
in (|5.28p this equals 


/ (/ ip{va,l,l)ip^{v)dv)Wridiag{a,In-k))\deta\ ^ 

JZu.\GLu JVk 


\^-\n+k-l+s+\da. 

<Zu\GLk JVk .. 

Actually this is ()9.7p . Because k < n, proceeding as in case (l2|) the fact that HA 
vanishes away from zero enables us to obtain 'L(HA, HA, 0, s). □ 
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9.3. Lower bound for an irreducible tt and a 
tempered r 


Let vr be an irreducible (generic) representation of Gi. According to the standard 
module conjecture of Casselman and Shahidi |CS98] proved by Muic [MuiOl] in the 
context of classical groups, we may assume that vr is a standard module. Namely, 
TT = Jndp' (a (8) tt') where a = iai ® Um) (ii rn = 1, a = ui), o-j = 

I det ct' is a square-integrable representation of GL^., e* G M, 0 > ei > ... > 
and tt' is a tempered representation of (see also |Mui04| i. Note that 0 < k < I 
and if A: = /, it is also possible that vr = Ind^p^{a). 

Let r be tempered such that the intertwining operators 

L(t, Sym^, 2s — l)“^M(r, s), L{t*, Sym^, 1 — 2s)~^M{ t* , 1 — s) 

are holomorphic. We prove Theorem II.71 namely ii k < I or k = I > n, 

L{a X r, s) gcd(7r' x r, s)L{a* x r, s) G gcd(7r x r, s)C[(?“^, g®]. 

Recall that ii k = I, by definition gcd(7r' x r, s) = 1. Since the theorem is trivial when 
A: = 0, assume A; > 0. 

Applying Lemma(valid for our range of k, I and re), for some Pi,P 2 G C[g“®, g®], 
(9.9) L{a X T, s) = gcd(7r x r, s)Pi, L{a x r*, 1 — s) = gcd(7r x r*, 1 — s)P 2 . 
According to Theorem 11.41 

7(7r X T, 'Ip, s) ~ j{a x r, ip, s)^{P x r, ip, s)7(cr* x r, -ip, s). 

Then by ()6.4p and ()2.19p . 

gcd(7r X r*, 1 — s) L{a* x t*,1 — s) gcd(7r' x r*, 1 — s)L{a x r*, 1 — s) 

gcd(7r X r, s) L{a x r, s) gcd(7r' x r, s)L{a* x r, s) 

Now using (j9.9p we obtain 

P 2 L{a* XT*,1- s) gcd(7r^ x r*, 1 - s) ^ ^ 

PiL{a* X T, s) gcd(7r' x r, s) 

As proved in Section [9T] the poles of gcd(7r' x r, s) lie in 5?(s) < 0, because vr' and r 
are tempered. According to |JPSS83j (Theorem 3.1), 

m 

L{a* X r,s) G Y[L{a* x r, s)C[g"*,g^]. 
i=l 

Hence any pole of L(cj* x r, s) is contained in some L{a* x t,s) = L((a')* x t,s — Cj), 
and since a' is square-integrable we get from |,lPSS83j (Section 8) that the poles of 
L((cr')* X T,s — Cj) lie in 5R(s) < < 0. We conclude that the poles of the denominator 

of (I9.10|] are in 5R(s) < 0. 

In a similar manner we prove that the poles of the numerator of (I9.in|] are in 3?(s) > 
1. Specifically, the poles of gcd(7r' x r*, 1 — s) are in 5R(1 — s) < 0 because tt' and t* are 
tempered, and any pole of L{cr* x t* , 1 — s) appears in some L{{a'P)* x t* , 1 — s — e^). 
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Thus any pole appearing in the denominator must be canceled by Pi, i.e., 

PiL{a* X r, s) gcd( 7 r' x r, s) G q^]. 

Together with (|9.9I) this gives the result. 

9.4. The g.c.d. of ramified twists 

Let r be an irreducible representation of GL^ and let ^ be a character of F* extended 
to GLn by 6 I—)■ /i(det( 6 )). 

Recall that a character of F* is ramified if it is nontrivial on O* and any character 
of F* is trivial on 1 + for some k > 0. We call a character highly ramified, if it 
is nontrivial on 1 + for some large k. We say that a certain property is satisfied 
for all sufficiently highly ramified characters, if there is some A: > 0 such that for any 
character which is nontrivial on 1 + P^, this property holds. For a character /r and 
a G Z, the character iF is defined by /u“(x) = Clearly if iF is highly ramified, 

so is fi. The next claim establishes a few facts about ramified characters that we will 
need. 

Claim 9.4. The following statements are valid. 

(1) For all sufficiently highly ramified fj?^, no unramified twist ofrfj, is self-dual. 

(2) Assume that no unramified twist ofr is self-dual. Then also no unramified twist 
of T* is self-dual. 

(3) For any 0 ^ a £ Z there is M >0 such that for each k > M, there is a unitary 
character g, of F* such that yF is nontrivial on 1 + P^. In particular for any 
/c >> 0 there is g, such that is nontrivial on 1 + P^. 

Proof of Claim (1) Suppose Tg\ det |“ = t* g~^ \ det for some n G C (r is irre¬ 
ducible whence r = r*). In particnlar the central characters are equal, which is 
impossible if k is large so that ujr\ij^'pk = 1 (regarding F* as the center of GLn), 

I = 1 and I ^ 1 . 

(2) Otherwise for some n G C, t*\ det |“ = (r*| det |“)* whence t| det 1““ = (r| det 1““)*, 
contradiction. 

(3) It is enough to construct a character of O* with the required properties. Further¬ 
more, it is enough to construct a character g oi 1 -\- /I P™, for some m > k, 
so that /r“ is nontrivial, since any such character lifts to a character of 0*/l -|-P”® 
(because O* jX -|- P™ is a finite abelian group), which lifts to a character of O*. 

Assume \a\ = q~'^ where n G Z. Let A: > 0 be given and let m satisfy k < m < 2k 
and k -\- V < m. Since m < 2k, 1 -|- P^/1 -|- P™ = /F^ as groups. Let if' be 

a unitary additive character of F such that ^ 1 and = 1. Then 

g{l -\- b) = V’^(6) {b G F^) is a character of 1 -|- P^, trivial on 1 -|- P™. Also 
/r“(l -\- b) = if'{ab) and because k -\- v < m, aF^ contains F"^~^ whence is 

nontrivial. Put m = 2k, M = max(n, 0). Then for any k > M, k -\- v < m. □ 

We show that for all sufficiently highly ramified characters g"^, a twist of r by /i 
removes all poles except perhaps those of the intertwining operator. This scenario 
is considered, first because it resembles a result proved by Jacquet, Piatetski-Shapiro 
and Shalika [.IPSS83] (Proposition 2.13) and this property is expected from the g.c.d. 
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Second, this result will be useful in the course of proving Theorem 11.91 (similarly to its 
use in [JPSS83] Section 7). 


Proposition 9.5. For any character p such that /i^ is sufficiently highly ramified, 


gcd(7r X (r^),s) G - s)C[q 


Proof of Proposition \y. 51 We prove the proposition for the case 1 < Z < n and split 
Gi- The other cases are similar (and simpler). We follow the method of loc. cit. 
According to Proposition 16.31 it is enough to show that '^(W, fs, s) G for 

fs G f{Tia,std,s). By virtue of Proposition 15.91 (and using the same notation) we 
should show this for integrals of the form (j5.8p . 


f f chA{x)W{ax){ii-W'){diag{a,[x\,In-i)) 
IAi_i JGi 


(I det a\ ■ [x 




2(5^^ {a)dxda. 


According to the asymptotic expansion described in Section 12.51 




2=1 


w'{t') = Y. 


n—l 




{a'fit') 


, a 


n—l 


(*')) n >?:(“:(*'))■ 




2=1 


Here t G Tg,, <?!)(...) G 5(F'), a, G Ac,, t' G An, G S{F'^~fi and a' G Agl„- 

We plug these formulas into the integral. Let fe > 0 be such that for all rj G A-,^, 
rj' G At, y & F* and u G 1 + V^, rj{yu) = y{y), y'{yu) = rj'{y)- Assume that is a 
nontrivial character of 1 + (hence so is fi). Set a = diag{ai, ..., Oi_i) G Ai_i and 
X = diag{b, b~^) G Gi. We change variables Oi i-G ajUj+i for all 1 < i < Z — 1. Assume 
that A is either G^’^ or for some A; > 0. Then either [xj = b for all x G A, or 

[xj = b~^ for all x G A. We also change a/_i i-G ai-i [xj. This changes Oti h{^i)h{ ) 

to Ai(ai) nj= 2 L^J )■ Then by fixing x and all of the coordinates fo except 
some OiQ, if |aj(,| is small the integral vanishes. Hence a, is bounded from below for 
all 1 < i < Z — 1. Note that ai,... ,a;_i are also bounded from above. Now fixing 
ai,... if [xJ is small, the integral vanishes whence [x] is bounded (by definition 

[x] > 1). This shows that the cZx-integration is a finite sum. We conclude that the 
integral is a polynomial. If A is a compact open subgroup, we can ignore the dx- 
integration altogether and again we see that the coordinates of a are bounded from 
above and below. □ 


Example 9.1. Let r' be a unitary irreducible supercuspidal representation of GLn and 
take a unitary ramified character y,. Set r = r'y. According to Claim [93] we can take 
y such that y'^'^ is sufficiently highly ramified (with respect to t') so that no unramified 
twist of T (or r*) would be self-dual. Then L{t, Sym?,2s) = 1 by Shahidi |Sha92] 
(Theorem 6.2). Now equality (12.81) implies 

1 — s) = e{q~^, q^)L{T*, Symfi, 1 — 2s)~^M{t* , 1 — s) 
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for some e{q~^, q^) E C[( 7 “^, q^]* and since by Theorem l2.2l L{t*, Sym?, 1— 2s)“^M(t*, 1— 
s) is holomorphic (r* = r is irreducible supercuspidal), — = 1. Again according 

to Claim [931 we can assume that jj?'^ is also sufficiently highly ramified with respect 
to TT, then so is y?. Then by Proposition 19.51 gcd(7r x r, s) = 1. 

There is an analogous result for a ramified character tt of Gi. 


Proposition 9.6. Let n be a representation of Gi. If it is a sufficiently highly ramified 
character or Gi is quasi-split, 

gcd(7r X r, s) E ^r*(l — g^]. 


Proof of Provosition \9.(k If Gi is quasi-split, the result follows immediately by looking 
at ()5.8p . Regarding the split case, as in the proof of Proposition 19.51 consider 


L 


chA{x)7r{x)W'{diag{[x\,In-i))[x]‘2^ ® ‘^dx. 


Since | [xj | tends to zero as x leaves a compact subset of Gi , we see that by selecting a 
sufficiently highly ramified vr, with respect to the functions in Ar as in the proof above 
(or if n = 1, with respect to r, which is then a character), the integral vanishes for all 
X outside of some compact subset (which depends on W'). □ 


9.5. Preserving poles while increasing n 

Let vr and r be a pair of representations of Gi and GLn (resp.). We show that the 
fractional ideal In-xr('S) is contained in X^xe(s) for a representation e induced from r 
and another auxiliary representation. This result will be used in Section [10.31 to prove 
Theorem It suggests an inductive passage from vr x r to vr x e which increases n 
while preserving the original poles, hence any upper bound of gcd(7r x e, s) implies a 
similar bound of gcd(7r x r, s). 

Lemma 9.7. Let ti he a representation of GL^ such that I < m -\- n and s = 
{ti iSi t) is irreducible. For W E set Wq = W if I < n or Gi 

is split, otherwise Wq = y~^ ■ W where y is given by Lemma \2.fA Then for any 
fs E ^Q’^{T,hol,s) there is /' E ^Q"''^’^{e,hol,s), where e is realized in such 

that for all W E >V(7r, 

T(ITo,/',s) = T(W,/„s). 

Proof of Lemma \9.7^ We use the notation and results of Section [57fl for ^ = 0. We 
will define ips € iSi r, hoi, {s, s)) such that R = 'I'(ILo, s) is absolutely 

convergent for 3?(s) >> 0 and equals fs, s). Then /' = f^^ is defined by (I5.19P 

and according to Claim [5T71 for all 3?(s) >> 0, ^(Wq, f:^^, s) = R = ^(W, fs, s). 
Hence 'if{Wo,f^^,s) = T(IP,/s,s), as functions in C(g“®). The proof depends on the 
relative sizes of I and n. 
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(1) I < n. In Sections 17.1.41 and 17.1.51 we transformed Ii into (17.71) . which with the 
current notation takes the form 

h= / W{g) 

JUmJUGi\Gl JRi^„ 

{Wq = W since I < n). Here 

/ Im\ 

W — I ^n,m 1 1 — dicigi^Ijii ( 1) ^In)- 

\ Im / 

The subgroup Ri^m+n (in -^i) is decomposed as Ri^n ^ Rm where Rm = Ri,m+n(~^Um, 
dr = dr'drm and in R, du = dzdrm- Integral R is absolutely convergent at s if 
it is hnite when we replace W,ips with |lH|,|y 55 | and drop the characters. The 
manipulations of Section 17.1.41 prove the following claim. 

Claim 9.8. Integral R is absolutely convergent at s if and only if R is absolutely 
convergent at s. When either is absolutely convergent, Ii = R- 

Using this claim we derive the result. We follow the argument of Soudry [SouOO] 
(Lemma 3.4) to hnd a specific (ps for which R = T(W, /«, s), almost what we need. 
Set N = k » 0. Let (ps G ® T,hol, {s,s)) be such that as a 

function on Hm+n, supp{ips) = Qmw'N, cps is right-invariant by N and for x € Hn 
and y € 

Psiw',l,x,y) = fl"''"{x,y) = 

(The function was defined in Section 17.1.21 1 Note that N = N. Then 

w'u G supp{ips) if and only if I"') u £ N, because i"' i u £ Um- Formally, for this 
Vs, 


R = c [ W{g) 

/ ipsiw',l,wi^nr'i’'”’^g), l)R^ir')dr'dg 

JUgRGi 

' Rl,n 

= c [ Wig) 

f l)i,^ir')dr'dg = cT(lU, /„ s 

JUgRGi 

' Rl,n 

Here c = voliUm H N). 

The same reasoning implies 

.11) / / 

JUm JUgRGi . 

f \W\{g)\ps\iw'u, l,wpnr'i’'"’’^g),l)dr'dgdu 

' Rl,n 

= c / 1 

f \W\ig)\fs\iwi^nr'g,l)dr'dg. 

JugRGi J 

^l,n 


Now we use the idea of Jacquet, Piatetski-Shapiro and Shalika |JPSS83] (p. 424). 
Since 'I'(iy, /«, s) is absolutely convergent for 5P(s) >> 0 (i.e. the right-hand side of 
(19.lip is finite), the left-hand side of (19.lip is finite. Hence we can apply Claim ESI 
to conclude firstly that R is absolutely convergent for 5P(s) >> 0 and secondly, 
R = R = c^{W,fs,s). 

(2) I > n. The idea of the proof is the same as in the previous case but the actual 
integral manipulations and selection of ps differ. Regard Hn as a subgroup of 
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embedded in Gi (which is embedded in Hm+n) through Li^n-i- Set r = I — n — 1, 
e = and tn = diag{e'y~^In, 1, ejin) G Hn- Let 

l2= [ [ [ [ {[ Wo{r'w^’^h'g)dr') 

J HnZrVr\Gl Rl,m^n ^nXm + n — l RHn\Rn 

(Psi^^m,n'nwi^rn+nrw'-’'^g, l)'ijj^{r)dh'dgdrdg. 


Integral I 2 is absolutely convergent at s if it is finite with |VLo|) Iv^sl and without 
V’ 7 . According to Claims 171^ and ITTGl for any s, Ji is absolutely convergent if and 
only if I 2 is, and in this case Ii = l 2 - 

Now we describe the choice of ips- Write w^m+n = t'y'^'im+n 

= diag{jli 

;-^ 2 (m+n—/)+l; T ^ 


^/,m+n 


^m+n—l 


^m+n—/ 


Further put = ^^ 05 ( 7 /^, 1, 7 ^In) G Hn, t" = diag{jli-n, Im+n-i) G GLm and 
W* = Let y* = [y]sH^+„ where y G G^+i is either / 2 (n+i) if G'/ is 

split, or in the quasi-split case 


/ 4-1 

1 

0 1 

2p-2 0 1 

2p-^ 0 2p-^ 

V 


\ 


1 

4—1 / 


is the element defined in Lemma 12.61 

Pick Wri G >V(ri, V’) such that the restriction of tyWr^ to the mirabolic subgroup 
Vm of GLm vanishes outside of a small neighborhood of the identity H 14 

where o >> 0, and for v G J^GLm,o C 14, t" ■ {v) = t" ■ Wr^ (Im) 4 0. Let ips G 

( 8 ) T,hol, (s,s)) be such that supp{ips) = QmW*y*N with N = 
and k » 0, and for all a G GLm < Mm, u £ N, x G Hn and b G GLn, 

1 j 

LPs{aw*y*u,l,x,b) =Cr^^5^^{a)\dei aY~2Wri{a)[{tnt'^)~^ • fs){x,h). 


Here = w^(e 7 )-i| 7 |-^i”+ 5 ™+"-i)- 5 ’"("+™- 20 . Note that w* and y* normalize 
N, because w*,y* G KH^+n. (recall from Section [2H] that we assume \p\ > 1). The 
constant o is selected so that W is right-invariant by Mgi,o- We take k » o so that 
Wri is right-invariant by MGLmI, ILq is right-invariant by J^Gi,k and k — ko > o 
where fco > 0 is a constant to be specihed later (depending only on | 2 |). 


Claim 9.9. 4 = T(W,4,s). 


As in the case I < n, it follows that 4 is absolutely convergent for 5R(s) >> 0 
and/i = 4 = ^(W,4,s). 
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Proof of Claim [97M We use the formula 

/ F{g)dg = / / F{avg)5{a)dgdvda. 

JHr^ZrVrXGl JZr\GLr JVr JHn\G„ + l 

Here 5{a) is a suitable modulus character. The integral becomes 

[ [_[ [ [ [ {[ Wo{r'w^’^h'avg)dr') 

J Zr\GLr JVr J Hn\Gn-\-\ Rl^m-\-n ^nXm+n — t GHn\Hn ^ 

'^si^^m,nV'Wi,m+nf"w^'‘^avg, l)'if^{r)5{a)dh'dgdrdgdvda. 

First observe that a G GLy can be shifted to the second argument of ips- If 
[a]sa^ = diag{a, l 2 n+ 2 ,a*), = diag{In, a, h, a*Jn)- 

Then ^a G Tz_i < Gi normalizes Ri^n and fixes ^' 7 - We obtain 

[ [_ [ f f f if Wo{r'w'-'^h'avg)dr') 

J Zr\GLr J Yr •^^^n\Gn + l X m+n — ^ '' G ■/ 

PsYm,n'n'^i,m+nY ’ ^ a)rw^''^vg, , l)V' 7 (r)| det 

Now we see that (("'*’’*) ^a) commutes with g and after conjugating it by ujm,n 

it lies in Ym < GLm, where GLm is viewed as a subgroup of Mm < Hm+n- We get 

[ [_ [ [ [ [ {[ Wo{r'w^’'^h'avg)dr') 

JZr\GLr Yr Hn\GnJf.\ Rl^m+n ^nXm+n — l GHn\Rri 

PsYm,nriwi,m+nr'w'‘’'^vg,aYh', l)ip^{r)6g{a)dh'dgdrdgdvda. 

Here 5',{a) = S^Ja)\det aY^-^+^-Y{a). 

Put wgm+n = t'rY m+n ^-^d change variables g ^ F r]. This change multiplies 
dg by Denote 
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Then UJm,nt'yr]wlm+n™’''""^9 
explicitly. Let n € VJ., 

/ Ir 

Vl 

V2 
V3 

V4 

\ V5 


Wg, = 


We write the coordinates of n* 

\ 


In 

0 

0 

0 


1 

0 

0 

* 


1. 






Vl 

Ir 

Ul 

U2 

U3 

V5 

Vi 


1 

0 

0 


1 

0 

u'o 


\ 


/ Im+n-l n r2 0 


Im+n—l j 


r3 





h 


0 




/ In 

V 

r = 



1 


^2 

^ 'H 

= 


Il—n 





h 

r[ 




\ 

Im+n—l 


V 




j 






Also denote ri = (ri^i 

n ,2 

ri^s) where G 

■^m+n—/xn? ^ 1,2 

G Myn+n-l^r 



/ 

Ir 







\ 




Ul 

1 










0 

0 

Im+n—l 









Vl 

0 

V 

In 





n* = 


eu2 

0 

er '2 

0 

1 







Vi 

0 

r[,i 

0 

0 

In 






ri ,2 + ■■■ 

n,3 

V 3 + v'v'i 1 rpi 

er2 

vt 

Im+n 

-1 




U3 

0 

^1,3 

0 

0 

0 

0 

1 



V 

V5 


r' 1,2 

^4 

eu '2 


0 

Vl Ir / 

We show that the (i( 7 -integration can be ignored. 

Assume first that G 


(then y* = l 2 {m+n)+i)- Using the integration formula for Hn\Gn+i of Lemma [T 6 l 
in the notation of the lemma, the d^-integration is replaced with an integration 
over GLi x Zn^i x Write g = bXa with b G A G Zn,i and a G GLi. In 
coordinates, 


b = 


/ In 

0 b 

0 \ 


/ In 

0 0 0 \ 


1 0 

b' 

, Aa = 

X 

a 0 0 


1 

0 


a~^ 0 

V 


In ) 


V 

A'a”^ In ) 


(A' = -JJX). 
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Then 









/ 

In 

—76a 

/ 36 a ^ 

ba ^ 

0 

\ 



A 

hi^i 

6-1,2 

hi ,3 

6' 




/ 3 A 

h2,i 

62,2 

62,3 

13 b' 



—7A 

hs,! 

63,2 

63,3 

--fb' 



V 

0 

—'jX'a 

pX'a-^ 

A'a“^ 

In 

/ 

Set g* = 

-1 

g. It 

can be verified that 

the last 

m rows 

/ 

* 

* 

* 

* * 

* 

Im+n—t 

1 

U3 

^3,1 

r[,3 

-7A 663,2 

-76' 

0 


V 

* 

* 

* 

* ^ 

* 

0 


In order for 

(0. 

-1 

ra.n + 

' ^'y 2 


to belong to the support 

of 


{hij) G Msxs- 


* 0 
h3,3 0 


Qm^■ We proceed to argue that in such a case g G ■N'G„+i,k hi -/V, then the coordi¬ 
nates of u, g and r will be small {v will “almost” belong to V and r will lie 

in N). 

Let X be the lower-right m x m block of u*g*, i.e., 

( Im+n-l * 0 \ 

0 /i 3,3 0 G Mmxm- 

0 * Ir J 

If X ^ GLm then u*g* ^ Qm^■, so assume that x is invertible, equivalently h 3^3 / 0. 
Then xi = diag{{x*)~^, l 2 n+i 7 X~^) G Qm and the last m rows of xiu*g* are of the 
form 

* * * * * * Im+n-l 0 0 

^3,3^3 ^3,3^3,! ^3,3^1,3 ~^^3,3^ ^^3,3^3,2 ~7^3,3^^ 0 10 

** * !(: * * 00 

Now u*g* G QmH if and only if xivig* G QmH■ If QXiu*g* G N for some q G Qm 
and the Levi part of q is diag{m{q)*, h{q),m{q)) {h{q) G Hn), then m{q) G MGLm,k 7 
whence m{q)i = diag{{m{q)*)~^,l 2 n+i 7 ixi{q)~^) G N and m{q)iqxiu*g* G N. 
Therefore the coordinates of lower-left m x (m -|- 2n -|- 1) block of xiu*g* (the 
first m -|- 2n -|- 1 columns of the matrix above) belong to V^. In particular 

1 ^ 3 ) 3 ^ 3 , 11 , 1 ^ 3 ) 3 ^ 3,21 < q~^- 

Put c = b'X'. The last row of (hij) takes the form 
( - 1 + 2a) -^(a^ -h 2 c/32 - 1) + 2c/3^ - 1 - 2a) ) . 

Our first step is to show |a| = 1. Since \h)^lh 3 ^i\ < q~^ and A: >> 0, 

\-a^ + 2cf - 1 2a| < I - a^ -b 2c/3^ - 1 - 2a|. 

Hence 

-a^ + 2c(5‘^ - 1 - 2a| = I - a^ -b 20/3^ _ l _ 2a - (-a^ -b 20/3^ - 1 -b 2a)| = |4a| 
and 

\h 3 , 3 \ = |4a|“^| — a^ -b 2c/3^ — 1 — 2a| = 1. 
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Let ^ = a — (2c/?^ — l)a If |.^| > |2|, 

|/ 13 , 3 | = 12-1+4-1^1 = 14-1^1 > |2|-1 > 1, 
contradiction. Also if |^| < |2|, |/i 3 ,i| = |^ 7 | contradicting < q~^. Thus 

1^1 = |2|. Also \h^lh3^2\ < q~^ so 

|a + (2 c/ 32 - l)a-i| < \4\q-’^ < q-^ 

(recall that we assume |/3| = 1), whence a = —(2c/3^ — l)a-i + w^O with |0| < 1. 
Then 

|2| = 1^1 = |2(2c/3^ — !)«-! — w^6\ < max(|2||(2c/3^ — l)a~^\,q~^). 




so 


Since k » 0, we first get |(2c/3^ — l)a-i| > 1, then | 2 | = |2||(2c/3^ — l)a 
|(2c/3^ — l)a-i| = 1 and |a| = 1 . 

The second step is to prove that A and b can be made zero. Because |a| = 1 and 
for all 1 < z < n, | 7 Ai| = | 7^3 3 Aj| < q~^ and \^h[\ = \^h'^\b'j\ < q~^, the element 
y G Gn+i given by 


[vhc 


n + l 


( In 



/ /n 0 

—a I 5 

0 

\ 

—a~^\ 1 



I 

0 

—q;-16' 



1 



1 

0 


V 

-a-iA' In / 


V 


In 

/ 


belongs to MG„+i,k and also when viewed as an element of Hm+n, y & N. Set 

91 = gy, 




/ In 


V 


a 


a 


-1 


/ 


The third step is to show gi G A/’G„+i,fc H N. We may replace g with gi and 
argue as above, because g*w* G QmW*N if and only if g\w* G 

QmW*N, with < 7 ^ = < 71 . We conclude |/i 3 , 3 | = 1 and |q:| = |a|-i = 1. Now 

(hij) is given by (12.2p and we proceed as in the proof of Lemma [521 Specifically, 
\h 3 , 2 \ < q~^ implies a — a~^ G 4P^ and then (a — l)(a + 1) G 4P^. If a + 1 G 4P, 
we get |/i 3 ,i| = I 7 I, contradiction. Therefore |q: + I| > | 4 |( 7 -i so a G l-hP^ and thus 
gi G Mcn+x^k- Looking at ()2.2p . the conditions |/i 3 ,i|, |/i 3 , 2 | < q~^ imply gi G N. 
Because y,gi G Mc^+^k N, g = 5177-1 G Ma^+^^k n N. 

Now assume that Gi is quasi-split. By virtue of Lemma 12.61 we can replace 
the d^-integration with an integration over GLi x Zn- 1,1 x (Vn H G 2 ) x Put 
g = ybc^Xa with b G ? G n G 2 , A G and a G GLi. In coordinates. 


b = 


/ 4_1 0 0 5 0 A{q) \ 


/ 4-1 \ 

1 0 


1 ?1 ?2 * 

I 0 


1 0 

1 q' 

; ^ — 

1 ?2 

I 0 


I 

V 4-1 / 


V 4-1 / 
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and 


Aa = 


/ In-l 

X 


V 


a 


a ^ 
X'a~^ 


/n- 


(A' = -Jn-l'A). 


1 


Set (6?Aa)* = \bc;Xa). Then 

u*w*g = u*w*y*{b(;Xa) = u*{bc;Xa)*w*y*. 

Now u*w*g G QmW*y*N if and only if u*{bc;Xa)* G QmN (("'* 2 ^*) ^N = N). Let 
X be the lower-right m x m block of n*(6<jAa)*. As in the split case x ^ GLm 
implies u*{bgXa)* ^ Qm^■ One shows that the coordinates of ?i ,<^2 and A are 
small, and also |1 — a| is small. Then the coordinates of q are seen to be small and 
bqXa G MG^+^,k n N. 

We continue with the proof, for both split and quasi-split G;. Going back to the 
integral, since VFo is invariant on the right for MGi,k, the integration reduces to 
a volume constant which may be ignored. Thus we have 


\n(m-\-n—l) 


[ [_ [ [ [ {[ Wo{r'w^’^h'avy)dr') 


(ps(^(^^"^’^t^)u*w*y*, a, l)'ip.y{r)6'g{a)dh'dgdrdvda. 


(In the quasi-split case y and y* appear as a result of the application of Lemma lTbl l 
Finally consider u* again. Let 


£ Qr. 




. 1 

1 E GLm^ 

^1 = 1 

( \ 

hn+l 


K 

If / 

f 




Then u* G QmN (i.e., ( 
Z\U G Qrn,X^ ? 

/ Ir 
0 
0 

eu2 

V 4 

n,2 + • 

U3 


^m,n 


t^)u*w*y* belongs to the support of ips) if and only if 


ZlU* = 


\ V 5 - U[U 3 


1 

0 

0 

0 

0 

ri,3 

0 

Mq 


Im+n—l 

V 

er'2 

r'i,i 

r3 + V'r'i 1 

-i,3 

^' 1,2 - 3 


In 

0 

0 

n,i 

0 

v'a 


1 

0 

er2 

0 

eu '2 


V 

0 

v[ 


Im+n—l 

0 

0 


0 Ir J 


As above the coordinates of the lower-left mx (m-|-2n-|-l) block lie in Inspecting 
the other (non-constant) coordinates of ziu*, they all lie there and ziu* G N. 
Moreover 

ri,3,ri,i,r2,g,U3,V4,U2,vi G , 


184 






where with a minor abuse of notation we write, e.g., vi G instead of vi G 
MnxriV^)- Because U 2 = (3v2 + and U 3 = — 7 U 2 + \vz we see that V 2 G 
U 3 G and ui = V 2 — G Since u[u 3 G and k » 0, u[u 3 G 

whence V 5 G V^. Similarly, ri ^2 € ('*^ 1 ^ 1,3 ^ Also r 3 G . It follows 

that r],r G N hence the dr^dr-integration shrinks into a volume constant, hereby 
ignored. Additionally each i = 1,..., 5, lies in thus v G MGi,k-ko where 
ko > 0 equals the valuation of 2 (depends only on | 2 |). 

The integral becomes 




Zr\GLr ,fc —/cQ 



W {r'w''’'^h'av)dr')ips{'w*y*, 


a 

Ml 1 

Im+n—l 


h'tnt'^, l)Sg{a)dh'dvda. 


(Note that = diag{t",t!y, {t")*).) By our selection of VFn, since m + n — l > 0 

it vanishes unless the coordinates of mi belong to V° and a G Mchr^o, in which case 
t" • ITVi equals a nonzero constant. Since W is invariant on the right for Mgi,o 
and k — ko > o, the duda-integration can be discarded. Ignoring volume constants 
independent of s, the integral equals 



IT(rV’"/i')dr-')(tnt;)"^ 


fsih'tnt'^, l)dh' 




The claim is established. 

The proof of the lemma is complete. 


□ 

□ 


Lemma lQ. 71 shows that the poles of gcd(7 rxr, s) originating from holomorphic sections 
appear in gcd(7r x e, s). However, gcd(7r x r, s) may also contain poles due to non- 
holomorphic sections. Under a certain assumption these poles will also be included in 
gcd(7r X e,s). We show. 

Corollary 9.10. Let ti and e = IndpJ^^" {ti ® r) he as in Lemma \977[ If the operator 
(9.12) M*(Tl,s)M*(rl®r^(s,l-s)) 

is holomorphic, 

gcd(7r X r, s) G gcd(7r x e, s)C[g“*, 

Remark 9.1. The composition in (|9.12l) was described in Section [2.7.31 

Proof of Corollary \9.1(K It is enough to show that for any /i_s G ^(r*, hoi, 1 — s) there 
exists fg G f,{e, good, s) such that 

^{Wo, f's, s) = T(1U, M*{t\ 1 - s)/i_„ s), 
where Wq is defined in Lemma 19.71 

Let G ^ hoi, {s, 1 —s)) be defined as in Lemma lOTTl using fi-s- For 

example assume I < n, then ips,i-s is supported (as a function on Hm+n) in Qmw'N, 

right-invariant by N and for x G and y G GL„, ^psp-siw',l,x,y) = /i"’^(x,7/). 
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Denote 1 — s)(ps^i-s G ® T,rat, {s,s)). It is (still) supported in 

Qmw'N and invariant on the right by N, but ^p'siw', l,x, y) = 1 — y). 

Our assumption on the operator (|9.12p implies that the image of any section in 
{ti® T* t (s, 1 — s)) under (|9.12n lies in ij* ® ■, hoi, (1 — s, 1 — s)). This 

combined with (j2.7ll and with the (similar) equality 

M*{r* (g) Ti, (1 — s, s))M*{ti (g) T*, (s, 1 — s)) = 1 

shows that we can find ‘hi-* G ® (1 “ ■S) 1 “ ■s)) such that 

M*(t* ® n, (1 - s, s))M*(t,*, 1 - s)$i_, = 

Hence using (I2.1UI) with e* = {t* ® t^), 

ip', = M\t\ 1 - s)M\t* ® n, (1 - s, 1 - s)$i_, = M\e*,\- s)$i_,. 

Define /( = /^/ by (15.191) . According to Claim \TM /( = M*(e*, 1 — and by 

Claim [5T6l G i hoi, 1 — s). Therefore /' G ^{e,good, s) and as in the lemma 

'I'(W^o, /', s) = T(IT, M*iT*, 1 - s)/i_„ s). □ 

We will resort to Corollary 19.101 for given representations tt and r with the luxury of 
selecting ri. The following demonstrates how to select ti so that the corollary would 
be applicable. 

Corollary 9.11. Let T be an irreducible representation ofGLn- For any m > max(n, I— 
n) and unitary irreducible supercuspidal representation ri of GLm twisted by a unitary 
sufficiently highly ramified character, we have 

A/ri(s) — ■^r*®ri(l s) = (s) = 1, 

GL 

the representation £ = Indpjf^" {ti ® r) is irreducible and 

gcd( 7 r X T, s) G gcd( 7 r x e, s)C[(jr“*, 
for any representation vr of Gi. 

Remark 9.2. Indeed, the restrictions imposed by Lemma 19.71 and Corollary 19.101 refer 
only to T and ri and do not depend on vr. 

Proof of Corollarv \9.11\ Note that since r is irreducible (generic), it is isomorphic to 
a representation parabolically induced from a representation r/i (g) ... (g) r/a of GLm x 
... X GLm where each pi is essentially square-integrable ( |Zel80| , Section 9). Then 
since m> n and ti is irreducible supercuspidal, the representation e will be irreducible 
according to loc. cit. 

It is enough to show that ti satisfies M-r-fis) = 1't-*®ti( 1 “ •s) = ^ti 0 t*('S) = 1. 
This is because M^-fis) = (■s)^r* (1 — s) and according to the definitions, Mrfis) = 
1 if and only if (.rfis) = ■^t*(1 — s) = 1, so M*{ti,s) has no poles and similarly 
M*{ti (g) T* , {s, I — s)) has no poles (because Gx®t*{s) = 1). Now the result regarding 
gcd( 7 r X r, s) follows from Corollary 19.101 

As explained in Example 19.11 a representation ri with the properties listed satisfies 
L{Tf,Symfi,2 — 2s) = L{t\, Sym? ,2s) = 1 and both M*{ti,s), M*(rj^,l — s) are 
holomorphic whence Mt-^{s) = 1 . 
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Next we show £^-*^^^(1 — s) = ^Ti(g)T*('S) = 1- Choose 

with irreducible supercuspidal representations (j)* such that t* is a sub-representation 
of 4>*. Let 


(9.13) M(())^ (g) ... (g) ())^ (g) Ti, (1 — s,..., 1 — s, s)) 

be the standard intertwining operator 

yGL^+n ^((^*1 det 1 2 (g)... (g) I det 1 2 ' ® Til det 1 2 , (1 — s,..., 1 — s, s)) 

—)■ ® |2 ® ® det 1 2 , (s, 1 — s,..., 1 — s)). 

Here 0* (g) ... (g) (g) ri is considered as an irreducible supercuspidal representation 

of If (I9.13P is holomorphic, M(r* (g) ri,(l — s,s)) is holomorphic (the 

converse is not true in general), because Indp (g) n) is a sub-representation of 

Indp^ ^(</’i <g> • • • ® ® Ti). According to the multiplicativity of the intertwining 

operator f |Sha81| Theorem 2.1.1), operator (I9.13P is a composition of operators 
Ti, (1 — s,s)). By Theorem 12.31 for each 1 <i <k, 

L{(j)l ®Tl,l-2 s)~^M{(j)* (g)ri,(l - s,s)) 


is holomorphic. Since whenever m > n (and t\ is irreducible supercuspidal) Theo¬ 
rem 12.41 implies L{(f>* x rj^, 1 — 2s) = 1, we get that M{4>* ® ri, (1 — s, s)) is already 
holomorphic and so is (I9.13p . Now for some e{q~^,q^) G 


M*{t* (g) ri, (1 - s, s)) = e{q ^ q^) ^ M(r* (g) n, (1 - s, s)). 

L/yT X , 1 — ZS) 

Again by Theorem 12.41 L{t x ri,2s) = 1 concluding that M*{t* ® ri,(l — s,s)) is 
holomorphic and I’r*(g)Ti(l — s) — 1. 

The same reasoning applies to M*(ri (g) t*, (s, 1 — s)), note that 

L(ri X 4>i,2s - ® <f)*, (s, 1 - s)) 


is holomorphic and for some d{q ^,q^) G C[q ^,5'^]*, 

M*{n ® r*, (s, 1 - s)) = d((?-^ ^ 1 

L{ti X t, 2 s — 1) 

Therefore £ti^t*(s) = 1. □ 


9.6. A relation between gcd(7r x r, s) and 

gcd(7r X T*, 1 — s) 

We mention a useful, simple observation concerning the g.c.d., which follows from the 
multiplicative properties of the 7 -factor - Theorems II.31 and II.41 The claim (and certain 
variations of it) will be used numerously in Chapter [TOl 
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Claim 9.12. Let r = Ind^^”' (8) ... (8) t„) be irreducible, o > 1. Assume that for 

some L G gcd(7r x r, s) = 0^=1 gcd(7r x n, s)L. Then 

a 

gcd(7r X r*, 1 — s) ~ gcd(7r x r*, 1 — s)L. 
i=l 

A similar assertion holds when vr is induced from a representation a^-n' of GLk x Gi-k 
(k < I ): if gcd(7r x t,s) = L{a x r, s) gcd(7r' x r, s)L{a* x r, s)L, 

gcd(7r X T* , 1 — s) ~ L{a x r*, 1 — s) gcd(7r' x r*, 1 — s)L{a* x t*, 1 — s)L. 


Proof of Claim WTM In general there exists V G C{q ®) such that 


a 

gcd(7r X r*, 1 — s) = ]^ gcd(7r x t* , 1 — s)L'. 
i=l 

Theorem 11.31 implies 


n 

2 = 1 


gcd(7r X Tj*, 1 — s) gcd(7r x r*, 1 — s) 


gcd(7r X Ti,s) 


gcd( 7 r X r, s) 


n 

2=1 


gcd(7r X r*, 1 — s) L' 
gcd(7rxri,s) L' 


Hence L' cx L. For vr induced from a ^ n' one uses Theorem 11.41 and (I2.19p . 


□ 


In particular we shall apply Claim [9T2] with L = ®Ta{s)P-, for some P G 

C[q-^q% 


9.7. A comment about the unramified case 


Assume that tt and r are irreducible unramified (generic) representations. In particular 
they are induced from Borel subgroups. We describe the upper and lower bounds on 
the g.c.d. that we can obtain using our results and compare them to the results of the 
theory of GLi x GL^- Consider the split case first. Then 

TT = Indp) (cr), a = {ai® ... ® ai), r = (n (8) • • • (8 t„). 

Here aj,Ti are unramified characters of GLi. By Theorem 11.91 there is an upper bound 
gcd(7r X r, s) G L{a x T,s)L{a* x r, s)Mri^,„(^rn{s)C[q~^, q'’] 

(when I < n, to apply Theorem 11.91 rewrite r as a representation of Langlands’ type). 
Let a' = Ind^^~^ (cJi (8) ... <8i cr;_i). Then vr = Ind^^ ® tt'), tt' = [ui) and 

according to Lemma 19.31 we have a lower bound 
(9.14) L{a' XT,s) ^ gcd(7r x r, s)C[g“®, 

In the quasi-split case vr = Ind^'^ ^{a' (8) vr') with cr' as above and the trivial repre¬ 
sentation vr' = 1 of Gi. Theorem 11.91 implies 

gcd(7r X r, s) G L{a' x r,s) gcd(vr' x T,s)L{{a')* x r, s)M.ri®...(8ir„('S)C[g“^ g®]. 

According to Proposition l5.9[ for I = 1 and quasi-split Gi the integrals with holomorphic 
sections are holomorphic (see (j5.8h i. Then Proposition 16.31 shows that gcd(vr' x r, s)“^ 
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divides It*{^ — s) Similarly, gcd(7r' x r*, 1 — s) ^ divides £t(s) Hence 
gcd(7r' X T,s) = 4.(1 - s)Po, gcd(7r' x t*,1 - s) = iris)Po, 
for some Po,Po £ Now by Corollary 110.161 we obtain 

gcd(7r X T,s) G L{a' x t, s)L{{a')* x T,s)Mr{s)C[q~^,q^]. 

Relation ()9.14p also holds in the qnasi-split case. 

We compare this to the results of the theory of GLi x GLn for unramified data. 
Recall that the L-factor L{a x r, s) was defined by Jacquet, Piatetski-Shapiro and 
Shalika |JPSS83] as a g.c.d. (see Section [T8]l . In the unramified case, Theorem 3.1 
of [JPSS83j and a short calculation of GLi x GLi integrals show, that Langlands’ L- 
function for a x r defined using the Satake parameters (see Section [3.2.1.2p is an upper 
bound for the g.c.d. Additionally, Jacquet and Shalika |JS81] (Section 2) calculated 
the Rankin-Selberg integral for a x t with unramified Whittaker functions and showed 
that it is equal to this L-function. Therefore, the g.c.d. is equal to the L-function and 
it is obtained by the integral with unramified data. Thus the notation L{a x r, s) for 
the g.c.d. is compatible, in the sense that in the unramified case the g.c.d. is actually 
the L-function. 

The upper bounds we obtained here imply that in the split (resp. quasi-split) case, 
L{tt X (resp. det(l — {t'^®tr)q~^)~^MT-{s)) is an upper bound for the 

g.c.d. (see Section TS .2.1.2 1 for the definition of t'^). 

Let Wq G yV{7r,ijj~^) and G ^(r, std, s) be the normalized unramified vectors 
(see Section According to Theorem 11.11 the integral 'if {W^, , s) with all data 

unramified equals 

L{tt X t,s) J L((T X r, s)L{a* x r, s)L{t, Sym?^ 2s)“^ split Gi, 

L{t, Sym?,2s) |L((t' x r, s)L(((t')* x r, s)L(r, A^, 2s)“^ quasi-split G;. 

In particular the unramified integral may have zeros. Thus in general it does not 
represent the g.c.d. and moreover, we can describe inducing data such that some of 
the poles of L{a' x r, s) do not belong to the set of poles of /°, s) (e.g., take a 

induced from ai ® and r induced from o\ ® af, then some poles of L{a' x r, s) are 
canceled by zeros of L(r, Syrm?, 2s)). 

In the original definition of Piatetski-Shapiro and Rallis [PSR87| (Section 5), the 
unramified case is dealt with specifically by enlarging the set of good sections (see 
also [HKS96] Section 6). Following this here we could add L{T,Sym?,2s)fg to the 
set of good sections in the unramified case. While this remedies the inconsistency in 
the sense that 'if{W^,L{T,Sym?,2s)fg,s) = L(7r x r, s), we are still unable to show 
gcd(7r X r, s) = L(7r x r, s), i.e., that the intertwining operator does not introduce 
additional poles. 
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Chapter 10 

UPPER BOUNDS ON THE G.C.D. 


In Chapter [9] we calculated the g.c.d. in a few cases. Here we prove upper bounds 
that apply in the general case. The main idea of the proofs is to convert the integral 
manipulations of Chapter [ 7 ] into identities of formal Laurent series. This approach was 
developed by Jacquet, Piatetski-Shapiro and Shalika |JPSS83j to establish the upper 
bounds of the g.c.d. in their case. | 

We briefly recall the construction of |JPSS83] (Section 4). Consider for example a 
pair of representations ^ and of GLr- With the notation of Section [T8l 

= [ W^(o)W^(a)^(7?r.a)|deta|"da. 

J Zr\GLr 

For m G Z, denote GL™ = {6 G GL^ : | det 6| = q~^}. We define a Laurent series in 
C[[X,W-1]], 

S(Wg, W^, s) = V X™ / W^{a)W^{a)^7]ra)da. 

m& JZr\GL^ 

If we replace X with q~^ this sum equals, for 3?(s) >> 0, the value of the inte¬ 
gral 'I'(ILg, <1>, s). Assume ^ (^iC)^ 2 )- The series S(ILg, <1>, s) is 

converted into S(W|, IT^, 1 — s) by applying integration formulas to the integrals 
over Zr\GL^ and utilizing the functional equations for x 4> and ^2 x (f’- this 
manner both the multiplicativity of 7 (^ x cj), “ip, s) and an upper bound L(^ x (p,s) G 
L{Ci X (p-,s)L{^2 X (/>, s)C[g“'^, are deduced simultaneously. Note that in order to 
convert the integral to a series, one needs only partition the measure space {GLr,dg). 
In particular the unipotent integration introduced when ^ is a representation of GL^ 
and k < r, as well as the Jacquet integral used to realize the Whittaker functional on 
^ (analogously to Section [T7|1 . remain intact. 

Following this method here, we attach a Laurent series to an integral fg, s). 

Two noticeable differences between the x GLn integrals and the Rankin-Selberg 
constructions for orthogonal groups are relevant in this context. First, the dependence 
on s of the space induced from r, leading to the distinction between standard, holo- 
morphic and rational sections (in fact in the global setting of GLn x GLn a special 
section is used, see |JS8Ij Section 4 and [CPSOdj Section 2.1). Second, the appearance 
of the intertwining operators in the integrals and functional equations. In our setting, 
in order to associate a series to fg, s) one must also deal with the properties of 

fg, not just with those of the measure space. For instance if fg is a good section which 
is not holomorphic, e.g. fg = — s)f{_g where f{_g G ^(r*,/ioZ,l — s) and 

fg ^ ^(r, hoi, s), it is not clear how to define such a series. We will need to ensure that 
we always have holomorphic sections. In the last example this can be done by replacing 
fg with 4.(1 - s)~^fg. 


This chapter is dedicated to Yael and Sophie. 
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In order to define the coefficient of X'^ in a series attached to ^{W, fs, s) we will 
consider, say if / < n, the set of {g, r) ^ Gi x Ri^n such that in the Iwasawa decom¬ 
position wi^nfg = auk, where a G GLn = M„, u £ Un and k G Kh^, \ deta| = q~'^. 
Any integration related to fg (or (ps such that fs = fifj will need to be partitioned. 
Furthermore, it seems difficult to apply our integral manipulations coefficient-wise. 

In Section IIP. II we develop a framework for converting our integrals into Laurent 
series and tools which allow us to translate integral manipulations into operations 
on those series. In particular, we prove a certain version of Fubini’s Theorem for 
series - Lemma 110.61 that will be used to apply a functional equation to an “inner 
series” representing an inner integral. For example if r = (ri <8> T 2 ), the series 

representing the Gi x GLn integral 'I'(IF, s) will be equal to an “iterated” series, 
where the inner series represents aGiX GLn 2 integral. Then instead of multiplying the 
integral by 7(7r x T2 ,'4 ’,s), we multiply the series by the polynomial gcd(7r x T 2 , 

Our results also apply to the Rankin-Selberg integrals of SO 21+1 x GLn studied by 
Soudry [Sou93t ISouOO] and imply similar upper bounds. In the case GL^ x GLn our 
construction gives the same series as [.IPSS83] . see Example 110.71 below, and our tools 
can be used to reproduce their results. 

10.1. Integrals and Laurent series 


10.1.1. Functions and Laurent series 

Let E(X) = C[[X, be the complex vector space of formal Laurent series 

Qm G C. It is an R{X) = C[X, A“^]-module with torsion. A series S = ^mX"^ G 

S(X) is said to be absolutely convergent at sq G C if the complex series obtained from 
S by replacing X with is absolutely convergent, i.e., if Llmgz < 00 . Then 

the value of S at sq is the value of the complex series 

Let / = f{s) be a complex-valued function defined on some domain Df G C, where 
a domain will always refer to a subset containing a non-empty open set. We say that / 
has a representation S G E(A) in Dj if for all sq G D/, S is absolutely convergent at 
So and equals /(sq). Note that such a representation is unique, i.e., if S' also represents 
/ in Dj, S = S' in S(A). When clear from the context, we omit the domain and say 
that / is representable by S. 

Let /i and /2 be complex-valued functions defined on some common domain D G C. 
Assume that Sj G S(X) represents fi in D for i = 1,2. Then Si -|- S 2 represents 
/i + /2 in D. Moreover if P = P{X, X~^) G R{X), PSi G S(A) represents the 
function s e-)- P{q~^,q’^)fi{s) (in D). 

10.1.2. Representations of integrals as series 

Let F be an /-space, i.e. a Hausdorff, locally compact zero-dimensional topological 
space (see |BZ76] . 1.1), with a Borelian measure dx. For a ring R, denote by C'°°(r, R) 
the set of locally constant functions (j) : T ^ R. This is a ring with the pointwise 
















operations. We usually take R to be the polynomial ring or C(g“®). Also 

recall that 0 denotes the empty set and for (j) E C'°°(r,i2), supp{(p) is the support of (p 
(see Section [2]2]) . 

Example 10.1. The function belongs to C°^{GLn,C[q~^,q^]). 

Example 10.2. Let fs E ^{T,hol,s) = ^Ql^{T,hol, s) where r is realized in 
For a fixed s, fs E V{t,s) and then for a fixed h, b ^ fs{h,b) belongs to yV(T,ip) 
(see Section I^T]) . Write fs = where Pi E C[q~^,q^] and /i*^ E 

std, s). For h E Hn write h = buk with b E GLn = Mn, u & Un and k E Kh„ 

according to the Iwasawa decomposition. Then fs^\h,l) = | det Sb)fs\Kb) 

and since fs''\k,b) is independent of s, fs^\h, 1) E Hence the function h i—)• 

fs{h, 1) = Q‘^)fs^\h, 1) is a locally constant function on Hn with valnes in 

C[g“'^, q^]. Therefore we may regard fs as an element of G°°{Hn, q^]). Similarly, 

fs E f,{T,rat,s) may be viewed as an element of G°°{Hn,C{q~^)) (the function h i—;■ 
fsih, 1) takes values in C(g“®)). 

For a non-empty finite subset of integers M, let Vm = Spani^{q~^^ : j E M} C 
Let (p E C°°(F, g®]). The M-support of (p is the set of x E F such 

that 0 / (p{x) E Vm and for all 0 / M' C M, (p{x) ^ Vm'- We denote this set (which 
may be empty) by suppm{4>)- Since cp is locally constant, suppm{4>) is an open subset 
and in particnlar measurable. Note that x E suppm{<P) means that M is exactly the 
subset of integers m such that q~^'^ appears in the polynomial <p{x) with a nonzero 
coefficient. 

Claim 10.1. If supp{(p) / 0, there is a unique (necessarily countable) collection of 
non-empty finite subsets of integers {Mj}jg/, such that suppMi{<P) / 0 for all i ^ I and 
supp{(p) = Uiei suppmM)- 

Proof of Glaim JlO.R For any x E supp{(p), (p{x) is a nonzero polynomial in q~^,q^ 
whence there is a nnique finite set tP M d'L containing precisely the integers m such 
that q~^^ appears in (p{x) with a nonzero coefficient. Hence (p{x) E Vm and for all 0 7 ^ 
M' C M, (p{x) ^ Vm'- Thus X E suppM{(p)- It follows that supp{(p) = Uie/ suppMii4>) 
for some collection of sets {Mjjig/. 

If X E suppMi^P) 0 supp]sf{(p) for another non-empty finite snbset N, then (p{x) E 
VmOVn- Since <p{x) / 0 we obtain MPlN 7 ^ 0 . IfMPlA' = M, we get 0 / 
M C N and (p{x) E Vm, contradicting the fact that x E suppn{<P)- But now 0 / 
MnN C M satisfies (p{x) E Vmdn contradicting x E suppm{<P)- This shows supp{(p) = 
Yii^j suppMi{(p) and that the collection {Mj}jg/ is unique. □ 

We say that F can be divided into the simple supports of (p if supp{(p) = 0 or if the 
collection of Claim [TO.ll satisfies Mi = {mi} for some mi for all i ^ I. 

Example 10.3. The /-space GLn can be divided into the simple supports of a®. In fact, 
for any m E Z, 

supp{^}(a®) = {6 E GLn : | det 6| = q~^}. 
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Example 10.4. Let P = ^ (i-e-! = 0 for almost all j). The 

function (/)(x) = P defined on T trivially belongs to C°°(r, C[g“®, g^]). Assuming P / 0, 
supp{(p) = r = suppMi4>) where M = {j E Z : Uj 7 ^ 0}. This example can be extended 
by replacing the coefficients aj with functions in C'°°(r,C). 

Example 10.5. Let fs E ^{T,std,s) be regarded as a function in C°°{Hn,C[q~^,q^]) 

as explained in Example 110.21 i.e., the actual function is /i i—)• fs{h,l). For h E 
_i 1 

fs{h,l) = |det 6 |^ 2 ffel fJk. b) where h = buk is written according to Example ll0.2l 
Since fs{k,b) is independent of s, 

supP{m}{fs) = {h e Hn : h = buk, \ det b\ = fs{k, b) / 0}. 

This shows that Hn can be divided into the simple supports of fs- 

For m E Z denote by Pm '■ ^ C the mapping PmiYljez The 

function x Pmi4>{x)) is locally constant (hence measurable). 

Definition 10.1. Let (j) E C°°(r,g^]). Assume f-p\Pmi4>ix))\dx < 00 , for all 
m E Z. Then we define a Laurent series in E(A), 

(j) 4){x)dx = ^ f Pm{4>{x))dx. 


We define a series as above to be strongly convergent at s if 

^ q-^(prn f \p^i^(i)(^x))\dx < 00 , 

a condition stronger than being absolutely convergent at s, which is just that 



rnGX 


Pmi4>ix))dx 


< 00 . 


Example 10.6. Let a E (^““(rjC) C C'°°(r,C[g Then supp{a) = supp^Qj{a) and 

provided Jp \a{x)\dx < 00 , ^a(x)dx = fpa(x}dx is a constant term as an element of 
E(X). 

Next we define an integral for 0 E C'°°(r, o'®]). Any fixed sq £ C induces a 

homomorphism —)• C by evaluation. Denote by [(()(x)](so) the value of ^(x) 

under this homomorphism. For example, if x E suppM{4>)-, 4>ix) = YljeM 
where 0 / aj{x) E C and [(/>(x)](so) = ^ 

For any fixed s E C, the integral <l>(s) = /p[(()(x)](s)(ix is absolutely convergent if 
Jp |[(/>(x)](s)|dx < 00 . If there is a domain D C C such that for all s G D, <h(s) is 
absolutely convergent, s i—‘h(s) is a complex-valued function on D. The following 
results show how to use the series defined above to represent the complex function 
in the sense of Section 110.1.11 

We introduce the following notation that will be used repeatedly below. For cj) E 
C'°°(r, C[g“®, g®]), denote = /p[(()(x)](s)dx and = ^(f>(x)dx (assuming these 

are defined). Let D C C be a domain. We write <^0 if for all s G D, <h^(s) is 

absolutely convergent, is strongly convergent at s and represents in D. 
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In order to deduce that represents in D, given that <h 0 (s) is absolutely con¬ 
vergent and is strongly convergent, we need only show that substituting q~^ for X 
in gives for s G D. 

Lemma 10.2. Let (p G C'°°(r, C[g“*, g^]) be such that T can be divided into its simple 
supports. Assume that is absolutely convergent in a domain D C C. Then is 

defined and 

Proof of Lemma MO.iA If x € supp^rn}{4>)-: write (p{x) = q~^'^am{x) with 0 / am{x) G 
C. In D, 

oo> f |[(/)(x)](s)|dx = ^ f \[(j){x)]{s)\dx 

supp^^y(4,) 

= E / 

= ^ q-^is)m f |P^( 0 (x))|dx 

mez Jsupp^^}(^) 

= E [ \Pm{fiix))\dx. 

Note that whenever supp^jnjif^) / 0) CLmix) is defined. Hence Jp \Pmi4>ix))\dx < oo for 
all m G Z. Therefore is defined, 

[ Pm{<Pix))dx 

and it is strongly convergent for all s G H. 

Additionally for s G D, 

= E / [(j){x)]{s)dx = E / q~''""am{x)dx 

= E [ Pm{Hx))dx = Y, [ PM^))dx. 

mez d supp^^y{tj>) Jr 

Evidently, replacing X with q~^ in we obtain <h(/,(s), showing that represents 
in D. □ 


Example 10.7. Consider the GLr x GL^ integral T(iyg, W^, <h, s) of Jacquet, Piatetski- 
Shapiro and Shalika |.IPSS83j discussed in the beginning of this chapter. Let P = 
Zr\GLr and define (p G C'°°(r, C[g“*, g^]) by p{x) = iy^(x)iy(^(x)$(7/r.x)| detx|^. Then 
$(^(s) = 'I'(IT^, Wff), $, s) is defined in a suitable right half-plane D. Note that 

supp{m}ifi) = {x G P : I detx| = q~"^,W^{x)W^{x)^{prx) 0}. 

Consequently, P can be divided into the simple supports of p. The absolute convergence 
of in D implies that for each m, 

[ \PmiP)\dx = [ |IP^(x)IT<^(x)$(77rx)|dx < oo. 

Jr J Zr\GL^ 
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Thus is defined, 


= V / W^{x)W^{x)^{r)rx)dx = S(tTg, W^, $, s 


and according to Lemma [10.21 
More generally, 

Lemma 10.3. Let (j) € (^“(r, C[g“'^, g^]) be such that is defined. Assume that 
<l> 0 (s) is absolutely convergent and is strongly convergent in a domain D C C. 
Then ~£» ^> 0 . 

Proof of Lemma \10.3l According to the assumptions, it is left to show that repre¬ 
sents <h 0 in D. For x G suppM^fi) write (f{x) = Y2jeM where 0 aj(x) G C. 

Let Z be the (countable) set of finite non-empty subsets of Z. Observe that for a fixed 
m G Z, 



Jr 


{MeZ-.meM} ■'^'^PPm{4‘) 



(The summation is over all subsets M ^ Z containing m.) Note that suppm{4’) may 
be empty, in which case the dx-integration over suppm{4‘) vanishes. Also for any two 
distinct M,N G Z, as we proved in Claim fTOT] the sets suppm{4>), suppn{4‘) are 
disjoint. 

Let s G D. Since is strongly convergent in D, using (jlO.lj) yields 


( 10 . 2 ) 



We also have 


(10.3) 


= ^ [ 

71/f/- <7 SI 




[fi{x)]{s)dx= f 

■\/Tr- rr SI 





For fixed M and j G M, ^suppM{'t>) \^j{x)\dx < oo because it is majorized by times 


suppmW 


(jl0.2l) . Hence 


/ \^j{x)Q ^^\dx < oo 

JsuppmW j(zM 


and we may change the order of summation and integration in (I10.3P and obtain 
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Again using (I10.2p we change the order of summation, 

^ [ aj{x)dx 

M&ZjGM (</<) 

= ^ ^ [ am{x)dx 

= E [ PMx))dx 

= E [ Pm{(t>{x))dx. 

This shows that S,^ represents in D. □ 

Next we consider the integral of a sum of holomorphic sections. 

Lemma 10.4. Let 4>i,4>2 € C'°°(r) ( 7 ®]) and put cj) = (pi + (p 2 - If ^cjn is defined 

for i = 1,2, then is defined. Moreover if ~£) for both i, then ~£) <f><^ 
and T ^^2 * 

Proof of Lemma \10.4\ The series is defined because and ^re defined and 
Pm{fi{x)) = Pm{4>i{x)) + Pm{(p 2 {x))■ Now Consider s £ D. Since 4*,jii(s) and 
absolutely convergent, so is <^^( 5 ) and + 4>(^2(s)- Also is strongly 

convergent, because and S <^2 By Lemma 110.31 ~£) Since the series 

+ S ^2 also represents in D, + S 02 - D 

As in Example 1 10.4 1 let P G C[g“®, g®] be considered as an element of C'°°(r, C[g“®, o'®]), 
then P ■ (f) £ C°°(r, C[( 7 “®, ( 7 ®]). This defines a structure of a C[g“®, g®]-module on 
C'°°(r,C[g“®,g®]). The next lemma shows that the ^ operation commutes with multi¬ 
plication by a polynomial. 

Lemma 10.5. Let cp £ C'°°(r, C[( 7 “®, g®]) be such that is defined and assume ~£) 

Then for any P £ C[g'“®,g®], Sp<^ is defined, Tp^j, ~p) 4>p<^ and P(X, = 

Ep 0 , i.e., 

P{X,X~^) (j) (p{x)dx = (j) {P(p){x)dx. 

Proof of Lemma \10.5i Write P = f’j ~ ' f’- B follows from the 

definitions that = <^(pj{x)dx is defined and in D, is strongly convergent and 
^(pj (s) = j(x)](s)(ix is absolutely convergent. By LemmallTll T,,p. ~d Since 

P<p = Lemma [10.41 shows that Sp<^ = ^{P(p){x)dx is defined and Sp<^ ~p 

<hp,ji. For s £ D, 4>P(^(s) = P(( 7 ~®, ( 7 ®)<h<^(s) whence P{X,X~^)Tj^ also represents 4>p^ 
in T>, proving Sp^ = P(X,X“^)S^. □ 

Let T X T' be a product of /-spaces (this is also an /-space) and let cp £ C'°°(r x 
T',C[g“®,g®]). For any x G T define a function (p{x,-) £ C'°°(r',C[( 7 “®,g®]) by x' i-)- 
(p{x,x'). We say that cp is smooth in T if the mapping x (p{x, •) belongs to 
C'-(r, C°°(r, C[g-®, g®])). Put = /r^p,[0(x, x')]{s)d{x, x'), (P{x, x')d{x, x'). 

We prove a certain analogue of Fubini’s Theorem for series. 
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Lemma 10.6. Let cj) E C'°°(r x F', C[g“^, q^]) be smooth in F, for which is defined. 
Assume ~£) Then for all x £ T, the series (j){x,x')dx' is defined 

and ~£) ^cp{x,-)> where = /p, x')](s)dx'. Further assume that for 

all X E F, E R{X). Then the function belongs to 

C'°°(F,C[g“*,g'']), = ^(pr'(x)dx is defined, T,^^, ~d and 


Proof of Lemma MU.bX Let x E F. Since is smooth in F, there is a compact open 
neighborhood C F of x, such that <?i(x, •) = fiiux, •) for all Ux E Nx- Put Cx = 
vol{Nx)~^■ Because is defined, for all m we have 


L 


Pm{(t>{x,x'))\dx' < C, 


/ 

IrxT' 


|Pm( 0 ( 2 :,x'))|(i(x,x') < oo. 


Therefore is defined. The coefficient of X”* in T^^x,-) is Pmifiix, x'))dx'. In 

addition since is strongly convergent at s E D, 




\Pr 


m£'Z 


fi4){x,x'))\dx ^Cx'^q / \Pm{(t>{x,x'))\d{x,x') < oo. 

mez 


'rxT' 


Hence Yi^f^x,-) is strongly convergent. Also is absolutely convergent in D. 

According to Lemma [10.31 Y^^x,-) 

Now assume E R{X) for all x. Then fir' £ C*°°(r) g^]) because fi is 

smooth in F. By Tonelli’s Theorem and using the fact that Y^ is defined, 


\Pm.{(t)r'{x))\dx = 


Pm{(t>{x,x'))dx'\dx < 


'r JV 


'rxT' 


|Pm((/>(x,x'))|d(x,x') < oo. 


It follows that Y^^, is defined. Since is strongly convergent for s £ D, so is Y(j,^,. 
In fact, 

V f \Pm{fir'ix))\dx < V g-«(^)- f \PMx,x'))\d{x,x') < oo. 

Jr JvxT' 


mez 


rnGl. 


Also (s) = /p[(/)r'(a^)](s)dx is absolutely convergent in D because 

f |[(/>r'(x)](s)|(ix < f f |[0(x, x^)](s)|(ix^dx = f |[(^(x,x^)](s)|(i(x,x^) < oo. 

Jr JrJv' JvxT' 

Appealing to Lemma [10.31 and since for s E H, 

~ fr fr'l^(x^ x')](s)dx'dx, by Fubini’s Theorem (s) = for all s £ D. 


Hence Y 




and Y^^, = Y 


□ 


10.1.3. Laurent representation for /s,s) 

We will use the series described in Section [10.1.21 to represent the integral 'I'(IT, fs,s). 
Recall that there is a right half-plane D C C of absolute convergence for ^{W, fs, s), 
fs £ f,{x,hol, s), which depends only on the representations vr and r (see Section [5T]l . 
Since for fg £ f,{T, good, s) we have tr*(l — s)~^/s £ C{x,hol, s), we can assume that 
T(VF, fs, s) is absolutely convergent in D for all good sections, and D still depends only 
on the representations {D is some other right half-plane). 
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Lemma 10.7. Let W E VV’(7r,V’-^^) and fs E ^{T,hol,s). Consider fs, s) as a 
function of s, defined in D. It is representable in S(X) by a strongly convergent series 
T,(W,fs,s) with finitely many negative coefficients. 


Proof of Lemma 10.1. We prove the case I < n, the other case being similar. Since 
UgiBgi is a dense open subset of Gi such that its complement is a subset of zero 
measure, we can replace the dgf-integration in /<j, s) with an integration over Scr 

Then the integral takes the form 




S = 


I-1 

J Be, IRl, 


u W{g)fsiwi^nrg, l)fiy{r)drdg. 


Here dg is actually a right-invariant Haar measure on Bgi- Let T = Bgi x Ri^n- 
For fs E ^{T,hol,s), set 4>ffig,r) = W{g)fs{wi^nrg,l)'il^'r{r) G {g E Bgi, 

r E Ri^n)- Evidently, eff^ E C°°(r,C[( 7 “®,g^]). Then = ^{W, fs, s) is absolutely 

convergent in D. 

First assume fs E ^(r, std, s). For {g, r) E T write wi^nfg = buk with b E GLn = Mn, 
u ^ Un and k E Kh^ according to the Iwasawa decomposition. Then 

(I^fsi9,r) = W{g)\detb\^-U^Jb)fs{k,b)if^{r) 
and since the only factor depending on s is | det 6 |^ (because fs{k,b) is independent of 

•s), 


supp{m){(l>f,) = {{g,r) E T : wi^^rg = buk, \ detb\ = q ,W{g)fs{k,b) / 0}. 

Thus r can be divided into the simple supports of (compare to Example lin.5j) . 
Applying Lemma [10.21 E F(X) is defined and Regarding fg E 

f,{T,hol,s), write fs = Pi G /i*^ E ^(r, std, s). Then is 

fs 

defined and 


J s J s 


for all i (<^0 (i)i^) — ^(^)/i*\'S) is absolutely convergent in D because D depends 


f(i) 


only on the representations). By Lemma [10.51 Sp.^ is defined and 


^Pi4>u) 

Is J s 

Since = 4’fs^ Lemma 110.41 implies that the series is dehned and 

■ We set S( 1 T, fs,s) = . 

Regarding the negative coefficients, decompose T(1T, fs, s) as in Proposition 15.91 We 

(i) 

argue that each integral Is ^ in this decomposition is representable as a series which 
has a hnite number of negative coefficients, i.e., a series Looking at 

(j5.8l) . in the split case we write the integral Is^'^ in the form 


(10.4) 



deta|-[x] ^y6{x,a)dxda. 
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where 


6{x,a) = cht^{x)W^{ax)W'{diag{a,[x\,In-i)){\f^Qia\ ■ [x] 2 ” 2(5^^ (o). 

For $R(s) >> 0, 

f f (I det a| • a)|dx(ia < 00. 

JAi_i JGi 

This follows from the proof of Proposition 15.91 but can also be proved directly, using 
the expansions of Section 12.51 Hence if we set 

{Ai-i X Gi)'^ = {a G H/_i, X G Gi : I det a| • [x]“^ = g”™} (m G Z), 

f(Ai ixGi)"* |^(«) 2 ;)|d(a,x) < 00 for all m G Z and (|1U.4I) is equal to 

(10.5) f 9{a,x)d{a,x). 

meZ J{Ai_ixGi)”^ 

In the quasi-split case we obtain a similar form, without the dx-integration. The 
series in S(X) representing (I10.4p is obtained by replacing q~^ with X in (|10.5|) . To 
show that it has a finite number of negative coefficients, we need to prove that 9{a,x) 
vanishes when m is small. Indeed, if m is small, | det a\ must be large (in the split case 
[x]“^ = I I < l)j then 9{a,x) = 0 because G vanishes away from zero 

(i.e., IT*(ax) = 0 unless each coordinate of a is bounded from above). Note that we 
could similarly use the vanishing away from zero of W G yV{T,'tp). When I > n we 
consider (j5.9j) instead of (j5.8p for this argument. □ 


For any fg G good, s) there exists P G C[g“*,g*] which divides £r*(l — •s)”^, 
such that Pfs G ^{T,hol, s). According to the above, '^{W, Pfg, s) defined in D is 
representable in S(Ai). 


10.1.4. Extension to k variables 


We may extend the definitions and results of Sections 110 .1.11 and 110 .1.21 to functions 
f{si,...,Sk) in k complex variables. This extension will not, however, be used in 
the sequel. Consider the ring (T^iF, C[g^^i > • • • j g^^'"])- For a finite non-empty subset 
M C Z^ let 

Vm = : (ji,... ,jk) G M} C C[g^*S ... ,g^*'=]. 

Let cj) G C'°°(r, C[g^^C ■ ■ ■) 9^^''])- The set suppuif^) is defined exactly as in Sec¬ 
tion [TOTLJl with respect to the new definition of Vm- The space F can be divided 
into the simple supports of cj) if whenever M is not a singleton, suppm{4>) = 0- For 
m = (mi,..., mfc) G Z^ denote 

Pmi = ami,...,mk G C. 
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Provided fp \Pm{cj){x))\dx < oo for all m E Z^, the Laurent series in S(Xi,... ,Xk) = 
C[[X^^,... is defined by 

= X^>^ f PMx))dx. 

The definition closely resembles Definition 110.11 Now the results of Section 110.1.21 
readily extend to k variables. 

10.2. Upper bound in the second variable 


ij) (f){x)dx 


10.2.1. Outline 


Let TT be a representation of Gi. In this section we prove Theorem 11.81 Namely, if 
r = Ind^^^ {ti® ... ® Tk) is irreducible, 

k 

gcd(7r X T,s) E (]Jgcd(7r x r*, 
i=l 

We revisit the arguments of Section ITT] where we proved that 'j^tt x r, tp, s) is multiplica¬ 
tive in the second variable. The proof relied on manipulations of integrals, involving the 
application of three functional equations - for tt x r 2 , ri x and vr x ri, to T(IT, fs,s). 
Here we reinterpret the passages as passages between Laurent series and apply the 
functional equations to the series T,{W, fg, s) which represents T(IT,/s,s). We utilize 
the notation and results of Section llO.ll fe.g. S(V) = C[[X, W“^]], R{X) = C[X,X~^]). 

10.2.2. Interpretation of functional equations 


The functional equations, at first defined between meromorphic continuations, can 
sometimes be interpreted as equations in S(X), by substituting X for q~^ , as observed 
in [JPSS83| (Section 4.3). Consider a typical functional equation, 

(10.6) gcd(7r X r, s)“^T(IT, fs, s) 

= c(Z,T, 7 , s)e(7r x s)“^ gcd(7r x r*, 1 - M* {t, s)fs, 1 - s). 

The integral on the left-hand side (resp. right-hand side) is absolutely convergent in a 
right (resp. left) half-plane. This equality is a priori between meromorphic continua¬ 
tions, but by the definition of the g.c.d. and because of Claim [Ql both sides are actually 
polynomials. Then ()10.6p may be reinterpreted as an equality in R{X) by replacing 
q~^ with X. If gcd(7r x r, s)“^'I'(IT,/*, s) = B{q~^,q^) and the right-hand side equals 
B{q~^,q^) for some B,B £ C[( 7 “^,( 7 ^], equality (llO.hp implies B{X,X~^) = B{X,X~^) 
in R{X). 

Furthermore, in a right half-plane the meromorphic continuation of ^{W, fg, s) coin¬ 
cides with the integral, hence the equality gcd(7r x r, s)“^T(W, fg, s) = B{q~‘^, q^) holds 
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for 5R(s) >> 0 where ^{W, fs, s) is the integral. Similarly for 3ft(s) << 0, the right-hand 
side equals q^) where '^{W, M*{t, s)fs, 1 — s) is regarded as the integral. 

By definition gcd(7r x r, is a polynomial in q~^. Put G{q~^)~^ = gcd(7r x r, 
and denote by E (in fact, G{X)~^ E C[X]) the polynomial obtained by 

replacing q~‘^ with X. Similarly put G{q~‘^,q^)~^ = s)e{7r x r,'0, s)“^ gcd(7r x 

T*, 1 — and form G{X, E R{X). 

If fs E f,{T, hoi, s), by Lemma [10.71 there exists a series T,{W,fs,s) which repre¬ 
sents the integral ^{W, fs, s) in some right half-plane. Hence in T,{X) it holds that 
G{X)-^J:{W, fs, s) = B{X, X-^). If also M*(r, s)fs E , hoi, 1 - s), equality (fTiTHU 
may be interpreted in T,{X) as 

G(X)-iS(IP, fs, s) = g{x,x-^)-^j:{w, M*{t, s)fs, 1 - s). 

However, it may be the case that M*{T,s)fs has poles (due to the intertwining op¬ 
erator). Let 0 / P E be such that P[q~^,q^)M*{T,s)fs is holomorphic. 

Since 

P{q-\q^)^{W,M*{T,s)fs,l- s) = ^{W,P{q-\q^)M*{T,s)fs,l- s), 

we can multiply both sides of (jlO.hp . which are polynomials, by P and reach the 
equivalent equation 

^(9"*,9^)gcd(7r X T,s)~^'if{W,fs,s) 

= c(/,r, 7, s)e(7r x t, ijj, s)~^ gcd{TT xt*,1- s)~^^{W,P{q~'',q^)M*{T,s)fs,l - s). 

Now this may be interpreted in L;(X) as 

PiX, X-i)G(X)-iS(lH, fs, s) = G(X, X-^r^nW, P{q-% q^M^r, s)fs, 1 - s). 

We also mention that if an integral 'iffW, fs, s) for fs E f,{T,hol,s) is already a 
polynomial, T,{W,fs,s) E R{X) and the analytic continuation of d>{W, fs, s) equals 
(S(W,/„s))((?-^g^). 

10.2.3. Proof of the bound 

The proof of Theorem 11.81 is based on the following lemma. 

Lemma 10.8. Assume that r = Ind^^’^ (ri ® To) is irreducible. Let Pi, Po, Po E CWl 

,712 ^ ^ 

he normalized by Pi(0) = ^2(0) = ^3(0) = 1, and of minimal degree such that 

Pi{q~l gcd(7r X T 2 , 1 - s)~^M*{t 2 , s), 

P2{q~^)M*{Ti ® T2, {s, 1 - s)), 

P5(9"b gcd(7r X Ti, 1 - s)~^M*{ti,s) 
are holomorphic. Set P^^xt = P 1 P 2 P 3 £ C[X]. Then for fs E ^(r, hoi, s), 

(10.7) 

^{W,fs,s) E gcd(7r X ri,s)gcd(7r x T 2 , s)P.,rxT{q~^)~^C[q~fq^], 

( 10 . 8 ) 

'^{W, M*{t, s)fs, 1 - s) E gcd(7r x rp 1 - s) gcd(7r x r^, 1 - s)P„-xr(g“b"^C[g“b q^]. 
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Before getting to the proof of the lemma we derive the theorem. First assume k = 2, 
T = (ri ® T 2 ). By applying Lemma flO.81 to r*, for /{_^ € ^(r*, hoi, 1 — s), 

(10.9) 

- s)f[_^,s) G gcd(7r x ri,s)gcd(7r x T 2 , s)P^xt* g®]. 

According to the definitions of Pjrxr, Pij ^t 2 {s) {P 2 , etc.), we have 
P7rxr(g”®)“^ G 4l(s)4l®r2*(s)42(s)C[5“^5®]. 

Similarly, 

PnxT*iq‘'~^)~^ G ^r*(l - s)£r*(S)Ti{i - s)£r*{l “ s)C[5“^g^]. 

We also apply the lemma to r and fs G ^{T,hol, s). Combining (110.711 and (I10.9P we 
see that for any fg G ^{T,good, s), 

^{W, fs,s) £ gcd(7r X n, s) gcd(7r x T 2 , s)Mr^{s)£ri ®r| ('S)^t 2 ®Ti {1 - s)Mr2{s)C[q 
= gcd(7r X ri,s)gcd(7r x T 2 ,s)Mri(^r 2 is)C[q~'',q'']. 

Now for the general case let k > 2. Put G'.,rx(Ti(g)...®Tfc)('S) = n!Ligcd(7r x Ti,s). Let 
r] = Indp (r2 ® ® r^) [r] is irreducible). Applying induction hypothesis to rj* 

yields 

gcd( 7 r xr]*,l- s) £ G^x(r*®...8)r2*)(l - s)^rfc*8)...®T2*(l - 'S)C[g"*,g*]. 

Apply Lemma IIO.8I to r = ^ (ri (8> ??). By the minimality of Pi and since 

£'qis) £ MT-*(gi..,0r2*(1 ~ •s)C[g“^,g®] (because of the multiplicativity of M*{r],s), see 

dSS])), 

A(g“'*)"^gcd(7r X ?7*,1 - s) G G^x(r;0...®r2*)(l - - s)C[q~^,q"]. 

Also 4i07?*(s) G l\^j= 2 ^ri(S)T*{s)C[q~^,q^] and £ti{s) £ - s)C[g“®,g^]. Hence 

-P2(g“^)"^Pl(g"^)"^ gcd(7r X7]*,l- s) 

k 

G G7rx(r^0...0T|)(l “ '5 )A/t^ 0...0 t-| (1 — s) f*Ti0T?‘('S)C[g ,q ], 

i=2 

(10.10) P,,xr(g"®)"^ gcd(7r X r*, 1 - s) gcd(7r x rj*,1 - s) 

G Gjrx(T*0...0r*)(l — 'S)-^T^0...0rj‘(l “ s)C[g' ^,0'*]. 

Then it follows from (llO.Sp {rf replaces r|) and (110.101) that for fg £ ^{T,hol,s), 

(10.11) ^(IF, M*(r, s)/s, 1 — s) G G7rx(r*0...0r*)(l “'S)Mt-* 0...0 t -»(1 — s)C[g ^,q^]- 
Using Theorem 11.31 and (16.41) . 

^7rx(T*0...0rj*)(l “ ■s) gcd(7r X T*, 1 — s) gcd(7r X rf, 1 — s) gcd(7r x rj* ,1 — s) 
G'^x(ri0...0rfc)('S) ~ gcd(7r xr,s) “ gcd(7r X ri,s)gcd(7r X ?7,s) 
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Then from (110.101) we deduce, similarly to the proof of Claim 19.121 

( 10 . 12 ) 

-P7rxr(g”®)"^gcd(7r X ri,s)gcd(7r X ry,s) € G^x(ri®...®rfc)(s)M-i®...0rfc (s)C[g“^ g*]. 

(s) = (1 ~ s)-) Combining (110.711 with (110.121) we assert that for 

fs e C{T,hol,s), 

^{WJs,s)gG^ x(Ti0...®rfc) (®)-^Ti0...0rfc (s)C[g 

As in the case k = 2, repeating the arguments above for r* and taking f{_g G 
^(r*, hoi, 1 — s), (110.111) becomes 

We conclude the theorem, 

gcd( 7 r X T,S) G G^x(ri0...0rfc)(s)^ri0...0rfc(s)C[g"*,g^]. 

The result we obtain is somewhat stronger. In the statement of the lemma we see, for 
instance, that if gcd(7rx r|, 1 — s) already contains the poles of M*(t 2, s), Pi = 1. Hence 
the factor in the upper bound for A; = 2 will be replaced with just — s). 

Applying induction more carefully, keeping track of the poles of intertwining operators 
which are canceled by the g.c.d. factors, yields the following refinement of Theorem ll.81 

Corollary 10.9. Let r = ® ® tj.) be irreducible. For all 1 < i < k, 

let Ai,Ai G C[A] be normalized by Aj(0) = Aj(0) = 1 and of minimal degree such that 
gcd(7r X T*, 1 - s)~^M*{Ti, s), Ai{q'‘~^) gcd(7r x n, s)~^M*{t*, 1 - s) 

are holomorphic. Let Qi G he a least common multiple of Ai{q~^) and 

Ai{q^~^). Then 

k 

gcd(7r X r,s) G (]Jgcd(7r x r*, s)Qi(g"^ - s)C[q~",q"]. 

i=l 

Proof of Corollary \1 0.91 First assume k = 2. Let Pnxr = P 1 P 2 P 3 be as in the lemma 
applied to r and /* G ^(r, hoi, s), and P^-xt* = P 1P2P3 (where Pi is the polynomial Pi 
when the lemma is applied to t* and fis G ^(r*, hoi, 1 — s)). Then 

P1IA2, P2(g-*)|4i0r|(s)-\ Psl^l, 

Pllll, P2{q^-^)\£r*<^r^{l - s)-\ P3II2. 

Here | denotes polynomial division in either C[A] or C[g“'^, q^]. Also let lcm{-, ■) signify 
a least common multiple in C[g“^, q^]. We see that lcm{PT^XT{Q~^), P-kxt* divides 

2 

(Yllcm{Ai{q-^),Ai{q^-^))){£r^(^r*is)ir*ts>Tii'i- - s))~^. 

i=l 

Combining (|lU.7p and (|1U.9|) we get that for any fg G f,{T, good, s), 

'i/{W,fs,s) G gcd(7r X ri,s)gcd(7r x T2, s)km(P^xr(g"^), Pttxt* (g®“^))“^C[gr"*, 
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Therefore 


2 

gcd( 7 r X T,s) E (J|gcd( 7 r x n, - s)C[q~^,q^]. 

i=l 

GL 

Now assume k > 2 and use induction on k. If u = Indr, (to ( 8 * ... ® Th), by the 
induction hypothesis 
gcd(7r X rj, s) 
k 

E (]Jgcd( 7 r X ir,(s>T;{s)lr;(s>Ti{'i--s)C[q~^,q^]. 

i=2 2<i<j<k 

Then Claim [^.121 implies 
gcd( 7 r X r]*,l — s) 
k 

E (]Jgcd( 7 r X r*,l - (s)4;®ri(1 - s)C[^“^g^]. 

1=2 2<i<j<k 

Apply Lemma riO.81 to r = (ti ( 8 * rj) and fs E ^(r, hoi, s). Let Pi,P 2 and P 3 

be the corresponding polynomials of the lemma. According to (12.1511 with r] (instead 
of r) and because for each 2 < i < k, 

gcd( 7 r X r*, 1 - s)~^Qi{q~^, q'')M*{Ti, s) 

is holomorphic, 

.Pigcd( 7 r xri*,l- s) 
k 

E (]Jgcd( 7 r X r*,l - s)Q^(g■^ (1 - s)C[q~",q"]. 

i=2 2<i<j<k 

In addition P 3 IA 1 and 

^Ti®ri*{.s') E ('S)^Tj(g)Ti (1 'S)C'[(7 ,q ]. 

2<j<k 

Thus we get 

(10.13) gcd(7r X Ti , 1 - s) gcd(7r x ??*, 1 - s) 

k k 

EAi(g"^)“^]Jgcd( 7 r XT*,! - s) Q^(g■^ 

i=\ i=2 

X n 4®r;(s)4;®ri(l-s)C[g-",g"]. 
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Hence from (jlO.SI) . for any W and fg G ^(r, hoi, s), 

k k 

eAi{q-^)-^ n X 1 - s) n 

i=l i=2 

X n 4®r;(s)4;®ri(l - s)C[g■^g*]. 

In addition from ()10.13p using Theorem 11.31 (as in Claim [^.12p we obtain 

P7txt,s{Q~1~^ gcd(7r X n, s) gcd(7r x rj, s) 

k k 

GHi(g"*)“^]Jgcd(7r x r^, s) 

i=l i=2 

X n 4®r;(s)4;®ri(l-s)C[g"*,g*]. 

l<2<_7</c 

Therefore (I10.7P implies that for any fg G hoi, s), 

k k 

(10.14) '^{W,fg,s) GHi(g"*)“^]Jgcd(7r x r^, s) 

i=l i=2 

l<i<j<k 

Repeating the above for r* = ^ {rj* (g) r*) and G hoi, 1 — s), we 

get Ril^di (Pi - the first polynomial used in the lemma) and 

(10.15) ^{W,M*iT*,l-s)f[_„s) 


^nscd(7r X Ti,s) JjQi(g ^ 

i=l i=2 

X n 4®r;(s)%®ri(l-s)C[g"",g"]. 

Finally since Qi is a least common multiple of Ai{q~^) and Hi(g^“^), when we 
combine piO.ldp and piO.151) we obtain 

gcd(7r X T, s) 
k 

G (]Jgcd(7r X r^,s)Q^(g"^g^)"^) 4,0^*(s)4«0^,(l - s)C[g“^ 

^=1 ^^i<j^k 


as required. 


□ 


Proof of Lemma \1U.IA We use the notation and results of Section 15.71 replace r with 
£ and prove the lemma for e, keeping C, fixed with 3ft(C) >> 0 throughout the proof. 
Recall that we may assume that e is irreducible. Eventually we shall put ^ = 0 in order 
to derive the result for r. In contrast with the proof of Theorem 11.31 Isee Section [7. 1.31) . 
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gcd(7r X e, s) is not expected to be rational in q~^ - for example, in a similar setting of 
GLk X GLn, the g.c.d. need not be rational in q~‘^. Thus any data we use will need to 
be analytic in (^. This follows the method of |JPSS83] . 

Remark 10.1. Alternatively, we could take C as a parameter and use Laurent series in 
two variables. There are minimal technical differences between these approaches. 

The polynomials Pi are replaced with as prescribed by the following claim. 

Claim 10.10. There exist P^ E C[A1], i = 1,2,3, with coefficients that are polynomial 
in such that the operators 

gcd( 7 r X 62 ,1 - s)~^M*{e 2 , s), 
P^{q-nM*{ei^e*2,{s,l-s)), 

gcd(vr X 6 ^, 1 - s)~^M*{ei,s) 
are holomorphic, and P^ = Pi for each 1 < i < 3. 

Proof of Claim [TO. 1 (K Start with P^. By definition, the zeros of gcd( 7 r x 62 ,1 — = 

gcd( 7 r X r|, 1 — (s — C))~^ can be written in the form (1 — a E C*. The poles 

of M*(e 2 ,s) = M*{t 2 ,s — C) are of the form (1 — The multiplicity of a 

factor (1 — aq~^~^‘’)^^ in either gcd( 7 r x 6^,1 — or does not change when 

we substitute 0 for Then P^ is chosen by taking suitable factors (1 — ag”®'*'^) and 
replacing g“® with X. The argument for P 3 is similar. 

The poles of M*{si ( 8 ) 62 ,( 5 ,! — s)) appear either in L{si x 62,2 — 2s) (due to 
the normalization of the intertwining operator) or as poles of M{e\ ® 62 , (s, 1 — s)). 
An argument as in the proof of Corollary 19.111 shows that the latter poles appear in 
L{(j)i x6*,2s — l), where cfi, 6j are irreducible supercuspidal representations independent 
of C (e.g. T 2 is a sub-representation of a representation parabolically induced from 
01 (g)... (81 Om)- We let P 2 be a product of factors (1 — aX^). □ 

Let W E >V( 7 r, and fg E ?q"(t hoi, s). Let (fg E (61 (8 62, hoi, (s, s)) be 

defined by Lemma [5.191 for fg. Then given by (15.191) . satisfies f^^ = /^ for ^ = 0. 
The function h ^g{h, 1,1,1) belongs to C[g“®, g®]) (see Example 110.211 . We 

replace ^{W,fs,s) with 'I>{W,ipg,s) (see (15.201) 1. Claim [51^ shows that there is a 
domain H in C and s, depending only on tt, ti and T 2 , such that 'k(lT, 5 ) is absolutely 
convergent. This domain is of the form {C, s E C : 3 f?(s) >> 3f?(C) >> 0}. Recall that 
we fix (^, hence we refer to this domain as a domain in s. 

As in the proof of Lemma llO.71 one shows that ^{W, ips, s) is represented by a series 
T,(W,ipg,s) E E(X) which is strongly convergent in D. For instance when I < n, we 
take T = Bgi x x Zn 2 ,ni and define (f E C'°°(r, C[g“*, g^]) using the integrand, 
starting with a standard section, then using Lemmas 110.51 and 110.41 

During our series computations, it is allowed to suppress certain factors in R{X)* 
(mostly e-factors). For example, in the proof of Claim fTO.lOl we wrote the zeros of 
gcd(7r X r|, 1 — (s — C))~^ in the form (1 — ag“^^^) while by definition gcd(7r x , 1 — 
(s — C))~^ £ C[g^“^“^]. These factors must also be analytic in C, we indicate them 
whenever they occur. 
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First we apply the functional equation for vr x £ 2 - For h E bi E GL^, denote 
by ips{h,bi,-,-) the function (/i 2 , 62 ) 61 ,/i 2 , 62 ) (^2 E Hn^, ^2 G GLn 2 )- Then 

ips{h,bi, ■, ■) E (£ 2 , ho/, s). The function 

M*(£ 2 , s)(^s E (ei ® £ 2 , (s> 1 - s)) 

is obtained by applying the intertwining operator to (ps{h,bi, ■, ■) (see Section r2.7.3p . 
Let 

ips,I-S = Pi^(g"^)gcd(7r X £^,1 - s)~^M*{e2,s)(ps G ® (•s, 1 - s))- 

We use the notation Og^is, (s, 1 — s)) to denote the Rankin-Selberg integral for 

Gi X GLn, where 6s,i-s is in the space of the induced representation 

Indq’^ ((£1 ( 8 )(£ 2 a^“^))W) and integral (I5.19j) is applied to Os,i-s- This is the 
triple integral (I5.20p with replacing ips- The integral is absolutely convergent in 

a domain D* of the form {C, s E C : 3ft(C) >> 3f?(s) > ^ 1 } with some constant Ai. 
Similarly to the domain D, since C is hxed, D* is a domain in s depending only on 
TT, Ti and T 2 (the parameters for all of the domains we consider are similar to those 
calculated in [SonOnj . see also Section [7.1.4h . Because i_s is a holomorphic section, 
the proof of Lemma riO.TI shows that we have a series B(VF, (s, 1 —s)) representing 

^(hF, V 2 s,i-s, (s, 1 - s)) in D*. 

Let G('7r x ei,X)~^ E R{X) be the polynomial obtained from gcd( 7 r x £i,s)~^ by 
replacing with X, for i = 1, 2. We have, 

Claim 10.11. Ff(X)G(n X £ 2 ,X)-^U(W,^„s) = S(W,ip,,i-„(s,l-s)). 

Proof of Claim JlO.lR We prove this claim for the case I < n 2 . Essentially, three 
versions of the proof are needed: for I < n 2 , n 2 < I < n and I > n. The integral 
manipulations in each case are different but the method of proof is the same. 
According to the transition (I7.6h - (l7.7p . in D it holds that 

(10.16) 

'^{W,ips,s)= _/ W{g)ipsiw'u,l,wi,n2ri''"^'"^g)A)'ip'y{r)'ilj^iu)drdgdu. 

JUn^ J Bgi J Rl,n2 

Here we replaced the fi( 7 -integration over Ugi\Gi by an integration over Bgi, w' E Hn 
is a Weyl element and bn 2 ,nx = diag{In 2 , , ^ 2 ) G GL 2 n 2 +i- If we substitute 

|VF|, |(/Js| for W, (fs and drop the characters, the right-hand side of (llO.lBj) is convergent 
in D. We transform this equality into an equality of series. Let F = Um, F' = 
Bgi X Rpn2- The function 

^{u, {9,r)) = W{g)p>siw'u,l,vjprL2ri^"^’"^g),l)4’'fir)'ip'riu) 

belongs to G°°(r x F', C[( 7 “^, g®]). Since ips and are smooth, cj) is smooth in F. The 
integral $</,(s) = Jp^p,[())(u, (( 7 , r))](s)(i(u, ( 5 :, r)) equals the right-hand side of (jlO.lGp . 
As in the proof of Lemma [10.71 we see that (//> '''))d{u, {g, r)) is defined 

and Since ^'(W, (ps, s) = $</,(«) in D, we get E(W, (ps, s) = E^. 

AddIv LemmallO.GIto E^. Then for all u E F. E.a(., .) is defined and E.a(., .) ~n 

Note that = V^ 7 (^)'I'(II^) {w'u, 1, •, •), s), where {w'u, 1, •, •) denotes 
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the function 


(/l 2 , 62 ) (fisiw'u, 1, /l 2 , 62 )- 

Set <5 = -Pi (<?”*) gcd(7r x 62 , 5 )“^ G C[( 7 “^]. By Lemma [10.51 

Since ^ {e 2 , hoi, s) (becanse 1, •, •) ^ {e 2 ,hol,s)), 

SQ<>(n,) = g(X)V^^(n)S(iy, (ic'n, 1, •, •), 5 ) G R{X). 

Also by Lemma fl0.5l g(X)S 0 = Sq,/,. Now apply Lemma flO.61 again, to Sg^ and 
obtain 


{Q(p)r'iu) - Sg</,(n,.)(g Sg</, - 

According to the fnnctional equation for Gi x GLn2 and tt x 62, in C[(7“^,g^] we have 

( 10 . 17 ) gcd( 7 r X e2,s)~^^{W,Lp^^'"^ {w'u,l,-,-),s) = c{l,£2,'^,s)e{'K x 62, ^^,5)“^ 

X gcd(7r X 62, 1 - s)"^^'(hL, M*{£2, {w'u, 1 , •, •), 1 - s). 


The factors c(/, 62,7,5) = c{1,T2,^,s — C) and e(7r x e2,i^,s) = e{iT x r2,'!/’,s ~ C) 
belong to and may be ignored (actually since we assnme I < n 2 , 

c(Z,62,7,5) = 1). Note that the integrals '!'(•,-,5) for tt x 62 are defined in some right 
half-plane {s G C : 5R(5 — C) >> 0} and D can be taken so that it intersects this 
right half-plane in a domain. Thus for any s £ D we can replace the meromorphic 
continuation of on the left-hand side of (110.171) with the 

integral 'I'(VL, {w'u, 1, •, •), s). 

Let Q = {q~^) gcd{Tr x 62,1 — s)~^ G C[g“®,( 7 ®]. Since Q{q~^,q'')M*{e 2 , s) is a 

holomorphic operator, as explained in Section 110.2.21 we can multiply both sides of 
(I10.17P by Pi and obtain an equality in S(X), 


(10.18) 

Q{X)j:{W,ipl^^'^^ {w'u,l,;-),s) 


S(1T, Q(g-^ qnM*{E 2 , 5)<^r’"^ (w'u, 1, ; •), 1 - 5). 


Because 


M*{e 2 , {w'u, 1, ; •) = {M*{s 2 , {w'u, 1, •, •) 


(see Section [7.1.2p and (ps,i-s = Q{q "■,q^)M*{^ 2 -,s)(ps, we get 

Q(g-^ g^)M*(e 2 , {w'u, 1, •, •) = {w'u, 1, •, •)■ 

Pntting this into (110.181) gives 

(10.19) Q{x)nw, {w'u, 1, •, •), 5 ) = S(1T, {w'u, 1, •, •), 1 - 5). 


The left-hand side of (|10.19p equals V’-,, ^('w)L 1 q 0 (-.^ .) and the right-hand side represents 

the integral T(W, {w'u, 1 , •, •), 1 — s), which is a polynomial. 

Next, in D* eqnality piO.161) is applicable with (^sq_s replacing ips- Define ip* 
similarly to cp bnt with 99 ^ instead of (fg. Then as above Lemma 110.71 shows 
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and S(VF, (s, 1 — s)) = S^*. The domain D* is taken so that 

it intersects the left half-plane {s E C : 3ft(l — s -|- (") >> 0} where the integrals 
T(-, •, 1 — s) for TT X 62 on the right-hand side of (|10.17p are defined (this means taking 
3?(C) large enough). Then for s E D*, we can replace the meromorphic continuation 
of T(1T, M*(e 2 , ■,■),! — s) on the right-hand side of (|10.17p with the 

integral '^{W, M*(e 2 , {w'u, 1 , •, •), 1 — s). 

As above, 

~D* E •)> 1 - ■s), 

{w'u, 1, •, •), 1 - s) E R{X). 

Then Lemma [10.61 shows . Now (llO.lQj) implies ^Qtj,(u,-) = for all 

u. Hence (Q<?i)r' = Putting the pieces together, 

Q{X)T.{W,^ps,s) = = 'L{W,ips,i-s, (s, 1 - «))■ □ 


We continue with the functional equation for ei x £ 2 - lu the notation of Section [2.7.31 
for any h E 

h • ifs,i-s{-r,hn 2 +i,-) G I det (gie^l det (s, 1 - s)). 

Let 


7^1- 


S,S 


= ^ 2^(9 (g) S 2 , (s, 1 - s))(p,^i-s G (^2 ® hoi, (1 - s, s)). 


The integral ^{W,ip'i_g ^,{1 — s,s)) is absolutely convergent in a domain D** of the 
form {C,s E C : —3f?(C) << 5P(s) << 3f?(C), 3f?(s) < A 2 }, for some constant A 2 . 


Claim 10.12. P 2 (^)^(^) 7’s,i-s) (sj 1 


s)) = S(W, „(l-s,s)). 


Proof of Claim \10.12i . The proof is similar to the proof of Claim 110.111 and described 
briefly. For instance assume I < n (the proof when / > n is almost identical). Re¬ 
place the dgr-integration in T(VF, ips^is, {s, 1 — s)) with an integration over Bgi- Then 
T(W,(/9s,i_s, (s, 1 - s)) equals 



W{g){wi^nrg) ■ (ps,i-s{^nun 2 Z,IniJ 2 n 2 +i,In 2 )f’ ^{z)ify{r)dzdrdg. 


Let T = Bgi X Ri T' = Z „2 m and let D* be as in Claim fTn.llI Define (p E C'°°(r x 
^^C[g-^g1)by ’ 

4>{{9,r),z) = W{g){wi^nrg) ■ Ps,i-s{‘^ l)V^ ^{z)'ip^{r). 

Then 

/ 4’{{g,r),z)dz = W{g)^p^{r)T{{wl^nrg) ■ ips,i-s{-, ■, hn 2 +i, ■)), 

Jr' 

where T denotes the Whittaker functional given by the left-hand side of (12.9p on the 
space 

(£i| det \ 2 (g) Sol det 1 2 (s 1 — s)). 
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According to the functional equation (12.911 . 

(10.20) T{{wi^nrg) ■ ips,i-s(-, -,^ 2 ^ 2 + 1 , •)) 

= T*(M*(£i ® £ 2 > (■S> 1 - s))(wi^nrg) ■ ^Ps,l-si-, •, / 2 ni+l, •))• 

Here T* denotes the integral on the right-hand side of (12.9p . which comprises a Whit¬ 
taker functional on 

(^ 2 |det|t 0ei|detlt,(l -s,s)). 

Equality (I10.20p is a priori between meromorphic continuations in C{q~^), but because 

ips,i-s{-,-,hn 2 +i,-) G (ei|det|? ® e^ldetl^,hoi,(s,I - s)), 

it is actually in In addition there are constants si,S 2 > 0, independent of 

C, snch that the integral on the left-hand side (resp. right-hand side) of (jl0.20p is 
absolutely convergent for 5?(s) > si (resp. 3f?(s) < — 52 ). By taking 3f?(C) large enough, 
D* (resp. D**) will intersect the domain {s E C : 3ft(s) > si} (resp. {s E C : 3ft(s) < 
—S 2 }) in a domain. 

We define E" = Zn,,n 2 and cp* E C°°(r x E", C[g-®, g"]) by 

4‘*{{g:r),z) = W{g){wi^nrg) ■ {z)'4;^{r). 

In D**, for all {g,r) E E, 

f (t>*{{g,r),z)dz 

Jv 

= PHQ~''W{g)'il)^{r)T*{M*{ei®£l, (s, 1 - s)){wi^nrg) ■ (/35,i-s(-, •,/2ni-hi, •))• 
Proceeding as in Claim IIP.Ill we use Lemmas 110.51110.61 and 110.71 to conclude 
-f2^(^)^(^> (s, 1 - s)) = 

= (1 - S, s)). 

The equality ^ holds because according to ()10.20p . 

(P|0)r. = (</.*)r»' □ 

Next we apply the functional equation for vr x ei. Define 

gcd(7r X 1 - s)-^M*{£i,s)(p[_^^, 

^ (^2 O £*i,hol, (1 - s, 1 - s)). 

According to p2.10p (see the paragraph after the proof of Claim 12.3p we obtain 
ifl-s = pHq~1pH<1~1pH(1~1 gcd(vr x 1 - s)"^ gcd(7r x 1 - s)“^M*(e, s)(ps- 

The domain D*** of absolute convergence of 1 — s) takes the form {C,s E 

C:5ft(l-s) »5R(C) »0}. 

Claim 10.13. p|(X)G(7r x ei, X)-iS(W, (1 - s, s)) = S(W, 1 - s). 

Proof of Claim \1U.PA The proof is analogous to the proof of Claim 110.111 Three ver¬ 
sions are needed, for / < ni, ni < Z < n and I > n. Here we address the case 
ni < I < n (together with Claim [TO. 11 1 this essentially covers all cases except for I > n, 
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see Remark 110.21 below). According to the transitions (I7.10l) - (l7.13p . in D** the integral 
(1 - «>'«)) equals 


( 10 . 21 ) [ 
Jh 


f / / 

l\Gl J Rl^n J ^n^xn-l ^ U 
( [ W{r'w^’^^h'g)dr')ip[_^ ,,{uJn2,niVWi,nrw^’'^^g, l,*"i/i', l)i;^{r)dh'dgdrdg. 




Heretni = S > 1, (-1)” We write the dfi(-integral over 

V)_nj_i X (i7„j\G„i+i), where Gni+i < Li-rn,-i- Then we use Lemma[2R] 

to write the integral over In the notation of the lemma, in the split case, 

T — ^ ni —1 ^ GL\ X Zyi^ \ X ^ Rl,n ^ ^niXn—l- 

If Gi is quasi-split. 


T — X Vi—Yii — l ^ GLi X Zm — 1,1 x n G 2 ) X ^ Rl,n ^ ^nixn—l- 

In both cases let T' = x We define (j) G C'°°(r x F', C[g“'^, g'^]) using the 

integrand of (I10.2ip . Then T,{W, (1 — s, s)) = S^. 

We make the following remark regarding the usage of . In the split case, it is a 
closed subgroup of Gm+i and in particular, an /-space. In the quasi-split case is 
homeomorphic to and the measure is defined using the measure of , hence 

it can also be regarded as an /-space with a Borelian measure. 

By virtue of the functional equation for Gi x GL^^ and vr x ei, and equality (17.31) . 
for any g G Gi and h G Hn, 

gcd(7r X ei, • W, (h, 1, •, •), s) 

= e(7r X ei,V',s)"^gcd(7r x el,l - s)"^T(g • IT, (M*(ei, (/i, 1, •, •), 1 - s)- 

The factor e(7r x el,^p,s) G C[g“®“^, g^+‘’]* can be ignored. 

Let 

Q = -Pf(9"*)gcd(7r X ei,s)"^ G C[g"^], 

Q = pHq~") gcd(vr X e^, 1 - s)~^ G C[g“^ g^]. 

Formula (I10.2ip stated above for T(IT, g, (1—s, s)) holds in D*** for T(W, 1 — 
s), as explained in Section [7.1.4l after (I7.14h . Define 4>* G C°°(FxF', C[g“^, g®]) similarly 
to (f), with ‘p\_s instead of ^'i_s g- Then as in Claim [TO.Ill 

g(A)S(IT, (1 - s, s)) = = S(W, 1 - s). □ 

Remark 10.2. In the proofs of Claims TlQ.m and 110.131 we translated the integral ma¬ 
nipulations of Section 17.1.41 into transitions between Laurent series. As we have seen 
in Section Ell a combination of these manipulations is used for all cases except that 
of / > n. The manipulations in the latter case, given in Section 17.1.81 are simpler. 

Collecting Claims IIP.Ill 110.121 and 110.131 
(10.22) 

P^{X)P^{X)P^{X)G{7r X ei,X)-^G{7r x £ 2 , ^)“^S(IF, s) = J:{W,ipl_g,l - s). 
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The final step is to put C = 0 into this equality. Note that in general such a substitution 
in a series Ylm&z is not defined, since it is not clear how each coefficient am{C) 

depends on (. 

Let 

fi-s = ^ 7 rxr(g“^) gcd( 7 r X , 1 - s)"^ gcd( 7 r X T 2 ,1 - s)fs. 

The definition of Pt^xt and iri.lSp imply fl_g G , hol,l — s). Let gcd(7r x 

Ti,X)~^ G R{X) be obtained from gcd(7r x Ti,s)~^ by replacing with X. 

Claim 10.14. Putting (^ = 0 in (|10.22l) gives 

(10.23) P.xr(^) gcd(7r X Ti,X)-^ gcd(7r x T2, X)-^S(1T, /„ s) = S(1T, f^_,, 1 - s). 

Proof of Claim \ru.l4\ Since Claim [TP. lUl proves P^ = Pj, it remains to consider S(iy, ips-, s) 
and S (W, , 1 — s). We begin with S (W, (/j* , s). 

The domain P C C x C in ^ and s of absolute convergence of T(1T, (ps, s) contains 
a domain Dq = {(, s G C : (q < 3ft(C) < > sq}, where CojCijSo are constants 

depending only on vr, ri and T 2 . We restrict T(1T, ps, s) to Dq. Put Pq = {C G C : Co < 
5?(C) < Cl}- The first step is to show that S(1T, (ps, s) is of the form Y2m=M am(C)-T™', 
where M is independent of C and for each m, am '■ Dq ^ C is an analytic function - a 
polynomial in 

According to Claim [PTTTI in Dq we have 'I'(1T, s) = T(1T,where f^^ G 
hoi, s) is defined by (j5.19p using pg. Since ps € C(£i 0 £ 2 , hoi, {s, s)), we 
can write ps = Yl'i=i Pi^^s'^ where Pi G and p^f'^ G C(£i ® £ 2 , std, {s, s)) = 

f,{Ti®T 2 ,std,{s + C,s-C)). Then T(lT,^^,s) = Yli=i ^ s). Fix C G D'q and 

'Ps 

use Claim[522]to write ^{W, f (q , s) as a sum of integrals, say if ? < n, of the form (j5.8p . 
Here W G yV{T,'ip) is replaced by W'^ G VV’(e,'0)- The number of negative coefficients 
is bounded as in Lemma [10.71 using the fact that G ^{'k, vanishes away from 
zero. Now if we let C vary, this bound remains fixed because is independent of C (it 
is also possible to use W'^ to obtain a bound independent of C)- Since the coordinates 
of a G A/_i are bounded from above, if Gi is split (resp. quasi-split) for any m G Z the 
set of a,x (resp. a) such that |deta| • (resp. |deta| = g™') is compact in 

A/_i X Gi (resp. A;_i). Then observe that according to Claimthere is a compact 
open subgroup N < GLn, independent of C, such that is right-invariant by N, and 
for a fixed b G GLn, ^ Therefore the coefficient of X^ is a polynomial 

in The same applies when I > n,hy considering (I5.9|l . 

Let C C C be a compact set containing 0 and sc > 0 be a constant, depending only 
on IT, ti,T 2 and G, such that in L>i = {<^, s : G G, 3ft(s) > scj, 'I'(1T, f^^, s) is absolutely 
convergent and Di n Dq is a domain of C x C. By Lemma 110.71 for any ^ G C, in the 
domain {s : 5P(s) > sc}, the integral 'i>{W, f^^, s) has a representation Z{W, f^^, s) G 
S(A). Note that Lemma [10.71 is applicable because Di does not depend on f^^ or 
W. The computation in the previous paragraph gives B(W, f^^, s) = Ylm=M ^m(C)-T™' 
with properties as above. 

Since Di n Hq is a domain where both series B(1T, ps, s) and ZiW, f^^, s) represent 

'^{W, f^^, s), bmiC) = CLmiC) for all C € C and m > M. Additionally for ^ = 0, 
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fifsi s) is the series representing 'h(VF, /*, s) (because 0 £ C and for C = 0) f^ps = 
fs). It follows that putting (" = 0 in S(iy, ips, s) yields S(Vh, fs,s). 

Regarding S(VF, 1 — s), the arguments above show that when we substitute 0 
for C in S(VF, 1 — s) we obtain the series S(IR, 1 “ s) with C = 0- Note that 

by Claim [231 

3 

=(n.^H<l~''))Scd{TT XT^,1- (s + C))“^ 

i=l 

X gcd(7r X T 2 ,1 - (s - C))~^M*{e, s)f^^. 

Equality (I2.10p and the determination of the poles in Claim [TO.lUI imply that for C = 0; 
M*{£,s) = M*{t,s) (see proof of Claim 1731) and /(^*_^ = fi-s- Hence for ^ = 0, 

According to Lemma 110.71 T,{W, fs, s) (resp. S(IE,— s)) is a Laurent series 
with finitely many negative (resp. positive) coefficients. Hence both sides of (110.231) 
are polynomials. Since 

PnxTiq~'') gcd(7r X n, s)“^ gcd(7r x T 2 , s)~^^{W, fs, s) 

is represented by the left-hand side of ()10.23l) . 

'i>{W,fs,s) £ gcd(7r X ri,s)gcd(7r x r 2 , s)P^xr(g“*)"^C[g“®, 

Additionally 'L(1L, fi_s, 1 — s) is represented by the polynomial E(VL, fi_s, 1 — s) and 
according to the definition of fi_s, 

^{W,M*{T,s)fs,l-s) 

£ gcd(7r X Ti, 1 - s) gcd(7r x T 2 ,1 - s)P^xr(g"^)“^C[g"^ g®]. □ 

10.3. Upper bound in the first variable 


10.3.1. Outline 

In this section we prove Theorem 11.91 The proof is divided into three parts, according 
to the relative sizes of A:, / and n. 

10.3.2. The case k < I 

Let TT = Ind%^ (a ® -k'), t = (ti ® ... C* To) and assume that r is irreducible 

(as always, all representations are generic). We prove, 

a 

gcd(7r XT,s) £ L{a x r, s)( gcd(7r' x Ti,s))L{a* x T,s)Mr^t^,„t^rais)C[q~^,q'']. 

i=l 
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The method of proof is similar to that of Section 110.21 the integral manipulations in 
Section 17.21 (the multiplicativity of 'y(TT x T,'ijj,s) in the first variable) involving the 
application of functional equations for a x t, tt' x t and a x t*, are rephrased in terms 
of Laurent series. The proof is reduced to the following lemma. 

Lemma 10.15. Assume k < I < n. Let Pr,PT* £ C[X] be normalized by Pt{ 0) = 
Pr* (0) = 1 and of minimal degree such that the operators 

gcd( 7 r' X T*,l — s)~^M*{t, s), Pr*{q^~^) gcd( 7 r' x r, s)~^M*{t*, 1 — s) 

are holomorphie. Let Q G be a least common multiple of Pr{q~^) and 

PT*{q^~^) (note that Q~^ G MT{s)C[q~^,q^]). Then 

gcd( 7 r X r, s) G L{a x r, s) gcd( 7 r' x T,s)L{a* x T,s)Q{q~^,q^)~^£.[q~^ 

In particular Theorem \1.9\ holds for a = 1 and k < I < n. 

Before proving the lemma we use it to establish the theorem for k < I and general 
n and a. Put G^/x(T-i®... 0 ra)('®) = n^=iScd(7r' x Ti,s). First assume I < n. By 
Theorem 11.81 applied to vr' x r and Claim WVA for some Pq G 

(10.24) gcd(7r XTjs') G.n-/x(ri( 8 )...(S)Ta)('®)-^Ti {s)Po, 

gcd(7r' X r*, 1 - s) ~ G'^'x(r*«)... 8 )rJ)(l - ■s)^ri®... 0 ra('S)Po- 

Since Mr{s) G MT-^igi... 0 T-a('S)C[g“®, g^] (see Section [2.7.411 . we get that the operators 

Pq gcd(7r' X T*, 1 — s)~^M*{t, s), Pq gcd(7r' x r, s)~^M* {t* , 1 — s) 

are holomorphie. Applying Lemma 110.151 to vr x r, the polynomials Pr{q~^) and 
Pr*{q^~^) divide Pq (in C[g“®,g®]), hence the polynomial Q of the lemma also divides 
Pq. Therefore 

gcd( 7 r X r, s) G L{a x r, s) gcd( 7 r' x r, s)L{a* x r, s)Pg"^C[g“^, g®] 

= L{a X r,s)G^/x(ri 0 ...®ra)(s)^(o'* x T ■s)M^^^.., 0 T■a(s)C[g"^ g*], 
so the result holds. 

Now assume I > n. Let r/ be a unitary irreducible supercuspidal representation 
of GLra for m > I chosen by Corollary 19.111 (see also Example 19.ip . Then if e = 
Ind^^"f^"{rj ® r) (which is irreducible), 

(10.25) gcd(7r X r,s) e gcd(7r x e, s)C[g“®, g^]. 

According to Proposition 19.51 and since by Corollary 19.111 Mr^{s) = 1, we may select r] 
which also satisfies 

gcd( 7 r' X rj,s) = gcd( 7 r' x -g*, 1 — s) = 1. 

Corollary 19.111 guarantees that In®T*{s) = f'r* 0 )?(l — s) = 1 and because 

Me{s) G M^^^(s)C[g“*,g®] = M^(s)4^^* (s) 4 ‘ 0 ,?(l - s)M^(s)C[g“*, g^], 

we get 

Me{s) G Mr{s)£.[q~\q^] C M^-^^...®^^(s)C[g■^ g^]. 
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The proof of the corollary also shows Thus according 

to Theorem 11.81 applied to vr' x e and by our choice of r/, for some Qq G 

(10.26) gcd(7r X £, s) G'^/x(Ti( 8 >...(S)Ta)('®)-^Ti ®...(g)Ta (s)Qo- 

Similar to the proof of Claim !?. 121 

gcd(7r' X £*, 1 - s) ~ G^/x(r* 0 ... 0 r,‘)(l “ ■s)Mri 0 ... 0 r, (s)Qo- 
Therefore the operators 

(10.27) Qo gcd(7r'X £*, 1 — s)“^M*(£, s), Qo gcd(7r'x £, s)“^M*(£*, 1 — s) 

are holomorphic. Since k < I < m + n, Lemma 110.151 is applicable to vr x £ and Q of 
the lemma divides Qo- Hence 

gcd( 7 r X £, s) G L{a x e, s) gcd( 7 r' x £, s)L{a* x e, s)Qq q^]. 

Since also k < m and r] is irreducible supercuspidal, Theorem 12.41 shows 

L{a X r],s) = L{a* x r],s) = 1. 

According to [.lPSS83j (Theorem 3.1), 

L{a X £, s) G L{a x r], s)L{a x r, s)C[( 7 ~^, q^]. 

Therefore 

gcd( 7 r X £,s) G L{a x r, s)gcd( 7 r' x £,s)L{a* x r, s)(5g 
Now using (I10.25P and ()10.26p we complete the result, 

gcd( 7 r X r,s) G L{a x r, s)G^/x(ri 0 ... 0 ra)('S)A(cr* x r, s)M,-l 0 ... 0 ^Js)C[g■^ g^]. 

We summarize a corollary of the proof. 

Corollary 10.16. Let vr = Indfp^{a ® tt') (k < 1) and write 

(10.28) gcd( 7 r' X T,s) = — s)Po, gcd( 7 r' x r*,l — s) = LiT-{s)Po, 

for some polynomials L~^, Pq, L~^, Pq G Let lcm{PQ, Pq) denote a least 

common multiple of Pq and Pq . Then 

gcd( 7 r X r, s) G L{a x r,s) gcd(' 7 r' x T,s)L{a* x t, s)lcm{Po, Po)~^C[q~^, q^]. 

In particular if Pq = Pq, 

gcd( 7 r X r, s) G L{a x r, s)L{a* x r, s)Llr* (1 — 'S)C[g“^, 

Proof of Corollary \ 10.1 (A For I < n, the result is an immediate consequence of Lemma llO.151 

Specifically, ()10.28p implies that Pr*{q^~^) divides Pq and T’r(Q'~*) divides Pq, whence 

the polynomial Q of the lemma divides lcm{PQ, Pq). 

GL 

For the case Z > n, let £ = {rj ® r) be as above. Since Mjj{s) = 1, we 

may apply Corollary 110.91 to vr' x £ with Ai = Ai = 1, A 2 {q~^) which divides Pq and 
A 2 (g^“^) dividing Pq. Because also (■?) = ^r* 0 r;(l — s) = 1 and gcd( 7 r' x r],.s) = 1, 
the corollary implies 

gcd( 7 r' X £,s) G gcd( 7 r' x r, s)km(Po)-Po)“^C[g“®, g®]. 


215 




















Then using gcd( 7 r' x r],s) = gcd( 7 r' x r]*,l — s) = 1, Claim [9T2] yields 

gcd( 7 r' X e,s) = gcd( 7 r' x t, s)lcm{Po, Po)~^Qo, 

gcd( 7 r' X e*, 1 - s) ~ gcd( 7 r' x r*, 1 - s)lcm{Po, Po)~^Qo, 

for some Qo G C[( 7 “^,(jr^]. Write lcm{Po, Pq) = PqB = PqB for some B,B £ C[g“®,g'^]. 
Then 

gcd( 7 r' X e, s) = Mr* (1 — s)B~^Qo, gcd( 7 r' x e*, 1 — s) ~ Mr{s)B~^QQ. 

According to (j2.15p . 4(s) G (?*] and 4*(1 “ s) G — 'S)C[g“*, g*]. 

Hence the operators ()10.27D are holomorphic. Then we find 

gcd( 7 r X e, s) G L{(j x r, s) gcd( 7 r' x e, s)L{a* x r, s)(5q 

leading to the result. □ 

Proof of Lemma \1U.15[ Essentially, the arguments are similar to those of Lemma lit). 81 
and are described briefly. Let W G >V( 7 r,' 0 “^) and fg G hoi, s). We use the 
realization of vr described in Section ESI and select G 0 vr', std, — ^ + ^) for IT 

-Wc 

= W). Again we fix C with 5?(C) >> 0 throughout the proof. 

The integral fs-,s) given by (j5.3ip is representable by a strongly convergent 

series fg, s) G S(A) in a domain D of the form {3f?(C) << << (l + C'i)3ft(C)}, 

where Ci > 0. To construct the series we write the dg-integration over Bqi, put 
T = Bgi X Vk X Ri^n and define cj) G C°°(r, g®]) by 

4>{9,v,r) = ^c,{'^g,h,l2{i-k))'^'y{v)fs{wi^nrg,l)'4’'y{r). 

Then (starting with a standard section fg) we construct G S(A) which represents 
^> 0 (s) = ^{ipc,,fs,s) and set T,{tp^,fg,s) = 

Throughout the proof we use the following notation. The function Wa''{a) = 
ip(;{l,a,l) {a G GLk) belongs to W{a,'ip~^) and W^f{g') = {g' G Gi-k) 

lies in >V(7r', For a fixed s, the mapping wi‘’{h) = fg{l,b) is in >V(t, V’)- 

In Section [?.2.31 we defined integral (I7.45p . For and 0g G ^(r, hoi, s) it is given by 

(10.29) 'i>i{ip^,eg,s) = [ _ f [ f _ f ip(;{vb,l,g') 

J BgL^. JVk d Mkxn-l J J Rl-k,n 

9g{wi-k,nT''g')w{^'-''^m)vb, l)ijj-^{r')dr'dg'dmdvdb, 

where db is a right-invariant Haar measure on Bcik (we replaced the integration 
over VkZkGi-k\Gi by the dud 6 -integration), < Gi < Hn, dg' is a right-invariant 

Haar measure on Bgi_i^, m is the image in Qn of 

/ 4 m \ 

I h-k 1 G GLn, 

\ In-l ) 

bn,k = diag{In, (—1)^, 4) and w = wY\ ri^n-k,kWi,n- This integral is absolutely conver¬ 
gent, that is, the integral with 99 ^, 0g replaced by |(^^|, |ds| and without is convergent, 
in a domain depending only on the representations. For a fixed Q with 5R(C) >> 0 this 
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is a strip in s, denoted by D*, of the form {(1 — C' 2 ) 3 f?(C) << 5R(s) << 3f^(C)} with 
1 > C 2 > 0. Let 

r = BcLk X Vfc X Mkxn-l, r' = X Rl-k,n- 

The integrand defines an element of x T', g^]), smooth in T. In turn, 

'I'i((/7^, 0 s, s) is represented by a strongly convergent series which is denoted by Si( 99 ^, 9s, s). 
The dr'dg'-mtegration in (I10.29p resembles the integral for Gi-k x GLn and tt' x r, 

(10.30) 

Ti(v9^,0s,s) = f _ [ [ 'ifiW^^"^^,i{wC’'^m)vb)-es)^^’\s)dmdvdb. 

J ^GLf. JVk J 

When we multiply L{a x t,s — C)~^, gcd( 7 r' x r, or similar factors by a series in 
S(X), we regard them as polynomials in R{X) by replacing q~'' with X. To simplify 
notation we still denote, for example, gcd( 7 r' x r, s)“^, instead of gcd( 7 r' x t,X)~^. 

We turn to the proof of the lemma. First we apply the functional equation for a xt. 

Claim 10.17. L{a x t,s- C)"^S((^^,/s, s) = L{a* x t* ,1 - {s - C))"^Si(v 9 ^,/«, s). 

Proof of Claim [70. 1 ?| Integral T((()^,/s,s) is equal to integral (I7.4ip . in its domain of 
absolute convergence, while 'I'i((^^,/«, s) equals (|7.42|) . in a different domain. We use 
Lemmas IIP.51110.61 and the functional equation (I2.18D . The e-factor e((T x r, V', s — C) £ 
and a;o-(—1)"'“^ are ignored. We take 3ft(C) >> 0 so that D (resp. 
D*) intersects the right half-plane (resp. left half-plane) where the left-hand side (resp. 
right-hand side) of ()2.18p is defined, in some domain (see the proof of Claim [73]). Note 
that (12.1811 has an interpretation in T,{X) according to the definition of the L-factor of 
Jacquet, Piatetski-Shapiro and Shalika |.IPSS83j . □ 

Now apply the functional equation for tt' x t. Set 

fLs = -Pr(g"^) gcd(7r' X r*, 1 - s)fs G ^(r*, hoi, 1 - s). 

Claim 10.18. PriX) gcd{7r' x t, fs, s) = ff_s, I - s). 

Proof of Cla,im, [T0.18\. This follows from the interpretation of the passage ()7.45p - ()7.46jl . 
using the functional equation for Gi-k x GLn and n' x r, as series. The factor e(7r' x 
r, f), s) € C[g“^, g®]* is ignored. The fact that ff_g is a holomorphic section implies the 
existence of the series Si((^(^, ff_g, 1 — s). □ 

Last we utilize the functional equation for a x r*. By virtue of Claim 110.171 with 
ff_g instead of /* and (r*, 1 — s) replacing (r, s), 

(10.31) 

Lia* XT,s + C)"'Si((^c> fi-s, l-s) = L{ax r*, 1 - {s + C))"'S(ypc> fl-s, 1 " ^)- 
Combining Claims 110.171110.181 and equality (I10.3ip , 

PT{X)L{a XT,s- C)"^ gcd(7r' x r, s)"^L(cr* xt,s + C)“^S((/?^, fg, s) 

= L{a* XT*,l-{s- C))~^L{a xt*,1-{s + C))"^I;((/?^, ff_^, 1 - s). 

As in the proof of Lemma [10.81 we put C = 0- The integral fg, s) is absolutely 

convergent in D, where it is equal to fg, s). The integral fg, s) is abso¬ 

lutely convergent in D and also in a right half-plane 3?(s) >> 0. Let D" be the union of 
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these domains and let fg, s) E 5](X) be the series representing fg, s) in 

D” (obtained as explained in Lemma riU.Zp . Then E((^^,/s,s) = fg, s) because 

they represent the same integral in D. Therefore we obtain the equality 

(10.32) Pr{X)L{a XT,s- C)"^ gcd(7r' x r, s)-^L{a* xt,s + C)"^S(1T^^, /„ s) 

= L{a* xt\1-{s- 0)-^L{a xt\1-{s + C))-'S(1T^^, /*_„ 1 - s). 

As in the proof of Claim [TO. 141 fg, s) is a series of the form Ylm=M ®m(C)-^™' 

where M is independent of C, and each am is a polynomial in . Specifically, we use 
Proposition 15.91 to write 4'(W^^, fg, s) for s in a right half-plane, as a sum of integrals of 

the form (15.8p . Here IT E >V(7r, is replaced by 1T<^^ E >V(/n(i^((cj (g) 7 r')Q!“^^ 2 ), 
The number of negative coefficients of X is bounded using VT^,^, this bound will be inde¬ 
pendent of C (alternatively use the Whittaker function in yV{T,ip) for this, here I < n). 
Because (pQ is a standard section (in i^), for any g £ Gi we have lT<p^( 5 ') E 
whence am E C[g“^,(jr‘’]. 

This holds for any ^ with 5P(C) >> 0 and also for any f varying in a compact set. 
Also recall that IT^g = IT. As in Claim [TO. 141 substituting 0 for ( in (|10.32l) yields 

PT{X)L{a X T, s)~^ gcd(7r' x r, s)“^L(fT* x r, s)“^S(lT, fg, s) 

= L{a* XT*, I- s)-^L{a xt*,1- s)"^S(1T, f^_„ 1 - s). 

As in Lemma 110.81 it follows that both sides are polynomials, 

T(1T,/5,s) E L{(t X r,s) gcd(7r' x T,s)L{a* x t, s)Pr{q~'')~^<C\q~\q'‘], 
T(lT,M*(r,s)/„l-s) 

E L{a* X T* , 1 — s) gcd(7r^ x r*, 1 — s)L{a x t* ,1 — s)Pr{q~^)~^C[q~^ , g^]. 

These relations resemble (|10.7p and (jlO.Sp . and hold for any irreducible representa¬ 
tion T, W £ >V(7r, and fg £ ^(r, hoi, s). Thus we can replace r with r* and obtain 
for any f[_^ £1{t* ,hol,l - s), 

^{W,M*{T*,l-s)f[_g,s) 

£ L{a* X T, s)gcd(7r' x T,s)L{a x t, s)Pr* {q^~^)~^C[q~^ , q^]. 

Hence 

gcd(7r X T,s) £ L{(j X T, s) gcd(7r' x r, s)L{a* x r, s)Q{q~^, g^]. □ 


10.3.3. The case k = I > n 


Let TT = Ind^^{a) (or Ind2f,^{a)) and let r = ^ (ri (g) ... (g) To)- Assume that 

r is irreducible. We show the slightly stronger relation 

gcd('7r X r, s) E L{cj x T,s)L{a* x T,s)Mr{s)C[q~^,q^] 

(stronger because Mt{s) £ Mri^,,,^T-ais)C[q~^, q^]). This is an immediate corollary of 
the following lemma, analogous to Lemma 110.151 
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Lemma 10.19. Assume k = I > n. Let Pr^Pr* £ C[X] be normalized by PriO) = 
Pr*{0) = 1 and of minimal degree such that the operators Pr{q~^)M*(T,s) and 
Pr*{q^~^)M*{T*,l — s) are holomorphie and let Q G be a least common 

multiple of PT-{q~^) and Pr*{q^~^). Then 

gcd(7r X r, s) G L{a x T,s)L{a* x t, s)Q{q~^, q^)~^C[q~^,q^]. 

The proof of the lemma follows the same line of arguments of Lemma flO.151 utilizing 
the integral manipulations of Section I7.2.41 The functional equation replacing that of 
tt' X T is Shahidi’s functional equation (12.61) . In the analogue of Claim [TO. 141 one uses 
(j5.9p . In the proof of Proposition 15.91 (15.9p was established by noting that the support 
of the function r i-)- IT(ar) (r G a G GLn < Ln) is contained in a compact 

set independent of a. When replacing W with this set can also be taken to be 

independent of because ipc_ is a standard section. The proof of the lemma is skipped. 

10.3.4. The case k = I < n 

In Section 17.21 the multiplicativity of the 7-factor when k = I < n was reduced to the 
cases k < I and k = I > n, hence in this case we do not have integral manipulations to 
work with. 

Remark 10.3. The arguments of Soudry |Sou95] regarding the multiplicativity of the 
7-factor for the Archimedean integrals of S02n+i x GLi readily adapt to the p-adic 
case. They imply a proof, using integral manipulations, that the SO 21 x GLn 7-factor 
7(7r X T,'ip,s) where vr is induced from Pi and I < n, is multiplicative (see Chapter [8]). 
It may be possible to use these manipulations, but more work will be needed, because 
they include a Fourier transform which needs to be translated into an operation on 
Laurent series. 

We prove the following slightly stronger result. Let vr = Ind^^{a) where cr is a 

T 

(generic) quotient of a representation 9 = Lndp * (cxi (g)... (g) Um) of Langlands’ 
type, i.e. ui = | det a[ is tempered, u* G M and ui > ... > Um- Since tt is a generic 
quotient of Ind^‘{9), = W{Ind^^^{9),'iff^). The dependence of the integral 

on TT is only through its Whittaker model, hence for the purpose of the g.c.d. we may 
replace a with 0, i.e., assume vr = Lndp {9). Set p = Lndp (cji (g) ... (g) am-i)- 

Let r = Ind^^" (ri ® ® Tn) be an irreducible representation of Langlands’ 

GL 

type and put t' = Indp^^~^^ (t 2 <g) ... (g) Ta). By definition the representations jj,, ti 
and t' are of Langlands’ type and the representations ri and t' are irreducible. We 
show 

(10.33) gcd(7r X r, s) G L{9 x t,s)L{9* x t, s)Mp(^,„,^ra{s)C[q~'', q""]. 

Since a and 9 can be realized using the same Whittaker model and L{9 x t, s) depends 
only on the Whittaker models of 9 and r, we conclude L{a x r, s) = L{9 x r, s), 
L{a* X T,s) = L{9* X r, s) and 

gcd(7r X r, s) G L{a x T,s)L{a* x r, s)Mrps)...^Ta{s)C[q~^, q'^]. 


219 










Any irreducible a is the quotient of a representation 9 of Langlands’ type (actually, 
since a is the generic irreducible quotient, a = 6 hy |Zel80 | ). hence the result we prove 
in particular implies the theorem in case k = I < n. 

The following lemma is used to prove (|10.33p . 

Lemma 10.20. Let a and r be essentially tempered. Then 

gcd(/n(ip^*(cj) X r, s) G L{a x T,s)L{a* x t, s)MT-{s)C[q~^, q^]. 

Before proving the lemma, let us use it to derive (I10.33p . If m > 1, set vr' = 
Ind^’'"" {am) and then vr = Ind^^ (// ® vr'). Assume a = 1. If m = 1, relation (110.33p 
follows directly from Lemma llO.201 For m > 1, by Lemma 110.201 applied to vr' x r and 
Claim [9T2l for some Pq € 

gcd(vr' X r, s) = L{am x r, s)L(am x t, s)Mr{s)Po, 

gcd(vr' X r*, 1 — s) ~ L{am x r*, 1 — s)L{a)^ x r*, 1 — s)Mr{s)Po. 

Putting this into Corollary 110.161 yields 

gcd(7r X r, s) G L(|U x T,s)L{am x T,s)L{a'i^ x T,s)L{p* x t, s)Mr{s)C[q~^, q^]. 

Because 9 and r are of Langlands’ type, L{9 x t,s) = L{fj, x r, s)L{am x r, s) 1 |JPSS83] 
Theorem 9.4) and (I10.33P folows. 

Now assume a > 1. We use induction on a. By the induction hypothesis we find 
that for some Qi,Q' G C[g“®, g®], 

gcd(vr X ri,s) = L{9 x ri,s)L(0* x ri, s)Mt-i (s)(5i, 

gcd(7r X r',s) = L{9 x t',s)L{9* x t' , s)Mr 2 (S)...<S)Tais)Q' ■ 

By virtue of Claim [9T2l 

gcd(vr X r*, 1 — s) ~ L{9 x r)’', 1 — s)L{9* x — s)Mr^{s)Qi, 
gcd(vr X (r')*, 1 - s) ~ L(6» x {t')*,1 - s)L{9* x (r')*, 1 - s)Afr 2 ®...®r,(s)Q'- 
Apply Corollary 110.91 to vr x r with r = Ind^^'^ (ri (g) r'). We can take Ai, Ai G 

C[Ar] such that Ai(g“®) and Ai(g^“^) divide Qi (in C[g“®,(?®]). Since also Mt-'(s) G 

-^T 2 (g)...(g)Ta(s)C[g'“^, O'®] (see Section [2.7.4p . we can select A 2 /A 2 G C[X] such that 
^ 2 ( 9 ”*) and A 2 {q^~^) divide Q'. The corollary implies 

gcd(7r X r, s) 

G gcd(vr X ri,s)Q)“^gcd(7r x r', s)(Q')“^£pg,(^/)*(s)£(^/)*,^p(l - s)C[g■^g^]. 

Now (|10.33p follows using the multiplicativity of L{9 x r, s) in r 1 |JPSS83] Theorem 9.4) 
and the fact that 

('S)'^T1®(t')* ('®)'^(T')*(g)Tl (f '®) A/r2®...(8)Ta ('S) £ {s)C[q ^,q^]. 

The case of vr induced from "P; is similar. 

Proof of Lemma \10.20\ Set vr = Ind^){a). Assume first that r is tempered. Let U be 
the set of all complex numbers u such that au = | det |''f7 is tempered. The set is a 
vertical line on the plane. Let vr^ = Ind^‘{au). Ignoring a discrete subset of we can 
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assume that is tempered (we take tempered representations to be irreducible, see 
|Mui04] Section 3 and |Wal03| Lemma III.2.3). We may apply Theorem 11.61 to vr^ x r 
and obtain 

gcd(7r„ XT,s) G L{'Ku x t, s)M.^(s)C[g“®, g^], 

where L(7r„ x r, s) is the L-function defined by Shahidi. 

Since 7r„ and r are tempered, the results of Casselman and Shahidi |CS98| (Section 4) 
and ()2.19p imply 

L{tTu X t,s) G L{a x r, s + u)L{a* x t,s — M)C[g“®, q^]. 

Thus 


gcd(7ru X r, s) G L{a x r, s + u)L{a* x t,s — u)MT-{s)C[q q^]. 

If we could put u = 0, the result would follow, but this has to be justified. Currently, 
for each u gU there is some Pu G C[g“^, g®] such that 

gcd(7r„ X T,s) = L{a x r, s + u)L{a* x t,s — u)Mr{s)Pu- 

Write Mr{s) = eMr{s)', Pu = for {Mr{sy)~^,Pu G C[g“^] with constant terms 
equal to 1 and e, G C[g“®,g®]*. Because each of the other factors in this equation 
is an inverse of a polynomial in C[g“^] and its constant term is equal to 1, we obtain 
e • = 1 and in particular e„ is independent of u. Since gcd(7r„ x r, s) is an inverse of 

a polynomial, any zero of Pu must be canceled by some other factor on the right-hand 
side. Therefore Pu is uniquely determined by a finite product of factors appearing in 
either L{a x t,s + u), L{a* x t, s — u) or Mr{s)', which take the form (1 — 

(1 — aq~^^'^)~^ or (1 — ag“®)“^ (resp.). Hence we may assume (perhaps passing to a 
smaller subset W C U) that there exists P G C[g^“, g^^] such that for all u gU, 

(10.34) gcd(7r„ X r, s) = L{a x t,s + u)L{a* x t,s — u)Mr{s)P. 


Note that U (still) contains some infinite sequence which converges to some point in 
the plane. Repeating this for vr^ x r* we may assume in addition that there is some 
P G C[g^“,g^®] satisfying for all u gU, 

(10.35) gcd(7r„ X r*, 1 — s) = L{a x t*, 1 — s -|- u)L{cr* x t* ,1 — s — u)Mr{s)P. 

¥\yi u gIA. According to Theorem 11.41 

7(7r„ X r,V',s) = a;^„(-l)"a;^(-l)'wr(27)“S(o'« x x r,?/),s) 


and by (16.41) and (I2.19p . 
(10.36) 


e(7r^. X r,V',s) 


gcd(7r^ X r*, 1 - s) 
gcd(7r„ X r, s) 


= e{a X r, V', s + u)e{a* x 


u) 


L{a* X T*, 1 — s — u)L{a x t*,1 — s + u) 
L{a X T,s + u)L{a* x t,s — u) 


Here the factor a;o-„(—1 )"'Wt(— 1 )^Wt-( 27 ) ^ was omitted, it does not impact the argu¬ 
ment because it is independent of u and s (W(j^(—1) = W(j(—1)). Combining (|10.34l) . 
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(jlO.351) and (|10.36p we get 

(10.37) e{Tru x r, ijj, s) = e((7 x T,ip,s + u)e{a* x T,'ip,s — u)PP~^. 

Equality (16.31) implies that for all Wu G yV( 7 ru,- 0 “^) and fs G C{T,hol, s), 

c(/,r,7,s)“^e(7r„ x r, V’, s) gcd(7r„ x t, s)~^^{Wu, fs, s) 

= gcd(7r„ XT*,1- s)~^'i){Wu,M*{T,s)fs,l - s). 

Plugging (110.341) . (|10.35l) and (|10.37l) into this equation yields 

(10.38) 

c{l, r, 7, s)“^e(cj x T,'ijj,s + u)e{a* x s — u) 

Mr{s)~^L{a X T,s + u)~^L{a* x t,s — fs, s) 

= L{a X T*, 1 — s + u)~^L{a* x t* , 1 — s — u)~^'^{Wu, Mt{s)~^M*{t, s)fs, 1 — s). 

Note that Mr{s)~^M*{T,s)fs G f,{T*,hol, 1 —s). For an arbitrary W G take 

Wu such that VFo = kP; by applying a Whittaker functional to a suitable section of 
{a, std, u + |) (see Section 15.8p . 

Let C C C be a compact subset containing 0, which intersects 7/ in a set Di con¬ 
taining some infinite sequence that converges to some point in the plane. There exist 
constants si, S 2 > 0 depending only on C, a and r such that the series T,(Wu, fs, s) (resp. 

S( 1 P„, Mr{s)~^M*{T, s)fs, 1 -s)) represents T(W„, fs, s) (resp. ^{Wu, Mr{s)~^M*{T, s)fs, 1 - 
s)) for all u G C and )R(s) > si (resp. )P(s) < —S 2 ). Let u G Di. Then both sides of 
(jlO.381) are polynomials in and as explained in Section 110.2.21 this equality may be 
interpreted in S(X), 

(10.39) A{u, X)^{Wu, fs, s) = B{u, X)S(W„, M,(s)-^M*(r, s)fs, 1 - s), 
where 

A{u, s) =c{l, T, 7 , s)“^e(cT X r, V', s + u)e{a* x s — u) 

Mr{s)~^L{a X T,s + u)~^L{a* x t,s — u)~^, 

B{u, s) = L{a X r*, 1 — s + u)~^L{a* x t*, 1 — s — u)~^ 

and A{u, X), B{u, X) G R{X) are obtained by substituting X for q~^. As in the 

proof of Claim [To. 141 both series E(114j, fs, s) and T,{Wu, Mr{s)~^M*{T, s)fs, 1 —s) have 
analytic coefficients in u. Hence (I10.39P is an equality of the form = 

Ylmez bm{u)X"^ valid for all u G Di, with analytic functions am,bm ■ C ^ C. Thus it 

is valid also for u = 0 and we obtain an equality in E(X), 

A(0, X)S(Wo, fs, s) = B{0, A)S(Wo, M,(s)-iM*(r, s)fs, 1 - s). 

Because S(lTo, fs, s) represents 'k(Ho, fs, s) = T(1T, fs, s), the left-hand side is a series 
with finitely many negative coefficients. Similarly H(Wo, Mt(s)~^M*(t, s)fs, 1 — s) 
represents 'k(VP, Mr{s)~^M*{ t, s)fs, 1 —s), so the right-hand side is a series with finitely 
many positive coefficients. Whence this is also an equality in R{X) and 

4'(W,/s,s) G L{a X T,s)L{a* x t, s)Mr{s)C[q~'' ,q'']. 
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A similar relation holds for 1 — s)f[_g, s) with f[_g E hoi, 1 — s) (see 

the last paragraph in the proof of Lemma 110.151) and the result follows. 

Now if r is essentially tempered, let u E C be such that = | det is tempered. 
According to the result proved above, there is some Py E such that 

gcd(7r X Ty,s) = L{a x Ty,s)L{a* x Ty,s)Mr„{s)Py{q~’',q'). 

Since gcd(7r x r„, s) = gcd(7r x r, s + v), L(a x r^, s) = L{a x t,s + v) and Mr^{s) = 
My{s + u), the following identity 

gcd(7r X r, s + u) = L{a x r, s + v)L{a* x t,s + v)My{s + v)Py{q~^, q^) 
holds for all s. In particular for s — v we obtain 

gcd(7r X r, s) = L{a x t,s)L{cj* x T,s)My{s)Py{q~’^^'",q^~'"), 
hence gcd(7r x r, s) E L(<t x T,s)L{a* x t, s)MT-{s)C[q~^ , q^^]. □ 
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